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Goals for Today:

e Set classroom norms
e Describe the big-picture goals of the class
e Review R? and the dot product

e Introduce the cross product and its properties

Class Values/Norms:

Mistakes are a learning opportunity

Mathematics is collaborative

Make sure everyone is included

Criticize ideas, not people

Be respectful of everyone
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Sections 12.1, 12.3, 12.4
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Introduction to the Course

Big Idea: Extend differential & integral calculus.

What are some key ideas from these two courses?

Differential Calculus Integral Calculus
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Before: we studied single-variable functions f: R — R like f(z) = 22 — 6.
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Now: we will study multi-variable functions f : R” — R™: each of these func-
tions is a rule that assigns one output vector with m entries to each input vector

with n entries.
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Example 1. What shape is the set of solutions (z,y, 2) € R3 to the equation

x4+ y? =17
cirde (in vy ceglimer (2 75 bee)
=
N 7\ |
ﬁ) &/ \Q 7{4 C(}\\I\AW aldw\j X—Ae1 S
& \{L+ %7-_/_\
N \
~) /
\ vy y

Example 2. What is the distance from (3,2,—2) to the xy-plane? What is the
distance to the z-axis?

NT

Sk o 02D R 20 P2

Fa b ganis s L 1222- Go,0 )

- (_)z X2tk (2

- \r—: oJz
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Section 12.3/4: Dot & Cross Products

Definition 3. The dot product of two vectors u = (u;,uq,...,u,) and v =
(01,0, 0,0y, 18
Uy
NIV, 21 :
u-v = L]\\)\’\- dL\JL}“‘__ \) n — u (k - CU{| .- u“[u.n:(

This product tells us about __&* ‘{J\C \’*-XVW“W\ \Je G\‘Ovs
Do = Lol 190 ©0)

if«
ey,

U.;U) > O C—.:) -6' .(> du,d'c
w.g 40 (=7 B is duse

2l N E = Jurruh ot

0

In particular, two vectors are orthogonal if and only if their dot product is

Example 4. Are u = (1,1,4) and v = (—3,—1, 1) orthogonal?
T e (A E) Ly > -3 -3 = O

50 o kT ow Ot’“AO?OV\m[ ‘]
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Day 1
Goal: Given two vectors, produce a vector orthogonal to both of them in a “nice
way. RY) S s_©
1 ¥3=le
1. R(%\I\At‘ \‘\mvu)c& / 5% L=
\5 0"\’\‘ ww\mdﬂp B ]é X -l) :.7‘)
m\‘O

03 ° 8t ‘f'ﬂ
2. A 7t}nm\<m(7 ?wsuc\‘ U X [\A X") '% (UL\A,!—) XV

D
(ux\,) Yw

N ux(@
o 2 e 3@
- ¢ (\.A \[w.) ((M)X \JU - R -2 Z‘(O‘d)
o (i) = (\AW)’“ (\7“’) 5”60 (@
S
L=¢00.00
Definition 5. The cross product of two vectors u = (uy,u,,us) and v =
< : ' 1, U2, U3
Uy, Vg, Ug is
Ly E |
? ° Uu“‘fu{-\» 1S
U 0y Ug ve et
uxv= wovr Y
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Example 6. Find (1,2,0) x (3,—1,0).

10\) _\vo
0| = __\O\ 3 0

D

L 42,00%C) Aas g)

D
-1l
~ 20,03

1

-
o7 = Lo (- OE
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Day 2 Lecture

Daily Announcements & Reminders:
v Sdutions Fo Buiz O pmk& @“._ ese 3300 0n o3 @
0 H\-J \2‘1/]2‘3 »UL \éobll‘yb‘-‘- 0»+ ‘O’?W) :-:-E=:='==‘E-:-. -

s Next \-/wk a\’lﬂ»:yuwc dorts Slu&‘o g e =:§:=;:=;:'E="EEEE=

Goals for Today: Sections 12.5-12.6
o Apply the cross product to solve problems

 Learn the equations that describe lines, planes, and quadric surfaces in R3
e Solve problems involving the equations of lines and planes

o Sketch quadric surfaces in R3

Example 8. Find a set of parametric equations for the line through the point
(1,10,100) which is parallel to the line with vector equation

r(t) = (1,4,-3)t + (0,—1,1)

xe) =1+ ¢
yle) = 10 + 4¢
2y = o -3

n__———
f o {AM/‘;‘ CRgqv “’*"“"‘5

S«’ww}h\t Cﬂajf"mﬁ

-1 = \’-'\O _ E-\0O
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Section 12.5 Planes

