Day 1 Page 1

MATH 2551 D - Dr. Hunter Lehmann

- Dr. Lehmann, Dr. H, Dr. Hunter, as you prefer

Daily Announcements & Reminders:
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o Pructite Quiz 0 omonow 1n SX\*){’O

o Hw 2L £ 123 due Th ok Bom

Class Values/Norms:

Mistakes are a learning opportunity

Mathematics is collaborative

Make sure everyone is included

Criticize ideas, not people

Be respectful of everyone
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Big Idea: Extend differential & integral calculus.

What are some key ideas from these two courses?

Differential Calculus Integral Calculus
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Before: we studied single-variable functions f : R — R like f(z) = 22? — 6.

——

Now: we will study multi-variable functions f : R" — R": each of these functions
is a rule that assigns one output vector with m en1ries to each input vector with n

entries.
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Section 12.1: Three-Dimensional Coordinate
Systems
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Section 12.3/4: Dot & Cross Products

Definition 1. The dot product of two vectors u = (uj,us,...,u,) and v =
(U1,V9,...,0,) is

u-v = ul\‘l + ui\‘l-'\- -~ + u"\"'\
This product tells us about 4"\{ o\ q\e LQ.\‘WQCVI M \"ed'ﬁ\'- 5 :
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In particular, two vectors are orthogonal if and only if their dot product is o :
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Daily Announcements & Reminders:
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Goal: Given two vectors, produce a vector orthogonal to both of them in a “nice”
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Definition 2. The cross product of two vectors u = (uq, us, u3z) and v = (vq, va, v3)

in R? is
~ - >
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Section 12.5 Lines & Planes

Lines in R?, a new perspective:
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Example 3. Find a vector equation for the line that goes through the points P =

(1,0,2) and Q = (—2,1,1). s
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OV R G\ 17

<:> v = | <3t
\;(;Bs 0 +T
2= 2 -0

Planes in R?

Conceptually: A plane is determined by either three points in R? or by a single
point and a Eirection n, called the normal vector.

Algebraically: A plane in R? has a linear equation (back to Linear Algebra! im-
posing a single restriction on a 3D space leaves a 2D linear space, i.e. a plane)
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Example 4. Find the nermal vector and an equation for the plane that contains
the points P = (1,2, —1), (= (1,0,—1), and R = (0, 1, 3).
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Section 12.6 Quadric Surfaces

Definition 5. A quadric surface in R? is the set of points that solve a quadratic
equation in x,y, and z.

You know several examples already:
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The most useful technique for recognizing and working with quadric surfaces is to
examine their cross-sections.

Example 6. Use cross-sections to sketch and identify the quadric surface z = 22—y

o \)’:O , Z*=

0 \xonbv\:\-q,\
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Example 7. Use cross-sections to sketch and identify the quadric surface z = 2242
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TABLE 12.1 Graphs of Quadric Surfaces

12.6 Cylinders and Quadric Surfaces 743

L. .z
Elliptical cross-section

in the plane z = zg
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The line z = —iy

in the yz-plane 7=
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The line z = %x

in the xz-plane
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ELLIPTICAL CONE

The hypcrbola N
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The ellipse = b_ + =
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N The ellipse % + % =1

in the plane z = ¢
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s Theellipse 5+ &= 1
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in the plane z = /2

ER—
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2
Part of the hyperbola # —==1 _
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The parabola z = 2 X The elhp<e = + ? =1
in the xz-plane
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The parabola z =

in the yz-plane
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The parabola z = b%yz in the yz-plane

V2 2
Part of the hyperbola —7 -5 =1
P oa

in the plane z = ¢

X V2
Part of the hyperbola 0—2 —’b—2 =1

C
The parabolaz = -= -‘52 “in the plane z = —¢
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Section 13.1 Curves in Space & Their Tangents

Daily Announcements & Reminders:

e lw 2.1 lue gt ok ¢
] Qu\‘b\ "\'Dw\ow»wf Av\j (b "L \'Df'b b ’Fuir 50-”\6

Warm-up problem: Let r(t) = (t,t> + 1), where t > 0.

a)Find r(0),r(1), and r(2).

g(0)= (0,0 e=¢y2>  Y(H=42,52

b)How do you think we could graph this function? What does the graph look like?

’ [\\ ! Z/o &VOVJ \Ieo\ws y (,Ollwwt} —\']‘Pj
I ° P\o“‘ Ou:)fij" \l*e(,\‘uﬂ o PQ;A\-S
l |

T P\ ) ara\\abl\\
\'fg > % G’VHB\O\L P ('

c) Is there a function y = f(z) that has the same graph as r(¢)?
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The function r(t) in the warm-up problem is an example of a vector-valued func-
tion: its input is a real number ¢ and its output is a vector. We graph a vector-valued
function by plotting all of the terminal points of its output vectors, placing their
initial points at the origin.
You have seen several examples already:

_ . 3)
W' \mes (‘W R

-7 — -

v = | 7

ex: 2l)= Custh, i1, s [_D/lq{)
- ((ml.-lf)ls'lvt“:)>

. TE we wa«A"\‘O Eam\ue\n&z{
/_ > (wvie Down R whoe ¥ 7k>

morches o givew (uwe

TH=r H W=
<Y‘ (osUc\] AL llﬂ>

- 4035«:\)9«\(9?
ex - Tﬂa \‘)‘;Q(D of on)(ﬂ\/ we (oW PamMC)reVize‘_

| Y
204D 2 Lol D

—

L










































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Day 3 Vector-Valued Functions & Their Calculus Page 3

Example 1. Consider ri(t) = (cos(t),sin(t),t) and ro(t) = (cos(2t),sin(2t),2t),
each with domain [0, 27]. What do you think the graph of each looks like? How are
they similar and how are they different?

gf\f\ml? (Yx‘) - lov«ooc)'\{’w‘\') 100\(, \‘\“—e a C :\Q\ﬁ)
~ Nk & l\j“ﬂ){f y

e c)miru\l CC:Q
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Shne f)\}ﬁ'
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Qo\\l\)ﬁ (‘M\CV

Check your intuition


https://tinyurl.com/math2551-vvfns-hlx
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Calculus of vector-valued functions

Unifying theme: Do what you already know, componentwise.

This works with limits:

Example 2. Compute hm(t 2, In(t

W \l
‘1WI /t 2 l LLT) <Ll\')6 %l l‘;::f/l I-,-')&

Lot
- Zc) I >
 As ke A ma o LE%2 MAD agproackes
{ef ,2 1

And with continuity:

Example 3. Determine where the function r(t) = ti— j+sin(t)k is continuous.

24
?‘(‘k\ \6 (’_‘ES 4':9 X(‘EB \5‘:\'5 )(U'D’itf C‘\vU““L
AnD (-~ )
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And with derivatives:

Example 4. If r(t) = (2t — 1 + 1,t — 1), find r'(¢).
¢ (E): (L, Y L7
= (2-6,17

Interpretation: If r(t) gives the position of an object at time ¢, then

dody ab timet , D
GVeeA o* bt t |5\

o 1'(1) gives

o |r'(t)| gives

ouderdin o bme b AW

o r’(t) gives

Let’s see this giraphically

Example 5. Find an equation of the tangent line to r(¢) = (2t — 1t + 1,t — 1) at
time ¢ = 2.

d angeer hae: Q(Q r@ P
ok £=

Qo= a2y + Q20108
- Lgl\>~\- (O, 1>


https://tinyurl.com/math2551-vvfnx-vel-accel
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Daily Announcements & Reminders:

« Hw \2.M &ue,')fow‘ig\t

o Quz L ovet W (126 \3.\l\"-73
1131 (7) /Mw_iv\(o next wieek

o EXOW\\ o

Let’s revisit the Itempool question from the end of last lecture:

Example 13. Find parametric equations for the tangent line to the curve r(t) =
cos(t)i + sin(t)j + tk at the point (1,0, 27).

e gotak B (9 2a)) ok 5T
(1/& ’\;()\A 9@\‘\' \ -{i, v

QP! - Dvedton T ’(10_9\

f-/

<) - - —~
To get T slve 74017 4\1012“S
(9> H’,Q: \
Gn ub\: O

SD ('2’(,1'6\’: 4'5%»1\(16\/ (07(”% ]7
=L D/@[ Y

S0 ‘bm%m\ lnets ; W)= 01t = t
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Continuing with integrals: W= W

Yoz 20

Example 14. Find fol (t, e sec?(t)) dt.

\ \ 2k .,
§! (e sed k= S L, S 7 H (! seclo D
0| \ |
:Z—\-)_JC \0) ’i@zk 0) ‘l’,m(lf)\o>

- | 2
b ] Z’?-; ”\i(C'D T )7
® SQ )AL = A)b(\w.ewd— )}CL“N E_bl L=

At this point we can solve initial-value problems like those we did in single-variable
calculus:

Example 15. Wallace is testing a rocket to fly to the moon, but he forgot to
include instruments to record his position during the flight. He knows that his
velocity during the flight was given by

400
v(t) = (—200sin(2t), 200 cos(t), 400 — 1——|—t> m/s.

If he also knows that he started at the point r(0) = (0,0, 0), use calculus to recon-
struct his flight path.

D Fd arleiadie o IO
2(H= S {~200 s‘mt’l’a, 200 @5 ,‘tOOU ) I% \
= { 100ws@b) 36 20050 DG, H00( - \“\\Jib’ft,
_ (wza 200 stnlb), 103 &~ 1| b)) V4 {\,
D Agpy & v LG, @t

Lozoz‘htﬁ@:ﬂm*c"f (—2)"{09&{1“((\)’\’ (42 G'00,8,0)
€= -\00; ©70; (520

— ) Gzo — S
@); 7 100 ws(2)- 100, 20051 L, Qoo(t - hal 1430
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13.3 Arc length of curves

We have discussed motion in space using by equations like r(t) = (z(t),y(t), 2(¢)).

Our next goal is to be able to measure distance traveled or arc length.

Motivating problem: Suppose the position of a fly at time ¢ is
r(t) = (2cos(t),2sin(t)),
where 0 < ¢ < 2.

a) Sketch the graph of r(¢). What shape is this?

[ L v e o radis 1

E<n \ <_ Z)\
b)How far does the fly travel between ¢t = 0 and t = 77 ~ C/Z-JL
] } ~\ )
ql,LT‘ ol fi(?_"(l 2) — 2

iu\\'(‘jm‘ py G luwmizgycn e,

c) What is the speed |v(t)| of the fly at time 7

1300 = | L2610, 26

= (Gpetrt o= ¥9-2

d)Compute the integral / |v(t)| dt. What do you notice? @ ﬂ(")((.oiq_ )
. \w
("2 = 2%],°

N dichzsgeed. time ¢=> {7 ot bk

perd WMA\‘ '\C‘WC
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7 m B
Definition 16. We say that the arc length of a smooth curve g

r(t) = (z(t),y(t), 2(t)) from €= to _E=h that is traced out ex- "‘
actly once is

. o
L |2 Ak Swoh

L:

Example 17. Set up an integral for the arc length of the curve r(t) = ti + t%j + t’k
from the point (1,1, 1) to the point (2,4, 8).

1za s C\]\]ﬁ 621 Y4 |\’L, )= C.\,\)\>
t=be QM) b=2 blc (22,2 = (24,8

2UN= T4 2145+ WL
\ RO = N e & ay

) (7 T d
\

Sometimes, we care about the distance traveled from a fixed starting time ¢, to an
arbitrary time ¢, which is given (]3 the arc length function. Y - e

oS
S L | 7 (:Y)\ \T D b
We can use this function to produce parameterizations of curves where the parameter

s measures distance along the curve: the points where s = 0 and s = 1 would be
exactly 1 unit of distance apart.

o Al 1b\We usa ? m\t\\ewv\qﬁ Yo )emﬁ\oe

pog'(\(w\ oW\ o~
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Daily Announcements & Reminders:

e 125, 12,6 HW due Aonight
® @k&‘\Z 2_ : |1~6) IAI/\?)-’Z. iV\ S{'ual‘o {'DMOY‘V‘D\U

0 EK&M l ;V\ \f;c\'uw V\(X‘LT/ \’3) — See_ (Q“Vas

Example 18. Find an arc length parameterization of the circle of radius 4 about
the origin in R? r(t) = (4cos(t),4sin(t)),0 <t < 2.

\

‘ LO‘a‘t ‘E\\ML T BYL lCV\\)“\ ’«&v\(:‘\‘m é_’_\_________)

LY P A0 S U
“ L,

CDWK ‘\C ave IQV\ L\ -{\U’ﬂﬂlﬂ'ﬂﬂ
‘D - © l iqs'm (T), Y 0s(1)>] 4T

()= Y, >

= \l’ NIERLRE Y AT

ﬂ Yvwh/‘jf X«sa\\)e ‘Cor t: ca\wajs Possi‘)f,
b (> b= %

7;3 Plug we o v <‘4(os (Tﬁ)/ Gem %)X 0£%5585

'Qttuew‘b’ Aff:(iluH?