Planes in R3

Conceptually: A plane is determined by either three points in R?3 or by a single
point and a direction n, called the normal vector.

e oW
L 19;'*00‘\'[\6\/»5 :/\ {J\&*ﬂ yf (Fow(‘

l(&{“w‘t\w\ i, ‘P‘“"‘Q' L\ po\/nl7

b

Algebraically: A plane in R? has a linear equation (back to Linear Algebra!
imposing a single restriction on a 3D space leaves a 2D linear space, i.e. a plane)

6 ¥ * Ly \—c'g:&

Uet—

L0, 440,31 » 0

(x,4.%
//7 K, 4. %) @b* L(v_@ \—c(z—LD:ol)

. g‘b& CZ(A o‘? y\que wl f:cq,‘aa
A'\MOUYL\ ?0;'\¥ (K’N{w%o)

[ ¥°1%D,LD

P(uv\c W\A“b\’\ \l> bv)f\ﬁoﬁom\ % ’\'\\e, “MQ 4'141’77*7’\“4‘110,@7

Wepugn e point (LD

‘\S \ (Y ’DA- \“ C\’-—D’\‘ (‘—*ﬁ Z-\j—;_o
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In R3, a pair of lines can be related in three ways
parallel

skew

,\ intersecting

r\/ [/) Drl')w)aﬂb\q'
Sa e &\‘NC\"O&/} .m)’\* SUw~e dl\"‘d‘-""m
s no T aMrse c[ N Lu:‘\ wo w\\-ers«)uon
meal\tk &tnc“\‘w\ U.-c(j—d/.s @ HM (90 we \maw NS “'L y
A ve 3\(—cw

Seb g syshen !
v b = 2s
v. bt = -6
2. kM z -3

On the other hand, a pair of planes can be related in just two ways
parallel

intersecting
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2, ?e
Example 9. Consider the planes y — z = —2 and * — y = 0. Show that the planes
intersect and find an equation for the line passing through the point P = (—8,0, 2)
which is parallel to the line of intersection of the planes. S

O .

D Tabeed T 0= 20,077 il s st BT
D
Ny= Q\/ -, 0> aud so lVLC}/ [akisedt

0 92&, (K(%kj %\vw? boH, ez(ho],
(0,0, 2) 15 ok

ut

AY L\ \
) &\lﬁecgzm gl/ “"f (./\l(’vﬁfc}l‘.m 5
\"2 5 - _
2 V\\%“L—
ni
2
?l

L€ [
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Section 12.6 Quadric Surfaces

Definition 10. A quadric surface in R? is the set of points that solve a quadratic
equation in z,y, and z.

You know several examples already:

o )(thf:\ ((\‘J‘(M\ur (7‘;-/\!)(8

1 2z .
o (- (y=90" + G2 =y sphere r«st=V‘>
("ft/\l(f (Ya‘qullh

The most useful technique for recognizing and working with quadric surfaces is to
examine their cross-sections.

Example 11. Use cross-sections to sketch and identify the quadric surface x =
22 + y2.
Ty values o X

x=0:. 0= 32*‘{&

A
=\, ]32’4‘1

7,1
VAR B

’F—‘l\z \JC&\\AQ, lfg % Q/U\\P‘\.;((A( Fqu\L)()‘U;&
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Day 2

Lines, Planes, Quadrics

TABLE 12.1 Graphs of Quadric Surfaces
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Day 3

Vector-Valued Functions & Calculus
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Day 3 Lecture

Daily Announcements & Reminders:

o Hw 121024 due 'Evm\jh{i

° Qu:z:\ ‘w\ slu()\‘\) \-\)M:mou} 12.0-12. T

L0 6l

° DowalelA{) POU ™M G(D‘ —_—

Goals for Today:

e Introduce vector-valued functions

- L L] L]

L] 1] aEddE AEE & B
- v L L2 1]
[ ] [ L [ ) [ L L) [ )

2 AEER @ WF B -.
L1l L1l -, L
i L]
|||||

Sections 13.1, 13.2

» Plot vector-valued functions and construct them from a graph

o Compute limits, derivatives, and tangent lines for vector-valued functions

o Compute integrals of vector-valued functions and solve initial value problems

Example 12. Consider r{(t) = (cos(t),sin(t),t) and ry(t) = (cos(2t),sin(2t), 2t),
each with domain [0, 27]. What do you think the graph of each looks like? How are
they similar and how are they different?

'Coi\

® ;4\€, ( 3-((01»" Slefr)’(/j

( (N‘)‘«"(‘Om (Vad ’Zw)‘« }'M
\l‘/)']»’ Vs '*‘q”fr
> é\

\Check your intuition|

(so\wt\

[ol\s (\d)fr 4071"{{ L=

R 1) s ks Bk W)
.u,{’f\,\ &.m»aiws ]R ;,.Q-,u,, ‘u‘th: 92%‘“‘4 Sthee

Cuvve,

C D oman amdbers



https://tinyurl.com/math2551-vvfns-hlx
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Section 13.1: Calculus of Vector-Valued Functions

Unifying theme: Do what you already know, componentwise.
This works with limits:

Example 13. Compute %i_r>n<t2,2,ln(t)>.

B TR s RIS

— {se ] 19 /£—7C

~ Lel, 2, \ P

kv\. _[‘,(}5:_(:_[%) ()lWI i')[{f\: Tr)[a)

And with continuity: | 54 =) o

Example 14. Determine where the function r(t) = ti —
uous.

. ‘}(({:)T—‘E s (0(A|';-'\MMAS on HZ
R\$253 = (o DU UG

2 4j + sin(¢)k is contin-

> y[@= ’bl{:( NS S
W at\ Nq,] H'C C?S(fyfl- ‘_:2_ 04(} 21/

0 Z.(@: Si/\l"l') B c’Jrs on IR

. s b N (R 52,) 0 [ R)

= R\ 5223
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And with derivatives:

Example 15. If r(t) = (2t — %t2 +1,t—1), find r'(2).
U = 4D D
= (2x-6 12

7 < -1, 07

Interpretation: If r(¢) gives the position of an object at time ¢, then

o 1r'(t) gives Vﬁ\““.l—y R *\-uua,(u\\-’l‘o tave  at
k=4

5f€fg'

o |t/ (t)|lgives

2 (1) gives _ OLebtntin

Let’s see this graphically|

Example 16. Find an equation of the tangent line to r(t) = (2t — %t2 +1,t—1) at
time t = 2.

o Sl bunguek Wi e g= ¥ ot T4 s Y=ford ) G0

(R

2D F )
gk e Yo 7 L) oF £
o D= ()t + 7@

‘! >
P (b-2) + T W)

glH= -2, Dk Y 2
AR EES >


https://tinyurl.com/math2551-vvfnx-vel-accel
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And with integrals:

At this point we can solve initial-value problems like those we did in single-variable
calculus:

Example 18. Wallace is testing a rocket to fly to the
moon, but he forgot to include instruments to record his
position during the flight. He knows that his velocity dur-
ing the flight was given b
g g g y k20
400

v(t) = (—200sin(2t), 200 cos(t), 400 — 1——|—t> m/s.

If he also knows that he started at the point r(0) = (0,0, 0),
use calculus to reconstruct his flight path.

D Fl"‘» UV\‘}\‘()M‘JM}.(vt (\pn"‘l\ ")‘CD ZD AH’\V I Y \['M) ¢

Start here vext time

FI)= <0o,0,0
T 1000084 (, wosdt b 00,0, £

oot -*{oolm\nkﬁ—fsﬁ
= L1od o (26), 200 (4, 400 u;;twl'w»
+ C

-~ T2 Z-00,0,0>

-2

> 2005‘-/«(9
> (= <\\)0 ((05(29"3/ /
Goo (£ \n YD
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Day 4 Lecture

Daily Announcements & Reminders:

) Hw .6 due bonight
o s fio on Mok il Bliiale]

, D O Warwmup o d — o3 ':';:E';::. s ":'::E=EZE.: :

Goals for Today: Sections 13.3, 13.4

o Compute arc lengths of curves using parameterizations
e Define and compute arc-length parameterizations
e Define, interpret, and compute the curvature of a curve

o Compute the unit tangent and principal unit normal vectors of a curve

Example 20. Set up an integral for the arc length of the curve r(t) = ti+t2j +t3k
from the point (1,1,1) to the point (2,4, 8).

D Cudgomtst  t=a & =Y | = 3‘; ne ol 4t
oe=G, 00
7 B = L2849 ﬂw
2) Sped T RN= Y, 24,3 - STm 1t
W7 O =TT e FBET
JTTaE tal

A k=
k=
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Example 21. Find the distance traveled by a particle moving along
the path

r(t) = (In(t), V2t, %t2>, t>0

fromt=1tot=2.