Day 5 More Arc Length, Curvature, Unit Tangent & Normal Page 23

The next idea we are going to explore is the curvature of a curve in space along with
two vectors that orient the curve.

I»en.'. Weasye \\o\o " (uwjh mfa*l\ 8 \),)%

First, we need the unit tangent vector, denoted T

RN RO o Tor every
T(s ) Tl &) a%‘\e@%’ 'H
=) T /i) Pavameterizahon,
18 \¢al=\

A O“UM‘.\'\‘-SJ“84

\ T © \ porameterizedion

s Measuves rote of (nge o€ Qivec-inn o€ motion

e In terms of an arc-length parameter s:

e In terms of any parameter t:

This lets us define the curvature, x(s) =

, tor o lne: vl(\= O
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Example 19. At the start of class we found an arc length parameterization of the
circle of radius 4 centered at (0,0) in R?:

r(s) = <4cos (Z) ,4sin (Z)> : 0<s< 8.
Use this to find T(s) and &(s).

T= P {-45n(B)d v (£)-3D
= 4_5'”‘(_2)) (05(%))

x@= 1T = | {-galg) ~gom( )|
l

- g
|

v f\\o)ﬂ'le g ')L(;\a—&- ‘ T-\us b‘]W-e ‘énf‘ 0.“ (.erL’.S

Sl\ares \u@rl lows‘)‘uu‘\' (uWa“'uve ave.

o Only

'\'\y\»es
~ civeles P ichae
._/\\e_\;‘ﬁ'ls

= /|
L. =2 2/ - T
Question: In which direction is T changing? . ‘\’\\s S T (9 /h (Q\ B IR (O)
This is the direction of the principal unit normal, N(s) = v
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We said that it is often hard to find arc length parameterizations, so what do we
do if we have a generic parameterization r(t)?

o« T(1) = F /17 . N(t) = 1) [ 17 ')

o K(t) = IT'®1/ (e . L WAL &

Example 20. Find T, N, & for the helix r(t) = (2 cos(t),2sin(t),t — 1).
P ) (2l 2asd), 1> 1T = \]‘-lsm[{)-\‘lwsﬂ‘)i-\

-@“<'7.s;n(t),'l(os(k), D = \/ 4+ =\J5S

e

Co :‘il’c\’:

1 \ 2 2
Now :f-’(ﬂ.‘_ ql'é<—2(os{-&),“2s3n(9,°> Z. ’T I'D]: FS o4+ s i)

—
—

Z
VT
o NB= 2-/«)’ (2@(&)»-251,.(@))03

- <— oS “7), - SiY\lL),lj>

‘2
-

= L
L xW= 5=
V]

<
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Daily Announcements & Reminders:

o 13,120 HW Ao Lonighb | 133,34 e T il

0 &u.\l \ W%Ya&e \)7:’7/\165'}5 c?evl \MJM‘] T V‘/\b\’mﬂ(j

o gee, Cav\vm Cﬂwf‘ Q,Xawx] {V\[O : T,”“; &130 {,\

\ ecJG v e
Topics for Today: Functions of Multiple Variables
e examples e domains e contours
e graphs e traces
Definition 1. A T C'ho‘ﬂ D’é 'L"JD vables is a rule that as-
signs to each __paiy of real numbers (x,y) in aset D a Wwiy o il Aumbey
denoted by f(z,y). /(

A)Ow\ai\/\ of ‘C\AM,JH'M
N

Q&é\\ = f:D SR, WhereD§R21 D s asubser &ﬂﬁ
\ _
A

WOV .

'S &5\/\/\0\\\/\ \5

Wee 98r 1)

Example 2. Three examples are
o B ER e e, e —e S 1
r,Y) = Yy, g\r,y) = nxr+1y), ,Y) =
> L TR ST

\5 Z= X erj o ot o) Fowge
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Day 6 Multivariable Functions; Domain, Contours, Graphs Page 2

Example 3. Find the domains of f, g, and h.

'CC\L \D < X(L 1 \1L
\ SWALN 1 a % R §(*“D\ Xl\} ehZ}

(N ——
\ \ DDMU\V\', %('*l\h.) '}H\J\?D} 7x

A

Definition 4. If f is a function of two variables with domain D, then the graph of
f is the set of all points (z,y, z) in R3 such that z = f(z,y) and (x,y) is in D.

Here are the graphs of the three functions above.

1 1
Example 5. Suppose a small hill has height A(z,y) = 4 — Zx2 — —9%> m at each

point (z,y). How could we draw a picture that represents the hill in 2D?

Fo bz -t b kG st osy
= Y= 0 g :@~<W
(4 120)
o<kl
2 = Wlp = T X =i
3= h
In 3D, it looks like this.



https://tinyurl.com/math2551-2var-graphs
https://tinyurl.com/math2551-2var-first-ex-graph




















































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Day 6 Multivariable Functions; Domain, Contours, Graphs Page 3

Definition 6. The CO“JQ‘)\’"’S (also called \6\1 e’\ (Owts5 ) of a function
‘c('\k«.‘\'_‘-\C

f of two variables are the curves with equations , where k is a
constant (in the range of f). A plot of (omouvs for various values of _/ is a

(OV\>F0\4V‘ W\(A:‘p (or \QW\ (UL W\U'O ). k

Some common examples of these are:

. )roQonjVap]'\\\la\ W\RYS
. Cf(du'\(;o)-em‘\tiq\ Liwes
° \NG(}\\A—QV qus

22

/|
0 ™

Example 7. Create a contour diagram of f(z,y) =«

0=y X &> %=ty N

7 q

L}”—?‘—k} u

11

_,\ — )(?’k \jl l\\/ revlob]u] Vvt

2.
/
7,

]t jL’X

2 2
~4=x Y

hapabdu verl
L\ - \jl"'x v/ 4

A

















































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Day 6 Multivariable Functions; Domain, Contours, Graphs Page 4

Example 8. Create a contour diagram of g(z,y) = ysin(x)

O Ty () 22D =0 or 3a(=D 0 v
Y= 1l q <
’% =y S ('%)
) ‘
(ﬁ - —i (s¢ Q)(j U \
, 2, \
: s
— | = 4 ( ) : v
\ Y $in x) Q,jsln(x) A
yz—lst () Yz 2ese)
2=k )
Definition 9. The 'b Vates of a surface are the curves of
inkeysection of the surface with planes parallel to the

Y& Qv 9=z P\o\wcs

Example 10. Use the traces and contours of z = f(z,y) = 4 — 2z — y? to sketch
the portion of its graph in th
‘)(’: O R Z = (‘{ . \702‘

X=\o, =z=4- Zk~\1

|
N = L-5esy

2

EZ\L y Lk/ IZ—K'— (}

Let’s check our work: https://tinyurl.com/math2551-2var-graph


https://tinyurl.com/math2551-2var-graph




























































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Day 7 Functions of 2 Vars: Limits, Continuity, & Partial Derivatives Page 31

Daily Announcements & Reminders:

s np HW due ’LD’M%S\I\{}
DEXU.M ] \)u\\\ ‘btb‘f(/u)ﬂb \)3 F,?-/ID

Goals for Today:

e Evaluate limits of functions of two variables
e Show that a limit does not exist using the two-path test
e Determine the set of points where a function is continuous

e Start to understand how we can measure how a function of two variables is
changing

Definition 34. What is a limit of a function of two variables?

C_D>.

We won't use this definition much: the big idea is that ( )lir(n | f(z,y) = L if and
,y)—(Z0,Yo0
only if f(x,y) avvw‘)“é L regar(élles of how we approach

(0, ¥0)-

lim _ER) 2 % R ) g o

\ U X% \ OIS
h T

Xo
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Limits of functions of two variables work like limits you are used to in many ways:

. Ll X= %
CEESTD)

\iw _
(\4,\{\‘7 (*o, ‘f«)) \j 'jb

i k= K
(“w‘n’-j (\/"‘l‘,a

)
S
|
<
|
DO

Example 35. Evaluate lim , if it exists.

(z,y)—(2,0) 20 — Yy —
| S

B?\"‘S ‘1/\ B ’E(”L’L—D’_’f —_ &% - % :’> \NO‘Y“< \]awle'ﬂ

2(2,3'0’“‘ |

W Byt e S

Z> ij C,\\\BQ,\VW{L M)\:‘)w\u.]:\‘éks 4 5(2,) (Ex_:\h'zw ,L’l - (v (2)) @T’Z\ (G;;l-i}
o) =D A\\‘(:w[hcutc' O’LWS 1. \

S = (4,2 520 E{fﬁ{
malhly Yy iugsle 1

.
Y40 *2

—~
—_—

A
L{z
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Sometimes, life is harder in R? and limits can fail to exist in ways that are very
different from what we’ve seen before.

Big Idea: Limits can behave differently along different paths of approach

2

Example 36. Evaluate lim if it exists. Here is its graph.

(2,9)—(00) 22 + y*’
’ (Doa\ . S)\o\u %4/\0:\ A\»\Q_ \\‘\M\q- a\o\,\g the 3(’&%{5 g/ l’\he
W wﬁ\' 0»\6\1\5 ‘\\( “)‘(*K(S O\e A\.’“@ev\)\"

AM &\\ ((9‘"\\3 \'\O\\re, %_\/\{,'QUVV\ <X )OB

, . 2. :
Jiwn K" T S AT

o 2, 2
= T3 T . )
C*i(j\") (9,9) XZ %{L Cﬁh o) 10)& \““-/ %0 X AD WD

\v\ =0
Amo

Ee(&wﬁe '\'\’\{;)6 \\VO \Qw‘.}-s Q\ov\ AIJ;['%QV\J’ @a“/\s A"/\YD\La\A‘((’)ﬁ‘ ave
%:\MV\\_/ %Q RM‘\\' &MS V\03r Oﬁbjrl

This idea is called the two-path test:

If we can find o‘m‘j% 9“\’\'\8 to  (xg,y0) along
which e \M;)f bg ’Q(*Wﬂ takes on two different values, then

e |indy Does exiar,

CAUT\‘DN‘, j@ Yyou gi@ J'wo Vu—\r\\g \J/\{v(; Mhe,hwﬁ} Oy \ees, )r\m\s \)1\_65_‘/
— QN@@%\ b Shiw \’\I\C, i €xiers



https://tinyurl.com/math2551-two-path-graph
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Definition 37. A function f(z,y) is continuous at (zg,yo) if

. ‘g I (ov}imo\u |€ “T]"s {dh“wuov.s

o W enbive Acwa;n,

£ln,g) exsh

1 .
2. b(}ma(x\, a9) f((\&ﬂ @ Yasts

2
- Q Yo (ontMUUS DL ”Z N
3. (*ﬂ"(*oqo')(;(*'\ﬂ Q(Y‘)’ %3 o s & goum\‘\/\ \S \\ZL

Key Fact: Adding, subtracting, multiplying, dividing, or composing two continuous
functions results in another continuous function.

Example 38. For each function below, determine the domain on which it is con-
tinuous:

al LR e R

\h "7(‘1(0 "P‘D

Gy dln (KO(Q(D ;Ul 122

o flz,y) =2



























































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Day 7 Functions of 2 Vars: Limits, Continuity, & Partial Derivatives Page 35

14.3: Partial Derivatives

Goal: Describe how a function of two (or three, later) variables is changing at a
point (a,b).

Example 39. Let’s go back to our example of the small hill that has height

1 1
h :4__2__2
(z,y) 28 1Y

meters at each point (x,y). If we are standing on the hill at the point with
(2,1,11/4), and walk due north (the positive y-direction), at what rate will our
height change? What if we walk due east (the positive x-direction)?

Let’s investigate graphically.

Due ﬂo%\)r\'\ GV‘aP\M cul\j W See puv f(,&\« 16 a Eara.\ob\&\
‘*15@1195 a4 L

Ouv \4\61 )f a\x- Cac\/\ Ve W ija\\xa \5
\nCl 9 ‘-}/, 1*:ﬁ = %’LM
T ol F B b heidd oo g noencs

|

Wlﬁ Xj( - 4= 5
A X (2, ,‘U‘h/ JY\«\(\fau\-c 5(: c\mwj{ W () m
.T\A‘\b s )\-\g S\O?e D/(‘ XX,\C \'\\\\ W\ \)05\*@{ \?—MWU‘DW
AN
| L
PM{A &er‘\vo%w of ¢ Wb, x)_/ \ % (%B“y % (Q&'V\}l



https://tinyurl.com/math2551-pdev-hill-ex



























































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Day 8 Partial Derivatives, Total Derivative, Linearization Page 36

Daily Announcements & Reminders:

c HW T due o, 142 foe Th

o @u‘wz '% %wxmn)w oW M.l X< 4.2

J SJN c“o wow\cs\wex—s 4110)7| uf)ct‘\“f(g 38%1,:th&9
= dowaleod ndridualy

Goals for Today:

e Learn how to compute partial derivatives of functions of multiple variables
e Learn how to compute higher-order partial derivatives
e Understand Clairaut’s theorem

e Connect partial derivatives and approximation via linear algebra and the total
derivative

Last time: we started to think about rates of changes of functions of two variables
in the context of walking on this hill.

Definition 40. If f is a function of two variables x and vy, its Favjﬁ a\ Aev\ mjr \ves
are the functions f, and f, defined by

*F(xn/\)ob “g(y,ﬂ
h

e =l
— ,Q(
fy(z,y) = lim ! (X,\jﬂf\) YM)

0 I
0 Ub& &(’r:m)ﬁu ‘M\e; AN O-C\fuou\\/ (vi\fuérc


https://tinyurl.com/math2551-pdev-hill-ex
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Notations: g _ 3¢ P (‘(_) \){//\Q/ P

% K. £y

|

Interpretations:

oo ~
Ll TS EGg e w0
- 0 Q\%

This tangent line
WS RNEET TS Plxy, yo, fixg, 3o)) ‘
has slope f, (xp. ¥y).

‘h-_"""-..._\
The curve z = flxg, y)
intheplanex =x; — 7\

This tangent line
has slope f (x;. yg)-
—————

The curve z = fix, vy)
e {0 < Q\/ 10,0) = ©

Y& I
in the plane y

- (0-)
a) f(z,y) = /bx —y “cxi CM\* 5/\; (\V;::}\ ﬁ:;
’rx (Xz‘ﬂ: %(\YQ’*’:‘]‘)
) R S l c
L= D (5e)s S5
- ZQ’S’@ m(x \b el EX(\IL\ — " am
b) f(x,y) = tan(x
) f(2,y) = tan(zy) wijdlﬂc o
2.V3 _

Faln )= sed Gk y

Q‘j le) 2 ¢et(2)

£ = % seClay)










































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Day 8 Partial Derivatives, Total Derivative, Linearization Page 38

Question: How would you define the second partial derivatives?

Mok (\)uv'[j o éev{« o o—(: the 6)av"t{a,\\ Jevivihues
X [ YL
L = (), = BQM) oL L), -

o m D‘j FBX)V
_ (% ﬂ 3 o oL
B by(b)y@ Gy, = 5B 55

Example 42. Find f,., fuy, fyz, and f,, of the functions below.

L' Q W\ J\ — .3_
a) f(z,y) =+/bx —y P uvt @&v%o\ls x~ Z\E—x—:y
A R
T Tor (S Sy 2{;:7
_5 ’M’> £,.- > [ - !
S\ (Sx-9) RN [ 2\@;\/\
~’__C)/ C, _ ,)lzbg ~ )
( ) \ﬂ - —‘—— (g*&/tﬂ Lv S
C a2 o X
Ceu= AR - T 5 (Sx,.ﬂ (rl) S R
. w[maﬁ 1 1@:@(523:
412
b) f(z,y) = tan(xzy) (9 ) ( 1)
_/__/
—CX: \j e & (wﬂ -C‘,: XSecZ(\L\D

-( «)sm(m) Y Lseelng) seclytumlvg +y Eﬁ(

Cec (uD - SCL(LD‘]:(AW{U)
= '7_\,, see (“‘h %'*"‘(‘"A

£Y1: %’(‘}Sccz(wﬂ" \ Sec(%\D A j (Zsc,o (wﬂwm M)x.) \

fo = 2 [ setbi)= Lot ) 3w (2sellakanb)y)
S

Q{T« —;‘f lxscc (\u{)" Y L5 e Fanbig) x = 2ad 66 lrlamlyy)
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What do you notice about f,, and f,, in the previous examples?

Theorem 43 (Clairaut’s Theorem). Suppose f is defined on a disk D that contains
the point (a,b). If the functions f, fu, fy, feys fya are all continuous on D, then

b Moo L= S0 =hn,

X%

ik all parbias qve ck

Example 44. What about functions of three variables? How many partial deriva-
tives should f(z,y, 2z) = 2zyz — 2%y have? Compute them.

2 —2%,) = -
’(X T = (2%./% t x,-) = (2\}% 0
*C\’: % (21\72—— &L‘ﬂ: 2}\%-«&7'

b= %’i [2“77"_ z \ﬂc 2”_22_7’ s+t [xey

Example 45. How many rates of change should the function f(s,t) = |2s—1]|/y (s
st

have? Compute them. g(yy)

‘)C = 2%0 T o

Py
f)-(-,_,, ). N ~\
57 2L

6

In the previous example, we computed
organize this information?

partial derivatives. How might we
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fl(:vl, e ,xn)

For any function f :R" — R™ having the form f(zy,...,2,) = ,

f(z1, ., xp)

we have L inputs, — ™M output, and __ "W partial derivatives, which
we can use to form the total derivative.

This is a \‘ Wenv map from R” — R™, denoted D f, and we can represent it

with an W XV , with one column per input and one row per output.
. * th
It has the formula Df;; = o &

Example 46. Find the total derivatives of each function:

) f@)=a+1  DL6):] 2« | - &

W
(D\X\Y)\l\"} m= )
\\AQ\AB ne
b)r(t) = (cos(t),sin(t),t) D" - —Sin [0 2 (a
mﬁm\’s m= 5 T | ="

toputs M= ‘
c) [z, y)=bdr —y 4 -\
DQ(}.\{\C[‘%E_ Eélzi

s W= 2 25y 2y
Oq\‘?\}f‘» m= \

d) f(z,y,2) = 2zyz — 2%y

20 pis )L
- D Ga= [ 5 % 2]
=\ % % — L"Lﬂ__ 0% - z 2\<y -2?:\7_(

5
e)f(s,t) = (s* +1t,25 —t,st) \L

ne (o b)) =
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What does it mean? In differential calculus, you learned that one in-
terpretation of the derivative is as a slope. Another interpretation is that the
derivative measures how a function transforms a neighborhood around a given point.

Let’s see that with an app| (credit to samuel.gagnon.nepton, who was inspired by
3BluelBrown.)

N {XJC Kiwe.

In particular, the (total) derivative of any function f : R" — R™, evaluated at
a= (ay,...,a,), is the linear function that best approximates f(x) — f(a) at a.

This leads to the familiar linear approximation formula for functions of one variable:

f(@) = f(a) + f(a)(z — a).


https://www.geogebra.org/m/rftwacsy
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Definition 47. The linearization or linear approximation of a differentiable
function f : R” — R™ at the point a = (aq, ..., a,) is

L(x) =

Example 48. Find the linearization of the function f(z,y) = /5x — y at the point
(1,1). Use it to approximate f(1.1,1.1).

Question: What do you notice about the equation of the linearization?
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Daily Announcements & Reminders:

0 E'xow\\ (51/11 34% m\g&chﬂ/ Q’cjmc}ts open uwm W
¢ lttl HW Aue 4“0\/\(31\{7

® Cla'\yu\kjgg ’H\M WQ\W N \/otf“(‘ug[o]c&;

Nee & ‘H\Q ()aw*\\a\s ’)7) \/e A’s In AN ﬂ”Al%CV&?%ﬂa
\ ball
Goals for Today: :r> M \X(& PVH‘ 4\5 e (’6‘_; q\

e Understand derivatives as transformations
e Find the best linear approximation of a differential function
e Learn the Chain Rule for derivatives of functions of multiple variables

e Be able to compute implicit partial derivatives

What does it mean? In differential calculus, you learned that one in-
terpretation of the derivative is as a slope. Another interpretation is that the
derivative measures how a function transforms a neighborhood around a given point.

Let’s see that with an app| (credit to samuel.gagnon.nepton, who was inspired by
3BluelBrown.)

' ’G ‘qus X=pn j(1.7 QC%')
Nf’a‘f o~ ‘F(qa = L(aw «\/ El(ﬂ\ (7("0‘)
A —J
&h\‘»’g@ﬂdx

‘{v\f‘l\/\

wasﬁ\"/‘


https://www.geogebra.org/m/rftwacsy
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In particular, the (total) derivative of any function f : R" — R™, evaluated at
a= (ay,...,a,), is the linear function that best approximates f(x) — f(a) at a.

This leads to the familiar linear approximation formula for functions of one variable:

f(@) = fa) + f'(a)(z — a).
A

Definition 47. The linearization or linear approximation of a differentiable

function f: R™ — R™ at the point a = (aq,...,a,) is
= 16 + DER) (2-3)
A A
I 1 A
N O Wi y ot Jednl {10| g)

puv-hia) bcv\\os

Q\Ja\u())CQ i
Example 48. Find the linearization of the function f(z,y) = /5x — y at the point
(1,1). Use it to approximate f(1.1,1.1).
.____’.——J

'Cx'j g — 0»;<'\)[>

~

pR T2y (R 2

S ~ ‘
DERN= ., I ( _ 5 “\l
n 2 Y, Y Q,D Lt Y

/
] vow pev ‘3":\‘1“}\

et g 24 £ A1

P

(AN RSN
E L \ =24 LS mvn} :
< LX %Cvm/Q(’“ZZ\-»D—g ~ D18 - 2 ,

Question: What do you notice about the equation of the linearization?
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Example 49. The differential of a function f(x) is
df = fx1 dxl + fxz dx2 + ... fﬁcn dxn

Find the differential df for f(x,y, z) = 2* +y*+ 2% and use it to estimate the change
in f between (1,1,1) and (1.1, 1,0.9).

Tho: A€ % AE wih by, Q-
A@@i%ﬂ\u ) ¥

ﬁ@(l)\]n ( .a

£ 100 - Fl Yz 302 5

=0
— 0Nz
The Chain Rule
\
Example 50. If f(¢) = In(#?), then % = ? »

&-C%G@)‘: 4((9(&' ﬁl(%)

Similarly, the Chain Rule for functions of multiple variables says that if f : RP —
R™ and g : R” — RP? are both differentiable functions then

RN \ﬂl x))) = Df(g(x))Dg(x).
\*/ / (_J
gbﬁ /
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1

1
Example 51. Suppose we are walking on our hill with height h(x,y) = 4— ZxQ — Zgﬂ

along the curve r(t) = (t+1,2—t?) in the plane. How fast is our height changing at
time ¢t = 1 if the positions are measured in meters and time is measured in minutes?

v\ne\%\\jr DN )V\AQ ?&r\ﬂ &%fwajv.‘ -

NCID), o P Cger)
) cm U sdput

{ cuplughe
WoT

Wt DRGE) = < -
by Gl (Mub\p @%n DA

/ g

E"gg (}%)K K o “{&I«X

-~ k=0

L L0

~—

-

@

L\U'SS

Qe

T e bk »ﬁ
A ¥ (\q (Ot\ r EQ%( (KZQ%’—I
2\ t/ ¥ - y\ e
= O


https://tinyurl.com/math2551-hill-chain-rule-ex
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: \ :
Example 52. Suppose that W (s, t) = F(u(s,t),v(s,t)), where F,u,v are differen-
tiable functions and we know the following information.

w(1,0) =2 o(1,0) @\)\]:\305
us(10) = =2 0y(1,0) —5

w(1,0) =6 v:(1,0) =4 T (})\I\D
Fu(2,3) = -1 F,(2,3) 10

W (31%)
3 {Slg) ;lv( w]

—

Find W,(1,0) and Wy(1,0).

[w,the W aa\] DD :
(\/\uw\ Q)? D\’(ul@ \/C\D)B 350&

D Us 9
y\o{*%&\} EF (l@ T Q’)ﬂ 10((3 Ut ]

VN \Y ( j \){7 (l’m

Qe D@\ t@a@lﬁ u»&
I

W, L= $2
L0z Y —

u(IDthQﬁD Vi (10)
/\)\73*6(;55 QW(\}F 3,@*({(@ <y

N
( W, )= T3t R
//R\ TN » roe=
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An alternate perspective to organize the Chain Rule: _l"”-’f é“*ﬁ"w"s

TE 2 i afunchon of B (cmy\,\\e %Zi ) Sy,

%2 oz
X4 b Mg e 2/ N\ Solls )l Fon 20 5
MW L ws o 5t w\uliiﬂj Jevvotae 4 add

\}J‘Q"‘w\ﬂ’- \)v\e'L()\\O\»\AB é\t ) )‘Z— 'D% 4_ }_g\

)e VCV\BCV\L .( s '35 B'X aj)
s l\ms 1 st m«o’rltv Wy ok ij%uj’&awﬁmw&.