9@(’? r‘{{-\: <’\T7 E‘) ‘t> /”//

= ’ whents T E)=
Nl Iy <, 2,
L 2

pa= S Ve d Jot= 2

1 2 i ?':_

7 T 4 -

= S\lj‘c’rl:“

- mml}’ozl?{ >
= (\n1 X—Zv"@ﬂ(q ’r\‘z,\ = 2

Sometimes, we care about the distance traveled from a fixed starting time ¢, to an

arbitrary time ¢, which is given by the arc length function.
/\

f | 2L AT
s(t) = ko

We can use this function to produce parameterizations of curves where the parameter
s measures distance along the curve: the points where s = 0 and s = 1 would be
exactly 1 unit of distance apart.

Ay ¢ \’C"‘(ﬁ\" V{AMMM; tu_‘\l\ow 4"‘/) Uu\\&\‘ Sr)t*cJ farot“«c}‘()/(\&anbp)
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Example 22. Find an arc length parameterization of the circle of radius 4 about
the origin in R2, r(t) = (4cos(t),4sin(t)),0 < t < 2.
&N AT

v
Tl sle) = S
> ) L sy hord)

bo

RUH = s des (0D
\\f—fl(h”: ) b sin2(6d U ws’ (8

— L 6 (st () YasCEY)

) gb\\lﬂ '@7(%;4(5) L S= 46 £—\M6\7 e )\Ol/ll. 14 »lve
S

2) Ghathd kA n T @
s
f\}l (s\: ‘Y-f (‘F(bﬂt’/ 7?{%): (L(((b(—f'(,\/q SLV\('Z()>

0O E%télz(

(D Dést ¥
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13.4 - Curvature, Tangents, Normals

The next idea we are going to explore is the curvature of a curve in space along with
two vectors that orient the curve.

» ) 3)

]Qm/\\g (uWMth, Q()W\ M(I§"\‘ “\'0 l'ws‘}' ;,
First, we need the unit tangent vector, denoted T

r ()
e In terms of an arc-length parameter s:

F ) [guol

e In terms of any parameter ¢:

T ]

This lets us define the curvature, k(s) =
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Example 23. Earlier, we found an arc length parameterization of the circle of radius
4 centered at (0,0) in R?:

r(s) = <4cos (Z) ,4sin (Z>> : 0<s<8m.
Use this to find T(s) and &(s).
¢ 352
L 2= LA ), e (00
= 2ol %), @3N
°)<()», “T (s')l]
\( Yoo ), s 25 |l
\ /
I DI S NATaY
~

L by Ptogeeen Thm

Cal

il
x_/t
[ (’_\J‘va c\\vc\(, )'\e& CO\AQ‘“VC\_ (U"VWL.AVC

Question: In which direction is T changing?

Y
1) us'e)

This is the direction of the principal unit normal, N(s) =

N N
In irecton i\’)\\>[ T>w=0
o F

MR
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We said that it is often hard to find arc length parameterizations, so what do we
do if we have a generic parameterization r(t)?

1= O/l T'® )70

. N(t) =

, 3

(loml- oe & T “'.3(5 \'\wr)\

(QW?‘AFC < 4 R
Example 24. Find T, N,  for the hth r(t) = (2cos(t),2sin(t), t — 1).

oo PR~ 250, 201D

12\ Golt@ § 4ot D) +1

e k(t) =

v ; -~ \J§E |
7 |
T (. Tl LTl = w3
i TS oS ¢/ VS
—2_
T E (—% os(E) & sl £), 0D

2
uTols Tt LAt T R

-

S T NTels el (8,0

> \Y’*P;\
MEER G A ) Tr?/ S - 1s
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Day 5 Lecture

Daily Announcements & Reminders:

o Uw 2.6 2150 B bomight

1,
| st B,
. : ' ‘ o eied e e e e
0 @u; z 2 in 5"woll 0 Ywonow "‘“""‘f‘ Ot LI MU D
BPtLATISKS  I8%%a2e IR 1 " Cse " . of 1. 12
- o W R L T
- \.P). -()[ ( y‘ l ( l )7' 1 / Z'O ‘ 6 2'/6({ =’4!I!:?“.'-= :t'- !..!- .q.::::".
N R
RO I O
. DD Wi Q- on EJZ > fedes’ed’ud o, 8 B ge e T ke
e ae e e e attents
§E " it
RA R
Goals for Today: Sections 13.4-14.1

o Compute the unit tangent and principal unit normal vectors of a curve
o Give examples of functions of multiple variables