Let’s go back to the last two examples and apply this 1dea to compute the same
rates of change.

Application to Implicit Differentiation: If F(z,y,z) = c is used to implicitly
define z as a function of x and y, then the chain rule says:

W=F(y, 9, 26, )= C

\)J )%(-> AV
L %{Wv@*F s(=0

So \“y
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Daily Announcements & Reminders:

e |43 YW Jue %Mg‘ﬂ%
o |4d HW due Th

&@\2 Li ;\'OMOWOW OWN QMJ\‘(),\ geﬂ\/oc}{wsé 14,3
& \i\)\ea\ri}m{\'m S Qﬁ

Goals for Today:

e Learn to compute the rate of change of a multivariable function in any direction

e Investigate the connection between the gradient vector and level
curves/surfaces

e Discuss tangent planes to surfaces, how to find them, and when they exist

Example 53. Recall that if z = f(z,y), then f, represents the rate of change of
z in the z-direction and f, represents the rate of change of z in the y-direction.
What about other directions? How can we compute the rate of change of z in other
directions?

1, 1,

Let’s go back to our hill example again, h(z,y) = 4 — Z:L‘2 i How could we

figure out the rate of change of our height from the point (2,1) if we move in the
direction (—1,1)?
?a\/awt(,)r@/\\l—t \M e Jf\'v()u’\f\ Clﬂr) A »‘v{c\'\b\/\ L- 1

(= CZ\B t '15&17\'>

- Yo vl &\w\} \QO'/)

Wil %\0@3& W\
R \:\eha\

M


https://tinyurl.com/math2551-hill-dir-deriv-ex
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Definition 54. The A\\f(’(,)'{o\/‘ﬁ) A{)V\J()\- e of f:R" — R at the point p
in the direction of a unit vector u is

oy O\\W\(m £ dhome
Duf(p) -

? A \w) ”F (f
if this limit exists. \@O

E.g. for our hill example from the last page we have:

\ 1 \'\(2- g ‘M/‘/V\
R %, zsi
Note that D;f = 'Fy D;f = -Fj Dy f = 'F}
3 (xth, 4)

e s PMEN o L(w*\:(m £ £, G

Definition 55. If f : R” — R, then the A\V\OD"E “{: of f at p € R" is the
vector function V£ (or m*u «? ) defined by

<'(><1()3 g*a( 3 y “Ch(\ﬁ)

" oy ey, T 17|

Note: If f : R"” — R is differentiable at a point p, then f has a directional derlvative
at p in the direction of any unit vector u and

DN = VEE-T
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Example 56. Find the gradient vector and the directional derivative of each func-
tion at the given point p in the direction of the given vector u.
2

) f(o2) = (e + 7,0 = (1,100 = (3. 5 §> /dm\c i ek

\7’{2@@\&,{\{,\(2 (_,\ s \5‘%}4’ \> si\ er\ \'(

’1\3rw|

WD = LD o, W1+

L
D&“;,L L 'C/\ \% <D D L’)—B (*/"1 3‘3

7

b)g(z,y,2) = 22 + 4zy* + 2%, p = (1,2,1), u the unit vector in the direction of
i+2j—k

> \
(oM Sy 2> A= L2 o (2D
VA) <2x ‘IRAY] m} Tz
12N =423 1616, 22
QS([’IEQ} ‘ \33\’%1/7‘
Doglzn = V86T 02D [Qmm /17.-D)
W
= ﬁ%: R\
b
c) h(x,y) = " — 2%, p = (1,1), u which makes an angle of 7/3 with the pojsitive
x-axis. &
Qw" ﬂw‘ - < ‘je.x«) —174/ %&Xy > 07\: <(o>/'ﬁl;\/ S\'\/\[—ﬁ]ﬂ3 g1l Dx
Q\\C 1—) <Gf-/2. e - < ’;:/ \fé>
1\ 46”215 (7_)—35
= 2&,— 1+ 5/
| +3%

- 2
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1 1
Example 57. If h(z,y) =4 — ZxQ — ZyQ, the contour map is given below. Find and

draw Vh on the diagram at the points (2,0), (0,4), and (—v/2, —v/2). At the point
(2,0), compute Dyh for the vectors u; =i,us = j,usz = <\/L§7 \/L§>

; Whg) = 5, 2
[~ cW(2,d2 -\, 8>
| / o YhO W) =0,

o V\/\(A\%“Sﬂ: (‘E—‘ ‘5/2-3 —

Z/Z

([
[

5| 1
\\<.

-

4

3
1

:

t

-1

-1
EpEN

—

No“\\(,e,“ © C\“ ﬁ)b.\ml‘\mg ‘\'\)\u(w&s Lbl@ '
° 0.\\ Dr\\Aoﬁb\/\%\ ~\o (oﬁw)m/ SE\V\

B

Du\x\ (215\ = L~\(b" Lh®’ =) Pa"%ﬁ 3f\vouﬁ\« %\.{ fd\m)‘ usz&
Doy 9= LAD K02 0, B g o e e ob (29
Dagh 0= U (% 5)7 "% ad Dphlideo

vos 7
@ g W‘L\c\'\ X\ﬂ’c\'\‘\)\/l S\m\.\\& Wwe WOve ";\)\M&x\mxz{, D.{Q .
/A. O.f (—“ﬂ: QF(%) T N'(:(\D‘\U\ s D

= W/Q(\\
A e b b P TR

H="l1

Note that the gradient vector is 0Y3f\"°‘j°"“’»\ to level curves.

Similarly, for f(x,y, 2), V f(a,b,c) is O"r\\/\‘bjﬁ‘\r\u\ &-o LQJ\'Q\ 9&\&(\2&&3
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Tangent planes to level surfaces

Suppose S is a surface with equation F(z,y,z) = k. How can we find an equation
of the tangent plane of S at P(xg, yo, 20)?

N )

/

s ,(_Q“& eqp o a\\a(mc v\u&
V) nowa) vedo b plane F

\ L
"L\ O\‘/A' on 9 aV\C e 61 Jéw Q?D\"L

z? + y? +Z—1OP‘/) f o'(-‘\u\«(bcvxkj
F(aa2)> X )* Y1 =1

VP - ﬁ)—%] l‘}/ \3
\\l?(*-\l%.&; 4’)*1(’4\B >/7

0= (A )ijuér \y caduse
2 (30)

This is a good place to actually define differentiable! We say f : R" — R is differ-
entiable at a if its linearization is a good approximation of f near a. (Technical
definition in textbook).

In particular, if f is a function f(x,y) of two variables, it is differentiable at (a,b)
if it has a unique tangent plane at (a,b).


https://tinyurl.com/math2551-tangent-plane-1
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Example 58. Find the equation of the tangent plane at the point (—2,1,—1) to
the surtface given by

z=4—1"—y
Reamnge: 07 4=y .
0o Flind | e Elyy = 4-v-y-2
Tomgunl glane tmaﬂ\’ (<2\ AT é"z’?~\"o\c-2,\,—0
=Y, D

Special case: if we have z = f(x,y) and a point (a, b, f(a,b)), the equation of the
tangent plane is

O :'G (\{ ,ﬂ’z

\ LOM € wavic

£00,0 G- ¥ &yl (-0 - (2-#l)) =0

This should look familiar: it’s Hhe \\M"‘"\’D‘AW’\



https://tinyurl.com/math2551-tangent-plane-2
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Daily Announcements & Reminders:

o lqt‘l' HU\) A\M’, {70\«%5\17
14516 R due T
’ E’XO-W\ (2_ '15 N Qllg} ‘Hwouj)\h V\ijr‘/?— W\uvlem\a)

o I,G Yo Q_Mne() I\ Uk m{%ewn Sm()ll now \\s 3:11\{3 \)esé

\M\Ms L b e owe. o e

Gwme Yo Lirlc ou s3ru5j N 9
0\/\1/3} (=]

Goals for Today:

e Define local & global extreme values for functions of two variables
e Learn how to find local extreme values for functions of two variables

e Learn how to classify critical points for functions of two variables

Last time: If f(x,y) is a function of two variables, we said V f (a,b) points in the

direction of greatest change of f.
W]/\ l y Cow y@ ]ﬁ
1

— Zy2! What should we expect to get if we compute
t plane to z = h(z,y) at (0,0,4) look like?

Vh(0,0)? Why"
_ I \
///oo ) Vhio,8) = <0, 0> bl Th={-—x, 759
///5\ \HL \f\ }'mb /N \bm\ A MU a:)' [O,Q
. A= /\_\
‘// 5= /%\*L-l%\f«} 7T l% »
\/\/\/

qﬂo,oﬂc@,b) -

T (Y(*/ x)
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Definition 59. Let f(x,y) be defined on a region containing the point (a,b). We

. say
- / ‘“\| \
(l//(‘(l;\oll“l o f(a,b)isa \0(‘*\ ALAIAN AUAVG) value of f if f(a,b) oz f(z,y) for all
SOV domain points (z,y) in a disk centered at (a, b)
o f(a,b)isa \oud win i value of f if f(a,D) £ f(z,y) for all
domain points (z,y) in a disk centered at (a,b)
WJ’PGA o Towal wak \OCL"\ N 0'[ /p[\‘“{/

In R3, another interesting thing can happen. Let’s look at z = 2% — y? (a hyperbolic
paraboloid!) near (0, 0).

This 1s called a

Notice that in all of these examples, we have a horizontal tangent plane at the point

in question, i.e. v g((}\\j\ :ZD1®
04 (h= o o]

Definition 60. If f(x,y) is a function of two variables, a point (a, b) in the domain of
[ with Df(a,b) = Co, 0] or where D f(a,b) doos wot extsk
is called a ¢V bical (\30."‘* of f.

) G_\Jew/ﬁ \om\ ex\wme \fa\we, O Uvs c& CV\L)F‘ p%,

M nob o) mjv..,a% ot/ \oca! exhema



https://tinyurl.com/math2551-saddle-point-ex
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Example 61. Find the critical points of the functions f(x,y) = 2° + 3> — 3zy and
g(z,y) = (2> = 1) = (2%y — 2 — 1)* + 2.

D A g\ = E%}, 5 9y - $x]

1) Dy =
9 2 = (9 -
|7 (2 D Gy by ) J(*lﬁ’*"\p
67\ —

3y

@ *%X(X'L"D ’ZC\L’L\,}"'\(’D (ZX\/‘( =D /%%ﬁf \ O = =0
2 N /T w7 0
(D~ (X =X \\—D ) PA1=0
e . D=0
X :Oi@q3 2 X\j xh\ G / (X ’ Yl@ Nz —)
o L/—/\)i/\ks\gﬂ)® (3\\‘3\&07(';\ =0
D= ® yriae
o '2_(_0 D B(D D 0 Y=>0
N’)_*;D
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To classify critical points, we turn to the second derivative test and the Hessian
matrix.