Find the domain of functions of two variables

Introduce and sketch traces and contours of functions of two variables

Graph functions of two variables

In the pre-lecture video, we discussed the domains of the functions f(z,y) = 22 +

2, 9(z,y) = In(z + ), and h(z,y) = /4 — 22 — 2. '
J \ }
3 l N ] “
3 = "x
X V7% |
L

Definition 28. If f is a function of two variables with domain D, then the graph
of fis the set of all points (z,y, z) in R3 such that z = f(x,y) and (x,y) is in D.

\Here are the graphs of the three functions above.|



https://tinyurl.com/math2551-2var-fns-g1
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Z -~ 1 1
Example 29. Suppose a small hill has height h(x,y) =4 — ZxQ — ZyQ m at each

point (z,y). How could we draw a picture that represents the hill in 2D?
Dowain: 2 20 . X”rt('zé 14

° Dv-w (o veS o‘{ (AH rb i‘« (’Owal‘fl W"”l

T 7
h=0 m 0= Lf-%\zz- g4 T2 X L1:,L
{2 T \'I=HVX’L1L
hlw o = gy = NAIREIOR

In 3D, it looks like this.|

o l t\){( 3433

Definition 30. The lontours (also called e L cuanes ) of a function
f of two variables are the curves with equations e =flq) , where k is a
constant (in the range of f). A plot of Lowkours for various values of z is a
(o oo platlmerp (or __level e oot ).

Some common examples of these are:

. #oeogmf\“.;%\ waps |
. Fiel(k [ nes /%u;r;aleuﬂ'u[ (mes
. L\ucQM /d«‘ct\rxg L 0 Ymﬁk 9
o heak [weather o ps

o elechon Joust V\b&—


https://tinyurl.com/math2551-2var-first-ex-graph
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S € |y €RS = RS

Example 31. Create a contour diagram of f(z,y) = 2% — 42

D= x-y" => X3y D=y

2
l - X -—\17— _D \Yrcvbdla/ K%O

=0 - =]

Lt = \(L-\ \{L -) \\Yr(v\w\o\/ NE Ao

..Lt:: )(L“bll

Example 32. Create a contour diagram of g(z,y) = \/16 — 4x? — 92,
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Definition 33. The of a surface are the curves of

of the surface with planes parallel to the

Example 34. Use the traces and contours of z = f(x,y) = 4 — 22 — y? to sketch
the portion of its graph in the first octant.

Let’s check our work: |https://tinyurl.com/math2551-2var-graph|
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    𝑧    =    𝑓    (    𝑥    ,    𝑦    )    =    4    −    2    𝑥    −      𝑦    2   


$z=f(x,y) = 4-2x-y^2$


    𝑔    (    𝑥    ,    𝑦    )    =        16    −    4      𝑥    2     −      𝑦    2     


$g(x,y) = \sqrt {16-4x^2-y^2}$


    𝑓    (    𝑥    ,    𝑦    )    =      𝑥    2     −      𝑦    2   


$f(x,y) = x^2-y^2$


    𝑧  


$z$


    𝑓  


$f$


    𝑘  


$k$


$f$


    (    𝑥    ,    𝑦    )  


$(x,y)$


    ℎ    (    𝑥    ,    𝑦    )    =    4    −        1    4        𝑥    2     −        1    4        𝑦    2   


$h(x,y) = 4-\dfrac {1}{4}x^2-\dfrac {1}{4}y^2$


    𝐷  


$D$


$(x,y)$


    𝑧    =    𝑓    (    𝑥    ,    𝑦    )  


$z = f(x,y)$


      ℝ    3   


$\R ^3$


    (    𝑥    ,    𝑦    ,    𝑧    )  


$(x,y,z)$


$f$


$D$


$f$


    ℎ    (    𝑥    ,    𝑦    )    =        4    −      𝑥    2     −      𝑦    2     


$h(x,y)=\sqrt {4-x^2-y^2}$


    𝑓    (    𝑥    ,    𝑦    )    =      𝑥    2     +      𝑦    2     ,    𝑔    (    𝑥    ,    𝑦    )    =    ln    (    𝑥    +    𝑦    )    ,  


$f(x,y)=x^2+y^2, g(x,y)=\ln (x+y),$


    r    (    𝑡    )    =    ⟨    2      cos    (    𝑡    )    ,    2      sin    (    𝑡    )    ,    𝑡    −    1    ⟩  


$\br (t)=\langle 2\cos (t),2\sin (t),t-1\rangle $


    T    ,    N    ,    𝜅  


$\bT , \bN , \kappa $


    r    (    𝑡    )    =    ⟨    4      cos    (    𝑡    )    ,    4      sin    (    𝑡    )    ⟩    ,    0    ≤    𝑡    ≤    2    𝜋  


$\br (t)=\langle 4\cos (t),4\sin (t)\rangle , 0\leq t\leq 2\pi $


      ℝ    2   


$\R ^2$


    4  


$4$


    𝑠    =    1  


$s=1$


    𝑠    =    0  


$s=0$


    𝑠  


$s$


    𝑠    (    𝑡    )    =    �  


\begin {equation*}s(t)=\blank {8cm}\end {equation*}


    𝑡  


$t$


      𝑡    0   


$t_0$


    𝑡    =    2  


$t=2$


    𝑡    =    1  


$t=1$


    r    (    𝑡    )    =    ⟨    ln    (    𝑡    )    ,      2     𝑡    ,      1    2       𝑡    2     ⟩    ,      𝑡    >    0  


\begin {equation*}\br (t)=\langle \ln (t),\sqrt {2}t,\frac {1}{2}t^2\rangle , \qquad t>0\end {equation*}


    (    2    ,    4    ,    8    )  


$(2,4,8)$


    (    1    ,    1    ,    1    )  


$(1,1,1)$


    r    (    𝑡    )    =    𝑡    i    +      𝑡    2     j    +      𝑡    3     k  


$\br (t)=t\bi +t^2\bj +t^3\bk $


    N    (    𝑠    )    =  


$\bN (s)=$


    T  


$\bT $


    𝜅    (    𝑠    )  


$\kappa (s)$


    T    (    𝑠    )  


$\bT (s)$


    r    (    𝑠    )    =      ⟨    4      cos        (      𝑠    4     )     ,    4      sin        (      𝑠    4     )     ⟩     ,      0    ≤    𝑠    ≤    8    𝜋    .  


\begin {equation*}\br (s)=\left \langle 4\cos \left (\frac {s}{4}\right ),4\sin \left (\frac {s}{4}\right )\right \rangle , \qquad 0\leq s\leq 8\pi .\end {equation*}


$\R ^2$


    (    0    ,    0    )  


$(0,0)$


    𝜅    (    𝑠    )    =  


$\kappa (s)=$


$t$


$s$


$\bT $


    N    (    𝑡    )    =  


$\bN (t)=$


    𝜅    (    𝑡    )    =  


$\kappa (t)=$


    T    (    𝑡    )    =  


$\bT (t)=$


    r    (    𝑡    )  


$\br (t)$


    [    0    ,    2    𝜋    ]  


$[0,2\pi ]$


      r    2     (    𝑡    )    =    ⟨    cos    (    2    𝑡    )    ,    sin    (    2    𝑡    )    ,    2    𝑡    ⟩  


$\br _2(t)=\langle \cos (2t),\sin (2t),2t\rangle $


      r    1     (    𝑡    )    =    ⟨    cos    (    𝑡    )    ,    sin    (    𝑡    )    ,    𝑡    ⟩  


$\br _1(t)=\langle \cos (t),\sin (t),t\rangle $


    r    (    0    )    =    ⟨    0    ,    0    ,    0    ⟩  


$\br (0)=\langle 0,0,0\rangle $


    v    (    𝑡    )    =    ⟨    −    200      sin    (    2    𝑡    )    ,    200      cos    (    𝑡    )    ,    400    −      400      1    +    𝑡      ⟩      𝑚    /    𝑠    .  