The Hessian matrix of f(z,y) at (a,b) is

£,
Lot (W) /{’ Hf(a,b) =
= Loy - ‘(X‘j‘(‘fx by (n}) (‘i\j (D) _

Theorem 62 (2nd derivative test). Suppose (a,b) is a critical point of f(x,y) and
Hf(a,b) exists. Then we have:

fax (o\x% £V* (alm |

>0 and fy.(a,b) >0, f(a,b) is a local minimum

>0 and fy.(a,b) <0, f(a,b) is a local mazimum

<0, f has a saddle point at (a,b) 4~ f (}Q\Ap\\)& A);[;E%Jr\y

)
o If det(H f(a,b)
)
)) = 0, the test is inconclusive. W X & j &(re&\‘o%

)
)
)
)

Example 63. Classify the critical points of f(z,y) = 2° + v® — 3zy and g(z,y) =
—(2® = 1)2 — (2%y — 2 — 1)? + 2 from Example [61]

\\} £l ond (:1\5 (0D ¢ <\1D
‘F{; F%gz“ 777 .C\] = rz/‘yz"/sx

QH’Q(NH*D: Gt /X
fy € 1 [% 9

> 7(3\7 &_‘%\’ o eadh G f’t


https://tinyurl.com/math2551-critpt-ex-2
https://tinyurl.com/math2551-2max-only-ex
https://tinyurl.com/math2551-2max-only-ex
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Example 63 (cont.)

o -5
N =] - o ot (HEI0D) = O~
AJ\: (D'O\ 16(0115 [ ’ D] / 5 i )D> = -4 L0

40 \vvf l"\& &(W\m}&% xﬂjc, Q\I\D o gm&&\e fc\v\)’

O(\V LQID

Z\ o " W W\q Ssome A‘(ﬁc\om ) e See % )r\/v,t\\ @_

Cv\{bﬁ’s AL \ow\ WK WD

CThs s vt o gy b hagpes e Curction

D{ﬁ 1 \/Or‘lp\\;\we-







































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































A‘fpt)«&‘\( v (O'W\WS(“OA\'DVb G’w c)wﬁ'\xji"j Cﬁ/"\{\ P}s o‘c S

ek pbsr (1,2) £ G-\ 0)
8= - Hx (%ZVD - 2—6X23—x»13(2mj ~13
94= ~ 2% ({Lj—x’\)

(ompate. 2" Berouchies:
e 4G — (2 ~ 2 (2= 2y -2 (ody-4-D)(2y)

3197 0 = 2 (209D =2 Gy (%)
Gy = —“(Mﬁyst»ﬂ ~ ?’x2<2~‘<3 )
633 - = 2{2’( ij

E’\M\u(f\T‘C \'3‘3(\17;] ) Hﬁ(—]]OB "

g ()= [0 82080 -0 400206 ) [ar
~2n ) - 2(dX) B0} -L -z

L~

A
Hj (1.5 (o 4G —2.(0-) -(oH-)(D) l -q(—h(cD_z(,)/.oJ—_Eo ) }
- .

|

- r

) (.’]\L{'

| 200 26 |

APP\j 2'”‘ Aehwﬁ\re etk ;
bt (Hy0)= 62-34= 16 20 ok G (1) =26 €D
o 8 Vs a loval mex at (,2)

AQJCJ (Hf) (,\/(ﬁ) = 290-4 =1{ >0 anj
max 6L CA]D)

379((“\, oz -loco

o 6 hos & locu\


































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Day 11 Optimization: Local & Global Page 58

Global extreme values Stavd here on

fees.

A global maximum of f(z,y) is like a local maximum, except we must have f(a,b) >
f(x,y) for all (z,y) in the domain of f.

Theorem 64. On a closed & bounded domain, any continuous function f(x,y)
attains a global minimum & maximum.

Closed:

Bounded:

Strategy for finding global min/max of f(x,y) on a closed & bounded
domain R

1. Find all critical points of f inside R.
2. Find all critical points of f on the boundary of R
3. Evaluate f at each critical point as well as at any endpoints on the boundary.

4. The smallest value found is the global minimum; the largest value found is the
global maximum.
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Example 65. Find the global minimum and maximum of f(z,y) = 42* — 4xy + 2y
on the region R bounded by y = 2 and y = 4.
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Daily Announcements & Reminders:

¢ PW 45T due Youig, 14T 14 hest T
o Quz & omonow © ChaiRule badied; Div Dery

)

0 \:mwn Z \J\ex\‘T ) ov\wouucewcvoL N [avx\/as '27\15& A'Qzﬁmoom
T M1 -8

Goals for Today:

e Find global extreme values of continuous functions of two variables on closed
& bounded domains

e Apply the method of Lagrange multipliers to find extreme values of functions
of two or more variables subject to one or more constraints

MOD =Y i e ?O\M\ wnx Lo Kl Lundiav

A global maximum of f(z,y) is like a local maximum, except we must have f(a,b) >
f(x,y) for all (z,y) in the domain of f. A global minimum is defined similarly.

Theorem 64. On a closed & bounded domain, any continuous function f(x,y)
attains a global minimum & maximum.

BJT L €2 b oo on Tkl £ abid & gl min oot ow Gb]
Closed: Tl sek Conalns o boun &o\r}j L=~ 0 \al}z It le:ﬂ
NS @ OP 2N ‘ Q\ 7 V0l
_ T/ ;‘/@\ (
C

RS s .

\/—)/ \ R ) ‘\90“\/\ w
- = X - ~ ’ X

e s

ok
o)

Bounded:

le >e,+ —C(\s RY\O\ \7‘5 CV\O\:(j\/\ Ci\m\t. /A\
-
- Al ¢ p{clwe,g 0V ove awz,\oowdc& \\\\\

— \ﬁ)\l \\s V\Ol’ \DO\l\f\g‘](ﬂ ) \\\v&]?a\/&ﬁl&u “V\ “Lz
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Vs
Strategy for finding global min/max of f(z,y) on a closed & bounded
domain R

1. Find all critical points of f inside R.

2. Find all critical points of f on the boundary of R

w

. Evaluate f at each critical point as well as at any endpoints on the boundary.

4. The smallest value found is the global minimum; the largest value found is the
global maximum.

Example 65. Find the global minimum and maximum of f(z,y) = 42* — 4ay + 2y
on the closed region R bounded by y = 2% and y = 4. 1 W\WW{M\,j e

VR et P A5 sl
- D =00 6], ot
L@)c -‘*j '-‘Ml] = {0 o)

y X220

wao'\m of o‘}vimi%w\\\yl e ‘ i o
Ciﬂfu&m@%, (3,0 b oot

M ¢ 2} ‘F\\mb (,vé’ @'S o£‘ £ oon \90\:)\&;\7 —

\ { -
C ;3\ G S ~ \Lve,\oew\bowq el{/’\ﬁ.)\'\) simY\\'Lj Yo l"\lav} O\OMW\IZ,(,
N | SO MOEPIC)

- Q) Dny=\ - ﬁ(%7Q)_ b~ ~ A
(.'Lﬁ\ | % INY=T 9(@ Gt b ¥ ]

o - for LExCL

Bl - - gl = BX -\, =0
(g\o\oA et =D X (-2,4) x=2 424

'A\@ﬁ\ G\AB\QB‘\A\’S . ‘(\‘;Fl / \L’/_/%
Ve

Global min=-$ o (2,4




































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Q OV\ i_[_—)(?/', ?aro_w\é&y{%a _'V)\Ua:<’t) tz >1
2 4L ’cw“ﬂ)
) - Y
. BYAny
W = ~4r> 3 (4t / 5
S Ve SR2Y R\ 20

b (- \‘0;-0
o =1\ A €0

\ -
s (09 Oz
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Constrained Optimization

Goal: Maximize or minimize f(z,y) or f(x,y, z) subject to a constraint, g(z,y) = c.

Example 66. A new hiking trail has been constructed on the hill with height

1 1
h(z,y) =4— ZxQ — ng, above the points y =—0-622+x+ 3 in the xy-plane. What

is the highest point on the hill on this path? \j~ B SB( 13
Objective function: [Wiagwe are Dt iwi 21wy
& (4 9)
Constraint equation: Resxnction oa 0\'7 ectives
) \ﬁ ’\’ O\SX = 3
[

9()(,«1’) = ‘jjf O\g'?(?‘

K’M ‘. /K\/\‘\J\\L o\\')ou}V onhouss
T’{AB a\\ ()B\Jé'B oheve N0 = XQ%

q ii\\f/ \}\.—O\Q -7 ®
o Wohest ehey atiav Q) - Sy =X 0 SRED
) ’ z
DV\M POM" > G Py \\A\U ) (/ B jl)«)\uﬁﬂ Q
el o @Y, ) 9= g & ko ,\ g

2 2
/il,_ = \%DSXVJ szdé“@


https://tinyurl.com/math2551-hill-lagrange
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Method of Lagrange Multipliers: To find the maximum and minimum values
attained by a function f(x,y, z) subject to a constraint g(z,y, z) = ¢, find all points
where Vf(x,y,2) = A\Vg(z,y,z) and g(x,y,z) = ¢ and compute the value of f at
these points.

If we have more than one constraint g(x, vy, z) = ¢1, h(x,y, z) = ¢2, then find all points
where Vf(fE, Y, Z) - Ag(x7 Y, Z) + ,Uh(ﬂj', Y, Z) and g(.Q?, Y, ’Z) = (i, h(LU, Y, Z) = C2.

Example 67. Find the points on the surface 2> = zy + 4 that are closest to the
origin.

Th \eon A belore. up skaib  hew oo |
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Daily Announcements & Reminders:

\—\?-\\ xuqkﬂbw\(ﬁb\\r QK on T

 1Tyam 2 00 T e Conues  aunsunzemen'

Goals for Today:

* RCU\"Q«U La%mm%c M\l“\\\p\‘erﬁ. f)e,ﬁ{me A p‘o\)\\ﬂ“f_ \‘\A;'CQV'&\
(om le $l‘W\P\~€. 47\0\&\;4 m\rcﬁmlb

Method of Lagrange Multipliers: To find the max1mum and minimum values
attained by a function f(z,y, z) subject to a constraint g(z,y, z) = ¢, find all points
where Vf(z,y,2) = AVg(z,y,2) and g(x,y,2) = ¢ and compute the value of f at
these points.

If we have more than one constraint g(x y,z) = c1, h(x,y, 2) = co, then find all points
where V f(z,y, z) = ‘ weey2) and g(z,y, 2) = ¢, h(x,y, 2) = co.

N &, 9’>\\76(?<7'@+ m“ vy
° V/@ (5 {/\ S()ow\ ( Q% | U\/\( . ~F>
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Example 68. Find the points on the surface 2> = xy + 4 that are closest to the
origin.

O\oav&\\)\c : &: A\\A’awe, 'lDOV\‘();\/\ - mb

Ak C\L&“ﬂ IS ANRY 3(;(%f\113r(kg~\71

(ongmab: 0= wy-2' 0% gy = rla—®
/;”/&3(\,\{, 2
. 2 ~
Us e&u\ ‘\'V\t\L & 6 Sde PB)F/‘ [9\/,’[7’\’ Uu\M’u & Ly swun e;)Jr
— 6V \uvc)r,st‘

R ER SR

A{Jp\y ngvawge'. WB:Xﬂg .
=> <21,’L«{[2?:5 7>\<\5] ’X)’ =)
D:X\jr&Q‘H
Zv=ly O 0 2 UiM=0
2y 7w © )
- = 2 141\=0
12="ONe D Z=0 ¢ I
D;mj—z”%@

2=D" >:r\.'

. —
?\M% 14ty @‘- O:%\‘fjrcf i)\ub'v\)r\) @)@ ’fo_«y
V= -%( 2\}9 —X

|

)
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QX; >\[;:Z[>g ’“\—k\(r: — X
’i G>< 3<:_C>
2( x) X oo (jt,u@co
\)/ q\//i‘/z P\u3 %= 920 Ande (D)

N XZ; —12\? o= DO- E/L%%
N —F~ >‘§(L 1 ZZ”/Q(

g Uyt g pibY) Y
-7
(D(D[ Q / (D/D/K7/>
R
1 Ryl pikid
975 yoo M= %
21 97 L X [2,-1,8) = A (=1,%,0)
“= \?71 - m
(jZ—{/z\[é) - \j?
Cy%lq(é) A\\e QDQJ\\’S o Z = X W clovest b

Deige Qe (0,0, L (00,

/\)\{M\{vxg D\”>\ - b(\ \ \\‘\{ ‘fd«\e Ué C\AL\U\{)Q o1t )Y\K CX\VCW{,

valwe wot. b o
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Double Integrals

Recall: Riemann sum and the definite integral from single-variable calculus.

) n
| n 2 Alx) O
v 2 ‘Q(“/\) (ivea, Ve =
L \
SQ(\A by = % fl00x
>7< A WHD¥ o

DX
Volumes and Double integrals Let R be the closed rectangle defined below:

R=[a,b] x [c,d] = {(z,y) ER*la <2< bc<y<d}
D
t, T,

Let f(x,y) be a function defined on R such that f(z,y) > 0. Let S be the solid
that lies above R and under the graph f.

O P & C‘M(_1 kf\o\

— ( Y ﬁ\g
e

% |

\I\LﬂA‘LD k (*\c, ‘{\J

Question: How can we estimate the volume of S7

A
\[ D\\}W\e%i 4 (K\()‘) Q QAK

2
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.
Definition 69. The &ou\yl{ \J\X&j\/&b\ of f(z,y) over a rectangle R is

//Rf(:c, y) dA = l}glrgok; F(@n, yp) AAy,

if this limit exists. 1 1P\ _ \m‘«%&r e o e ‘Jz“ASF“
\ ~ Dlovan oF 12
° S(» Q[\(\\ﬂ&ﬁ( = vdluwe i
: \oek»eevt 2= %) 4/« 2=0 AR %4

c T L ds on R e Nl excishs
¢ Cowe disovhasoss £ ave Wegalle

Question: How can we compute a double integral?

Answer: T_lﬁm\-ﬁx —L—v\xﬂb\/ﬂ\é

Suppose that f is a function of two variables that is integrable on the rectangle

R = la,b] x [c,d]. . r(’: (), h‘z,x
What does fcd f(2,y)dy represent? )
— L0 | 2% ﬂ\,'ﬂ
£ Kz( ‘1\ e o QLY%E.‘OV\OQ - ) SXQ U@&«j ~ (V55—
. % C Q(A-Iwa‘
d oved
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What about fcdf(x,y)dy? O 0'(: A PEENG t\{ M EL SD\L\& S

’WCb\f cu t\’\ I)ﬂ'{(\mlf A

ke

\Io\m of( 3 :/;Amdx: S
This is called an‘ \)F(Vﬁix \[ /1\8‘1. Vb~

A

. ?eyt
Example 70. E\/'alu.eﬁ:e/1 /3 62%y dy dz. ; SL; g?é7g’j A‘X é-yﬂ
j <67x LB\ s K (8- 62

’/‘g 2o Rx
:zzxq)\ = 18 Al

-

Theorem 71 (Fubini’s Theorem). If f is continuous on the rectangle R = [a, b] X
[c,d], then

g\’ S&«‘i(m&j D = Y\ &L Ho) I b)v s gg Fy dh
A L ¢ o 0

More generally, this is true if we assume that f is bounded on R, f is discontinuous
only on a finite number of smooth curves, and the iterated integral exist.

C{m oW %wej—d\,kéfyg 9@\/())\- \LD\({C,
Pl \A\i)ﬁ __/\'f:- ON Y_O[Q*ZOHZ

" CX’T M
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Daily Announcements & Reminders:

5 151 HW AuLlcwakjo
152 W due T

o Quiz nedd W ow 16171553
3 EXO\_W\Z SwA{& \‘j V\&A" F

Goals for Today:
e Be able to set up & evaluate a double integral over a general region

e Change the order of integration for general regions
e Compute areas of general regions in the plane

e Compute the average value of a function of two variables

Example 72. Compute // zes dA, where R is the rectangle [—1, 1] x [0, 4].
R

wst, Wt
Y A r;\c;sgw X
]XC X )

el
| ¢ )
/—rl 5 > % - SO 2(2: € » Dy .
4 R ,.L . AN g
o Diher prder (% B - Sa ¢ <2. 7/\ 7

\)e\rj \\wﬁ\. . Sq 0 M: O
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Question: What if the region R we wish to integrate over is not a rectangle? Yc&Q

1) < Y= 9,09 )
f) " \L EX=) B Q = %2(“0
%= o NEh
/\\i’/‘ 3 ,[\4_) Vl— O

Answer: Repeat same procedure - it will work if the boundary of R is smooth and
f is continuous.

Example 73. Compute the volume of the solid whose base is the triangle with
vertices (0,0), (0, 1), (1,0) in the zy-plane and whose top isz=2—x—uy.

Type I region: UB{; ](?ULL\/\; ; gg H«;,\ﬂ M\ - S S 9[7‘1\{‘) A? Aﬁ
1

N A

— O)z(?‘):]r
— \/; SSQ[\{]\{’) )( gg 2 A- 7 XA’ %1()0:@
2 R

) (g by

/\

_—1 S—
Y=X \w LS (m\)sTAm\X
Y= 1-X L

R

()
2
_ g'b (1)~ x(1 ) - w/ga[@k

= 2wt L (120

—_

- (! \Q
—Sb 32,”——27(,%‘3‘)( A}C

s r
R

—

D

\
/5

~ 2,3

—~

Z
3
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Type II region: L)
| Sé Hd k= S Y—\zgmq\ Ax A)’

O
lro()" | ]'-y /
94 X
N
T e (radhe (Faguk > § £l dk
) 12 e p‘L
A 1
_59\ )f Wa‘OV\ \)\)\l\ew \90\w«95
l B e LD\A&\S\eV\Xf ON SWL“ ves\k)/\

Example 74. Write the two iterated integrals for [[,1 dA for the region R which
is bounded by y = v/z,y =0, and = 9. 4
W x’“\n{ = |

k\7":— -z

Sj\ E:):;‘z £(4) M Ly
)

n QY'E ‘L‘/\‘ we_, _
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Example 75. Set up an iterated integral to evaluate the double integral
ffR 622y dA, where R is the region bounded by y = 1,2 = 0,2 = 2, and y = .

~ \ X=l x=0 y=27 y=X%
Clebch vegon’ D <x<&)

g XEYE T
A A 9= Vo .o
SR \le\A\‘\c.“. Sé G\L’L\j })A - SO g% ()K y A\f &x
. o= v ‘e
© \Mv«'e"ﬂ (iyndy + |7 (g 8eds
® 0 v 0

~=14 ¥=\
—
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Area & Average Value

Two other applications of double integrals are computing the area of a region in the
plane and finding the average value of a function over some domain.

Area: If R is a region bounded by smooth curves, then

Area(R) = Sé L3

j’_@ — \/:S@\'Ajﬁr‘;)-\wao\°l
w

Example 76. Find the area of the region R bounded by y = \/x,y =0, and x = 9.

= % Ih- SOUN‘%

\ﬁb 5&&%

- D‘?b D 4

J%\;]Z_'
-3

Average Value: The average value of f(z,y) on a region R contained in R? is - | {Z

J SSK £y dA

favg =
Aw’a (R)

Dy

L
_ L Vb
'?0\\,1\ - g o~
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Example 77. The temperature at any point on a metal plate in the zy-plane is
given by T(x,y) = 100 — 42% — %, where x and y are measured in inches and T
in degrees Celsius. Consider the portion of the plate that lies on the region that is
the finite region that lies between the parabolas x = y? and = 3 — 2y?. Find the
average temperature of this portion of the plate.

. %SJO lfo‘}hvt/{ 3 S)(A“- \Z [ijﬁjlﬁc\ajbnl

I A 120 o =23 "
A
é__——%‘) le

QR
- %"‘ X e = X 'L} [wth A (O

° ' "2 v
L/n-—><%wl (e gﬁz b by

= S' 507 )y
S - 31»7
q)) (’bw{q\ﬁ SQT&.\D&A (Saw: Sf;v\;f) %}j \7 ]
- g‘ S ~2%\00 S Mj ’(3“‘>-(—3~(—l)3)
1 v3 ] L+
52/ 3
= g,»\ \DDX—‘ \jxl 9),
= boo-2my- —(3«2%3 ¢ (-2, (bb -] Jj‘
V %3
= { 90-m1 By 45y ‘%(27%‘17"«}343”'-3\79 by a2

1
g 204 - 22\gF-ugyt SZEE Dy
| (
- 2@“}j~?:’rv '43 - gfﬁ}n
_ —g_4d)_ 106D
= 2(214-#-1-4)s 1
D Y RN
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Daily Announcements & Reminders:

 Quiz & oo, 1153 By b o somer,
» 16.2 HW de 4‘0%’13“? need 200 Nw potuts —

Yo wil need Jo do Savec

° IQ‘% H\)\) bu& 12 of H\e ™ PWCHCQ Pralleme?
¢ Dcoc\\iae "'0 \m'“\bmw /L\Nmﬁa 31/036_ wye (5 3/!8 Cne:(t W)

Goals for Today: ' Sections 15.4, 15.5

e Introduce the polar coordinate system
e Convert double integrals to iterated polar integrals

e Define triple integrals and compute basic triple integrals

Polar Coordinates:

A

Y _( \ Cartesian coordinates: Give the distances in
b=l T > (0,6
| and 2 directions from _ ‘2%~
Polar coordinates:
(
b o r = distance from (9 0) to P
—_—
5% e O = angle between the ray 0P and the
* xl positive %7843

We can use trigonometry to go back and forth.

Polar to Cartesian:
x = rcos(0) y = rsin(f) s Uvigug

Cartesian to Polar:

2

t ond ue
r? = 2% 4 ¢ tan(@):g Ve v
x
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Example 78. a)Find a set of polar coordinates for the point (x,y) = (1,1).

1" s2 JCM(B): .1_\.;\

s A%)’l‘ Low (0,0) =L

b)Graph the set of points (z, y) that satisfy the equatic@and the set of points
that satisfy the equation § = 7/4 in the xy-plane.

T y —
Tl
2 /‘
\’/ R %
c¢) Write the function f(z,y) ' polar coordinates.

4“‘ &\ = b o B VrsnB) 2 mﬁsmm

SNGE \r|

d) [Itempool] Write a Cartesian equation describing the points that satisfy r =
2sin(6).

[T L T T T
e 8 _ERE 8 e
. e 0 " see
-
. e
oY
e

-

Y:Zsiw(}

-

-

H L
"ee



https://itempool.com/hlehmann3/live/
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15.4: Double Integrals in Polar Coordinates

Goal: Given aregion R in the xy-plane described in polar coordinates and a function

f(r,0) on R, compute [[, f(r,0) dA.

Example 79. Compute the area of the disk of radius 5 centered at (0,0).

AT‘C&_’- zvg
{ 4

Avea- S\‘ WO b

_ S‘i‘\r AB

1q fos

S ‘EZT;BQ / A Nz A (1‘663
= o Ly (Bh= 1 0¥ I

= |0
.Awa'; BS\A}V & jhﬁ&ﬂm 291’

ve

)t

Remember: In polar coordinates, the area form dA =_Y »V
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Example 80. Compute [/, e~ (#+%") dA on the washer-shaped region 1 < 224192 <

4.

I (5 £

0 /L WO aux'{t)ev‘\/uli\l‘t NY{') \Z,j
XZ’(\ SL /%~ A B glflleevz ‘

= 5 I e, Z rw — )y

W= - 7,1(
Auf_‘lf)l/ O 2

b LHL G

Example 81. Compute the area of the smaller region bounded by the circle 2% +

(y —1)2 =1 and the line y = z.

9=X /_\,m: SS\AA

= D
-QH 25ia
? = a0
- 6 (@]
T Must BE (o(VSTANTS
1 = [l (Lseb2D

'LO\
KL)(\\(\\

(e
~ \
. gl ) TT\CH -
C(M 54("‘ € :edﬁ(.lawﬁc
. .y al ro
pou*\‘a\ &N\\W‘"") £ ofF £ n .?c\e.’m-){«l
wrb B too! Divechon »
ey Jish
2 -lmé;am \LD/S
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Example 82 (Itempool). Write an integral for the volume under z = z on the
region between the cardioid r = 1 + cos(#) and the circle r = 1, where x > 0.

(Sl [ heB

f‘L(g»B Af A@

[T -

8s & 888 8 __Sss B

S 888 8 & 48 888 & 80

Dt I . sese 8

. .. e

-

.

it -
-
-
-

. 9 ‘5140\1_\(1 lc ('n(fZa.):Aj)
e vOD -Lv I'Al€3\/a.\3

ZdL .
D> LW:;)U- S \roLAWlL over ‘pﬁl) \Egios
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15.5 Triple Integrals — $Ea4t hee Th

Idea: Suppose D is a solid region in R3. If f(x,y, 2) is a function on D, e.g. mass
density, electric charge density, temperature, etc., we can approximate the total
value of f on D with a Riemann sum.

Zf(l‘k; Yk 21) AV,

k=1

by breaking D into small rectangular prisms AVj. Taking the limit gives a

:///Df(a:,y,z) v

Important special case:

Ji -

Again, we have Fubini’s theorem to evaluate these triple integrals as iterated inte-
grals.

Computationally, this is straightforward.

1 2 T
Example 83. Compute / / / dz dy dx and interpret your answer.
o Jo Jo
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Daily Announcements & Reminders:

, 15,3 HW Qe i

o 10Y=6 MU due next weel

® E oam ?_ u')b> Y‘e'{pb&&
’ ﬁr eV U'W'Iﬂ \N (AJT g}’Wl) 7“909 50‘«&1‘&/) -Grfé

_ Tﬁaw )6 re({/ulw'\- Of

[’
\ /
- medim sove 36 O/o, megn 8204 b

Goals for Today: Sections 15.5, 15.6

e Learn how to write triple integrals as iterated integrals.
e Change the order of integration in a triple iterated integral.

e Apply our work to find the mass and center of mass of objects in R? and R?
































































































































































































































































































































































































































































































Day 16 Triple Integrals & More Applications Page 79

@9\) 15.5 Triple Integrals

Idea: Suppose D is a solid region in R3. If f(x,y, 2) is a function on D, e.g. mass
density, electric charge density, temperature, etc., we can approximate the total
value of f on D with a Riemann sum.

Zf(l‘k; Yk 21) AV,

k=1

by breaking D into small rectangular prisms AVj. Taking the limit gives a

Arf\ p V\Jﬂf(\m\ : // Df(:l:,y,z) av

Important special case: Js
G

5 LV

///Dld‘/: ‘\/olw/ta D€D m

Again, we have Fubini’s theorem to evaluate these triple integrals as iterated inte-
grals.