\begin {equation*}\bv (t)=\langle -200\sin (2t), 200\cos (t), 400-\frac {400}{1+t} \rangle \ m/s.\end {equation*}


        ∫    0    1     ⟨    𝑡    ,      𝑒      2    𝑡      ,      sec    2     (    𝑡    )    ⟩      𝑑    𝑡   


$\displaystyle \int _0^1 \langle t, e^{2t},\sec ^2(t)\rangle \ dt$


    𝑡    =    2  


$t=2$


    r    (    𝑡    )    =    ⟨    2    𝑡    −      1    2       𝑡    2     +    1    ,    𝑡    −    1    ⟩  


$\br (t)=\langle 2t-\frac {1}{2}t^2+1,t-1\rangle $


      r    ″     (    𝑡    )  


$\br ''(t)$


    |      r    ′     (    𝑡    )    |  


$|\br '(t)|$


      r    ′     (    𝑡    )  


$\br '(t)$


    𝑡  


$t$


    r    (    𝑡    )  


$\br (t)$


$\br '(t)$


$\br (t)=\langle 2t-\frac {1}{2}t^2+1,t-1\rangle $


    r    (    𝑡    )    =    𝑡    i    −        1        𝑡    2     −    4       j    +    sin    (    𝑡    )    k  


$\br (t)=t\bi -\dfrac {1}{t^2-4}\bj +\sin (t)\bk $


        lim      𝑡    →    𝑒      ⟨      𝑡    2     ,    2    ,    ln    (    𝑡    )    ⟩   


$\displaystyle \lim _{t\to e} \langle t^2,2,\ln (t)\rangle $


    r    (    𝑡    )    =    ⟨    1    ,    4    ,    −    3    ⟩    𝑡    +    ⟨    0    ,    −    1    ,    1    ⟩  


\begin {equation*}\br (t)=\langle 1,4,-3\rangle t +\langle 0,-1,1\rangle \end {equation*}


    (    1    ,    10    ,    100    )  


$(1,10,100)$


      ℝ    3   


$\R ^3$


$\R ^3$


    𝑃    =    (    −    8    ,    0    ,    2    )  


$P=(-8,0,2)$


    𝑥    −    𝑦    =    0  


$x-y=0$


    𝑦    −    𝑧    =    −    2  


$y-z=-2$


$\R ^3$


$\R ^3$


    n  


$\bn $


$\R ^3$


    𝑥    =      𝑧    2     +      𝑦    2   


$x=z^2+y^2$


    𝑧  


$z$


    𝑥    ,    𝑦    ,  


$x,y,$


$\R ^3$


    ⟨    1    ,    2    ,    0    ⟩    ×    ⟨    3    ,      −    1     ,    0    ⟩  


$\vecthree {1}{2}{0}\times \vecthree {3}{-1}{0}$


      ℝ    3   


$\R ^3$


    𝑥  


$x$


    𝑥    𝑦  


$xy$


    (    3    ,    2    ,    −    2    )  


$(3,2,-2)$


      𝑥    2     +      𝑦    2     =    1    ?  


\begin {equation*}x^2+y^2=1?\end {equation*}


    (    𝑥    ,    𝑦    ,    𝑧    )    ∈      ℝ    3   


$(x,y,z)\in \R ^3$


    𝑛  


$n$


    𝑚  


$m$


    𝑓    ∶      ℝ    𝑛     →      ℝ    𝑚   


$f:\R ^n \to \R ^m$


    𝑓    (    𝑥    )    =    2      𝑥    2     −    6  


$f(x)=2x^2-6$


    𝑓    ∶    ℝ    →    ℝ  


$f:\R \to \R $


    u    ×    v    =    �  


\begin {equation*}\bu \times \bv = \rule {10cm}{0.15mm}\end {equation*}


    v    =    ⟨      𝑣    1     ,      𝑣    2     ,      𝑣    3     ⟩  


$\bv =\langle v_1,v_2,v_3\rangle $


    u    =    ⟨      𝑢    1     ,      𝑢    2     ,      𝑢    3     ⟩  


$\bu =\langle u_1,u_2,u_3\rangle $


    v    =    ⟨      −    3     ,      −    1     ,    1    ⟩  


$\bv =\vecthree {-3}{-1}{1}$


    u    =    ⟨    1    ,    1    ,    4    ⟩  


$\bu =\vecthree {1}{1}{4}$


    ⋅  


\begin {equation*}\bu \dotp \bv = \rule {10cm}{0.15mm}\end {equation*}


    v    =    ⟨      𝑣    1     ,      𝑣    2     ,    …    ,      𝑣    𝑛     ⟩  


$\bv =\langle v_1,v_2,\ldots ,v_n\rangle $


    u    =    ⟨      𝑢    1     ,      𝑢    2     ,    …    ,      𝑢    𝑛     ⟩  


$\bu =\langle u_1,u_2,\ldots ,u_n\rangle $