Computationally, this is straightforward.
r ~.1 e &

Example 83. Compute / / / dz dy dx and interpret your answer.
NeTpret YOUr answer.
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2 OQCN 512\/'30: )yS OU’\\/ Nan uu_( €x \E,VJ_
Example 84. 1. Mechanics: Compute / dz dy dzx.

_ S\ gz—xz \M'y(g X ov\j Wlﬁrvavm&

’2‘(1\ <

W
o~ N

3. Rearrange: Write an equivalent iterated integral in the order dy dz dx.

TS S

© O

\) i:\ws ;"\‘M’\/ \l\)\m5§ \”j 8*/'&“/;*\5 sWoW
O\V\& e Qw\'tw/lfou;&/’_/v \,\Jﬂ_:);:) m]//\ 5
ZJ g\\f—ej’C\A h bow

o) s )rvxe boule. e g
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We will think about converting triple integrals to iterated integrals in terms of the

5\1\ a&bw of D on one of the coordinate planes.

Case 1: z-simple) region. If R is the shadow of D on the zy-plane and D is bounded
above and below by the surfaces z = h(x,y) and z = g(x,y), then

///D J(@.y,z) dV = //R (/g::’)y)f(x,y,z) dz) dy dx

DY
W Gy)

> x 9y

Ay b )
% g
A
Case 2: y-simple) region. If R is the shadow of D on the xz-plane and D is bounded
right and left by the surfaces y = h(z, z) and y = g(z, 2), then

AE )
z)

b

< M bz

Case 3: z-simple) region. If R is the shadow of D on the yz-plane and D is bounded
front and back by the surfaces x = h(y, z) and = = g(y, 2), then

. ///Df(x,y,z) dV://R </g:;(:Z)f(x,y,z) dx) dz dy
N )

ox

N7
R E

O

3(‘112)
x Wy )
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Example 85. Write an integral for the volume of the solid in the first octant
bounded by z = 3 — 22 — y? and z = 2y treating the solid as a) z-simple and
b) x-simple. Is the solid also y-simple?

o) Z—sfmv\a : S\ imgwiﬁ\ﬁ b Ax )Z

b Yo

o 2’\poum3§‘. (’,\/\\{Vw, P\‘MC’ 7:':-7/7
exvt | Pum\ao\o{& 223 y*

° S\MA‘Q\!\ S\/\ugs\x} Seh 2 ’\/O\WA) Cy u wl

7 - x@—\rz’/'zy'
Wy 2yl = 'Z X
KZ‘ }r@ FY = Y

St Lo Jm}@)r AN bowd
Xt - (g

y = Tt



https://tinyurl.com/math2551-3int-order-ex
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Example [85] (cont.) : (,7/\12. \Y'z,’,t’—"-/xe
D %singe V=l §T (T dedy
[ o Ly ©

° %’\40”‘/“5‘5 . Qv\\er o}r p\we paip)
ex ot mea\wl&\g 2~ - X?-_yz

%= \(Boytoz

’ ﬂcexrc\“ s\mgo\u?
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15.6: Applications

Suppose d(z,y, z) is the mass density (mass/unit volume in R3, mass/unit area in
R?). Then one could approximate the mass of a volume D by breaking D into small
rectangular prisms of volume AV, and computing

mass(D) =~ Z(S(xk,yk,zk)AVk = mass(D) = ///D dx,y,z) dV,

k=1

by taking the limit. Similarly, one can find formulas for the moment of D around
each different coordinate plane and therefore a formula for the center of mass of D.

TABLE 15.1 Mass and first moment formulas

THREE-DIMENSIONAL SOLID

Mass: M= ﬁﬁ dVv & &(x, v, z) is the density at {x, v
D

First moments about the coordinate planes:

M, = /][.:: adV, M_ = //]_v odV, M, = //]: odV
b b b

Center of mass:
M,. M, M,

M E y = M 2 L M
TWO-DIMENSIONAL PLATE

Mass: M= f/ﬁ dA 8 = &(x, v) is the density at (x, y).
R
First moments: M, = /] x 0 dA, M = [/ v odA
R [

M‘l' M1

T =

Center of mass: X=

]
=
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Example 86 (Itempool). A solid region in the first octant is bounded by the plane
x + 1y + z = 2. The density of the solid is §(z,y,z) = 2z. Sketch the solid, then
compute its mass and give integral expressions for the coordinates Z, ¥, z of the
center of mass. N

>
0 [kl C el j’ﬂu e )
g—— g '\/\ \f \3) XI\/l ama %._
HESt % S{M‘plﬁ 1
DR EE v Y
o o-x LY
M= S§ sl = ) § ) ke Ak
0 o ¢ °
~ Y17
— 2 (T—~% [ L~N~-
- A%E = 2 LT e e

v

Il

- /\Axfe ’% | SL SZ/X Siﬁx{fyyoz.x &Z— )7Ax

| SL gl—x X

© 0

2 Ax A’% 9}' &V
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Daily Announcements & Reminders:

o H\)J \‘SL{ &ue, %miB\Ab, \Sg/é &ULT%

v Quiz F Yomonaw over 18415 6
- bo Wob Y\ce& ’\rb lcuO\U MOWMent 'Fblww‘% Mads = ml—eamlo'p A(V«)Jy)

be uye
b Tam 3 1o fwoweels Lo ‘\‘ogay Moy te b

Goals for Today: Section 15.7

e Be able to convert between Cartesian, cylindrical, and spherical coordinate
systems in R3

e Compute triple integrals expressed in cylindrical coordinates

e Compute triple integrals expressed in spherical coordinates

Cylindrical Coordinate System For uniqueness: o v 20
z ’?6‘&\/‘ \\/"’“4 Z o 9 .\> " an ;V\l(\'\m) o€ Le\«ju\ 275
eq. [0, 2n)
(r,0,2) @ Example 87. a)Find cylindrical coordi-
nates for the point with Cartesian coor-
z dinates (—xl, \/75, 32, 2-3

Py z
v (V‘(@l %3 r - (ro Q'\rgj
4 T - (ZIL'_{;\’%\ = 2
fon B = T3/~ >0=

27
3

& b)Find Cartesian coordinates for the
Cylindrical to Cartesian: point with cylindrical coordinates
(2,5m/4,1).
r=rcos(f), y=rsin(d), z=z c b =
-— Pﬁ
Cartesian to Cylindrical: = 2 o5 (SnIW) = -
y e ” = 2sw (SaN) = TV
r=a"+y, tan(d) ==, z=z2 y

X

2=
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Example 88. In xyz-space sketch the cylindrical box

N
oY= (=D l\‘»/\b\lV‘ 0 mg“\U C
1r v
0 6:6 4//3% \?\a\/\é 1 & f‘“V"Q
\Lj\th‘h)V\

e 2L L= a\/\{ “ 41)7‘\7 ﬁcme,

Triple Integrals in Cylindrical Coordinates

We have dV = _( M»*M\I

Example 89. Set up a iterated integral in cylindrical coordinates for the volume of
the region D lying below z = x + 2, above the xy-plane, and between the cylinders

2> + 9> =1 and 2% + ¢ = 4.
¢ Nu& Vtavu, Mj\ms DQ‘Ak‘}V”-'l’M TS KWLCS\M

N g -l (Owﬁma](g

Nav v Ta u}iw»v{m\ Lo
<z L o) 2
— By Y B N
- L _\/V\ "(\Y’\F ane_’ =
\) \ C_ TEZ_ X
Y, D LBLln

r>0¥%

= ng g | vdz 8- 00
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le 90 (Itempool). Suppose the density of the cone defined by r = 1 — z with
z > 01ig given by (7,0, z) = z. Set up an iterated integral in cylindrical cootdinates

1ves the mass of the cone.
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Example 91. a)Find spherical coordi-
Yy nates for the point with Cartesian co-
ordinates (—2,2,v/8).
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o=
Spherical to Cartesian: Py S
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samige = psin(p)cos(d) Ve
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z = peos(yp) b)Find Cartesian coordinates for the
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Day 17 Triple Integrals in Cylindrical & Spherical Coordinates Page 89

Example 92. In xyz-space sketch the spherical box
B={(pp,0)[1<p<2,0<p<7/4 7/6<6<7/3}.
0 (_-,:_ C [=D S@r\m_ v adus ¢

. 0= [ ¢ ©Oue with av\)h c Yo z-aals

o D= ¢ L= ve vk P‘OM 1 Mf’]“l"e le\‘?l ov{y‘./\

Triple Integrals in Spherical Coordinates

We have dv — @ 5tn ¢ (&Q e 3B

Example 93. Write an iterated integral for the volume of the “ice cream cone” D
bounded above by the sphere 224+1?+2? = 1 and below by the cone z = v/3+/22 + 12

2 a sp\em\cc/) (Qovds °
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https://tinyurl.com/math2551-spherical-box
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Example 94 (Itempool). Write an iterated integral for the volume of the region
that lies inside the sphere 22 + y? + 22 = 2 and outside the cylinder 22 + y? = 1.
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Daily Announcements & Reminders:
1573 due ey beale on T
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Goals for Today: Section 15.8

e Change variables in multiple integrals

e Identify choices for changing variables in a given integration problem

Thinking about single variable calculus: Compute
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Polar coordinates again, new perspective: Use the substitution x =
rcos(f),y = rsin(f) to compute the integral
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Theorem 95. Suppose T(u,v) is a one-to-one, differentiable transformation that
maps the region G in the uv-plane to the region R in the xy-plane. Then

//Rf(a:,y) dx dy = //G f(T(u,v))|det(DT(u,v))| o j}v &Ux

A2 9y — Y 2
Example 96. Evaluate / - > dx dy via the transformation u = =¥,

X:jlz 7\’%:0 W=0
v A

‘%
| (e

s Finagagepie - | de (DT} = Tla \3 wil= | 3

et O (577 (u))| = M; pﬂ -4 L

Wl $C(A,\V\9

4. Convert and use theorem: \S &N\o I&bm’%%
2 \ALD ZV ~ U y
{—(\@?—_’%_‘9 - Q w\\ - —"” B

ylz i

go S\;lz MMDV S gjul»\)»q

yogoH w3e) v

y=p  luso V=D
\,;t{ 1\}"—‘“‘* V=1
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1 AVAR

Example 97. Evaluate / Va2 +y? dy dr using the transformation
0 Jo

T(u,v) = (u* — v%2uww) by showing that if G is the triangle with vertices
(0,0),(1,0),(1,1) in the uv-plane then T(G) = R.

i oA

\ . Show ;T- (LYy=1 D S\A_L\/\ j AN
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_— C !.7:25’/‘;‘
\}/\\ 2';\ /
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Y ! 4_5
e D
o V=2 05 U}"’»TC\@ |

. T0d= £ 0-D,20D =ped 0 £x )
TCy= |-0,2:1'0) = ¢},
T“/D = (| —I/Z-I'D = LD,
Gis ‘oo“u)c&\fj , V=0 [beud)

n V=0.
D ?(W@ :ZUZ_D/Z.U,'D>: éVLL/ 0> / ‘(Df 0Lutl

=> 0£x<), Y0

go:['> wa()&JC\/\C \)305\}9 oL (,) ‘1‘0 —L],e, Y=o SI'JG’ Gﬁl
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Example 98. a)(Itempool) Find the Jacobian of the transformation

r=u+(1/2)v, y=wv.

Ve =
&Q*O\ "tO(

b)(Itempool) Which transformation seems most suitable for the integral

(y+4)/ )
/ / y/ 2:1: y)ePT Y dy dy?

\ )
) u=x,0v=y %Jt\)’:.zxfg’]:)// Y= au‘(’;—z\/
ii) u = \/2? + y?,v = arctan(y/z) B
ii)u = 2x —y, v =1y° \),\/
wu=2r —y, v=
| o AT L) =
LT;O V=0
\-f’)l /_>l NE=vh
Y=ylz u@ru)f 2V 77 u=0
x={yx9)l7 s )= = (i) 7 us

¢) Change variables in the integral above to one which is ea81er
your work in a) and b). ( ()~ \ >
4 X ov " lu \D 4, Y
% W

o~ S Sb\/qjue % 5\)\\\
° ST


https://itempool.com/hlehmann3/live/
https://itempool.com/hlehmann3/live/
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Daily Announcements & Reminders:

e \()2 H\}J &we_-l-om‘ﬁz\%;
® &u‘tg 2 on IALZ,'[%} ‘Iiomovvouu

¢ \)\)M%\Aeejr (ovolcmL b ad Wiéa\\‘gmcg/ L‘L‘fﬁ‘[u/{y
Lived non

Goals for Today: Section 16.4

e Define the divergence and curl of a vector field
e Interpret divergence and curl geometrically

e Apply Green’s Theorem to compute line integrals over the boundary of a
simply-connected region

. o 0 0
Useful notation: V = <%, 8_y’ $>

So if f(x,y,z) is a function of three variables, V f = <2(f), g(f)’ g(f)>

If F(z,y,2) = P(z,y,2)i+ Q(z,y,2)j + R(z,y, 2)k is a vector field:

G\Uov>'to\/‘
) > l E__ R > )P §Q- + B"@ w A o
D‘N?V%UC. V.F — A \1 ) <P’Q(\D —&- J" Dj % Zzwy\&}s

(w/‘l o VX F =

:<Rj’0&/d (R)(’”FZ,) ] OX—?\/>
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How do we measure the change of a vector field?

1. Divergence (in any R")

o Tells us ‘H‘M‘ gfe""ﬁ)’y
o Measures _ (OW PV'U’S\\OV‘ C’> /ﬁxf)cw&\\ﬁ‘/\ G/)
SC a\a v

o [sa

e [s the instantaneous rate of change of 5']""6"“3\{\ OIF f‘ C\& in the

direction of flow
o divF = Vo‘g 1P)<%—&7¥Q?:
- 3 > [
ey. T = L%y y 7w TEe (g 3y l?>
= 2“}

) I{‘ »\ul F—’O @\)evyda(;/ ﬂO\J 13 M

2. Curl (in R?)

e Tells us Clre u\(d\\o.n »( usilr\/

Measures Y“a\‘ﬁ GA& »{w&(/\-\\bw 0(: }qu] ar m\mtfon

o [sa \ICC\O\/‘
R x> o rohuli i

Direction gives

\
e Magnitude gives Y‘&LO’G V'(A‘ov om

2
o curlF = VK("

¢ I F = Pi+Qj wewse VxF=Vx(PQo = 0,0, ©¥A\77>

S . 2_=
o F % (omcvva)'}ve i+ (ur“ =0 C\:ﬂ)julot&
> A

» Szo&\wf cuﬂ . Cur\ F\c = ky “97
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Example 106. Let F(z,y) = (x,y). Based on the visualization of this vector field
below, what can we say about the sign (+,-,0) of the divergence and curl of this
vector field? Verify by computing the divergence and curl.
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Example 107. (Itempool) Let F(x,y) = (—y, ). Based on the visualization of this
vector field below, what can we say about the sign (4,-,0) of the divergence and curl
of this vector field? Verify by computing the divergence and curl.
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https://itempool.com/hlehmann3/live/
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Question: How is this useful?

Answer: We can relate "'0&09 of JM\V\QC, °£ A \”ij'm/ -éftl&

gion to the behavior of the vector field on the boundary of the region.

inside a re-

Theorem 108 (Green’s Theorem). Suppose C' is a piecewise smooth, simple, closed
curve enclosing on its left a region R in the plane. If F = (P,Q) has continuous
partial deriwatives around R, then

a) Circulation form:

/OF.MLPdI+Qd@/L<VxF>.de//RQx_pydA

b) Fluz form:
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Example 109. Evaluate the line integral fCF - T ds for the vector field F =

(—1y?, xy) where C is the boundary of the square bounded by z = 0,2 = 1,y = 0,
and y = 1.
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Example 110. Compute the flux out of the region R which is the portion of the
annulus between the circles of radius 1 and 3 in the first ee&ssst for the vector field
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Example 111. Let R be the region bounded by the curve r(¢) = (sin(2t), sin(¢)) for
0 <t < 7. Find the area of R, using Green’s Theorem applied to the vector field

F=3{y).
A\—m (@3 gg \ er = Sﬁé»\ﬁi M‘

JoR= 2 vl =
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C !
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Note: This is the idea behind the operation of the measuring instrument known as
a planimeter.


https://en.wikipedia.org/wiki/Planimeter
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Daily Announcements & Reminders:
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Goals for Today:

(«L

o Describe surfaces in R? parametrically

<\7/ Q(\Z’j Sections 16.5/16.6

e Define and compute surface integrals

e Use surface integrals to compute meaningful quantities: surface areas, masses,
flux, etc.

Different ways to think about curves and surfaces:

Curves Surfaces
Explicit: y = f() z= f(z,y)
e.g. y = sin(x) e.g. z = \/xz-i-y @\A
Implicit: F(z,y) =0 F(z,y,2) =
(Le\s-e.l (u we//ﬁuriwa\ /
e.g. sm() = e.g.#—le
X '-1 l >\Z-‘~\42"\'Z¢L— \ :D
Parametric Form: r(t) = (x ( ), y(t)) > ‘
Flu, Dz (i, ylw), 2y
e.g. r(t) = (t,sin(t)),t € R

C‘j' F’ (,Ll‘\h_‘: [U\/ & JU,L'L)Z>
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Example 112. Give parameteric representations for the surfaces below.

a)r =y’ + 122 -2

- 2
r(uyh~<u?4évf2,“ﬂD WS

S (s = U8 W=7, 25, %> skl

b)The portion of the surface x = y? + %22 — 2 which lies behind the yz-plane.

feed . weO -
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d)a? +y* = 25 r=5
2621 = {5t Ssuat, 27
YARXAL
2 €l


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann



Day 23 Surfaces & Surface Integrals Page 116
Bl = ot (), Sl Bl

What can we do with this?

If our parameterization is smooth (r,, r, not parallel in the domain), then:

o1, xr,is O noiad Vedor Yo sucface

aVane(O e W1
o A rectanﬁle of size Au x Av in the uv-domain is mapped to a-teetargle of size
9 \m O OV on the surface in R3.
N \\ X D
3 L\\.&W’\N jo\""“ /\\ \FulOu
= u /\ \ \\ oW \L/\/ ?
LA p Q y
v \l
Hu Aveo 9/
= _ A P j
o Thus, Area(s) = 0§ | ho= (( 1%aR) 24 = A 0w 12 O sl
A\ — ) =
9 R Lo — )Y\p@"v\ BuDV

Example 113. (Itempool) Find the area of the portion of the cylinder 2%+ y? = 25
between z =0 and z = 1.

F(@(fg = é‘; o, Celed, 20

- .:"z ¢ °:..§:§ > ’
i iho D 4pc i
D t2¢ )
.:= ‘\:)_(9 < 93\/1 97/ (056 D>
el
' R,= (0,0 D
F\\th) - <g‘0>9/99?"9’ 0>
o} 'Z'

Aven(§) = S g 5 &H -


https://itempool.com/hlehmann3/live/
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Example 114. Suppose the density of a thin plate S in the shape of the portion of
the plane x + y + z = 1 in the first octant is 6(x,y, z) = 6xy. Find the mass of the
plate.
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Goal: If F is a vector field in R?, find the total flux of F through a surface S.

Note: If the flux is positive, that means the net movement of the field through S is
in the direction of _the wovwo) vedror

If r(u,v) is a smooth parameterization of S with domain R, we have
flux of F through S = //(F ‘n) do = // F(r(u,v)) - (r, x r,) dA.
S r*(/ R

Ui ot W\(A\ er 5 -
Fea ,;> HeS QDV’\QM ok © L 9

Example 115. Find the flux of F = (x,y,2) through the upper hemisphere of
2?4+ y? + 2% = 4, oriented away from the origin. o \oo)r\nw\ (wp

D ?avuuex-(v\\zfe/ le)u‘\s\'a\'\e(c

9 2) (,Q\MW}C/ ﬁq\ufv / (}\»6(\6 Sulerducis
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Daily Announcements & Reminders:
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Goals for Today: Section 16.6/16.7

e Compute flux surface integrals
e Interpret the physical significance of flux surface integrals

e Introduce and apply Stokes’ Theorem for surface integrals

Recall: If r(zﬁ,/ v) is a smooth parameterization of S with domain R, we have

flux of F through S = // (F-n) do = // ru X r,) dA.
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Example 116. Find the flux of F = (x,y,2) through the upper hemisphere of
2?4 y? + 2% = 4, oriented away from the origin.
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Example 117. (Itempool) Suppose S is a smooth surface in R? and F is a vector
field in R®. True or False: If ffs F -n do > 0, then the angle between F and n is
acute at all points on S.

Example 118. (Itempool) Based on the plot of the vector field F and the surface S
below, oriented in the positive y-direction, is the flux integral f f ¢ F -1 do positive,
negative, or zero?

Recall: If F = Pi+ (Qj + Rk is a vector field, we defined its:

1. divergence: V -F =P, +Q, + R,

k

2. curl: VxF = = (R, —Q.,P.— R,,Q, — P))

i

9 9 9
or Oy 0z
P @Q R


https://itempool.com/hlehmann3/live/
https://itempool.com/hlehmann3/live/
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Example 119. (Itempool) Suppose F = Pi + Qj + Rk is a vector field in R3
with continuous partial derivatives. Compute the divergence of the curl of F, i.e.

V- (VxF).
AV ((R’— Ot’ Yt "K*) Q* d?‘j7)

:%;@{H %%4’ %’P{g
_ 0

‘ QXCV‘['):-—S OVX(V°?7: 7 L=

(-
vxeA‘ a ViuoYy —Ck\c\()

Theorem 120 (Stokes” Theorem). Let S be a smooth oriented surface and C be
its compatibly oriented boundary. Let F be a vector field with continuous partial

derivatives. Then
//(VXF)'HdO':/F'TdS.
S c

= |
ok bl R = i o B byt S

e If S is a region R in the zy-plane, then we get:

SK (Vx‘lz)‘lf &A: g ﬁ? ﬂs Yoings {l\vnu&u‘h\)m Lo o Guveen’s Thn,
2 3

e An oriented surface is one where ,\l“& “D""“U'\ “’CAW S G\e, waﬁ)ljv\j' aLWsS 4\\é+s

e S and C are oriented compatibly if:

\)Ja\,“c\\vu:) Q\Wa C w L ov2¢m¥m-)|‘om \U(\\/\ o )\Ca& \M \}'\& mwdﬁm d'é ﬁ
b S 1’\0.3 G oW 70\&}/" \e@r

v ‘\u& no \"N‘*gbyl
€ dosed
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Example 121 (DD). Let F = (—y, 2+ (2 —1)2%*"@) 22 4+4%). Find [[((VxF)-ndo
over the surface S which is the part of the sphere 22 + 32 + 22 = 2 above z = 1,
oriented away from the origin.

Start here on
Thursday


Hunter Lehmann
Text Box
Start here on Thursday
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Daily Announcements & Reminders:
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Goals for Today: Section 16.7/16.8
e Apply Stokes’ Theorem to flux integral problems.

e Use Stokes’ Theorem to simplify flux integrals

e Introduce and apply the Divergence Theorem to flux integral problems

Theorem 122 (Stokes’ Theorem). Let S be a smooth oriented surface and C' be
its compatibly oriented boundary. Let F be a vector field with continuous partial
derivatives. Then

A 2 (VxF)-ndo= [ F-T ds.
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Example 123 (DD). Let F = (—y, 2+ (2 —1)2%*1@) 22 4+4%). Find [[,(VxF)-ndo
over the surface S which is the part of the sphere 22 + 32 + 22 = 2 above z = 1,
oriented away from the origin.
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Question: What can we say if two different surfaces S; and S5 have the same
oriented boundary C?7
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Example 124. Suppose curl F = (yyy?n’@?), (y — 1)6‘”11 + 2% Compute the
net flux of the curl of F over the surfate pictured below, which is oriented outward
and whose boundary curve is a unit circle centered on the y-axis in the plane y = 1.
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Theorem 125 (Divergence Theorem). Let S be a closed surface oriented outward,
D be the volume inside S, and F be a vector field with continuous partial derivatives.

Then
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Goals for Today:

e Answer student questions about the course/unit.
e Review the core ideas of the course/unit.

e Practice problems from the course/unit.
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19. Cone frustum The portion of the cone z = 2Vx* + y?
between the planes z = 2 and z = 6
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Example 127. Evaluate the integral [, y* dz+2* dy where C'is the circle 2% +y* =
4.
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Example 128. Find the outward flux of F = 2xyi+2yzj+ 222k across the boundary
of the cube cut from the first octant by the planes x =1,y =1,z = 1.
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_ Ay
(22 + y2)3/2
the plane curve r(t) = (e’ cos(t), e! sin(t)) from the point (1,0) to the point (€27, 0).
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Example 129. Find the work done by F = on an object moving along
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Example 130. Find the flux of the field F = (2zy + z, xy — y) outward across the
boundary of the square bounded by x =0,z =1,y = 0,2 = 1.
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Example 131. Find the flux of F = zzi + yzj + k across the upper cap cut from
the sphere 2 + y? + 22 = 25 by the plane z = 3, oriented away from the xy-plane.
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