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MATH 2551 K - Dr. Hunter Lehmann

- Dr. Lehmann, Dr. H, Dr. Hunter, as you prefer

Daily Announcements & Reminders:
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Goals for Today: Sections 12.1, 12.3, 12.4

e Set classroom norms
e Describe the big-picture goals of the class
e Review R? and the dot product

e Introduce the cross product and its properties
Class Values/Norms:

e Mistakes are a learning opportunity

Mathematics is collaborative

Make sure everyone is included

Criticize ideas, not people

Be respectful of everyone
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Big Idea: Extend differential & integral calculus.

What are some key ideas from these two courses?

Differential Calculus Integral Calculus
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Before: we studied single-variable functions f : R — R like f(z) = 222 — 6.

Now: we will study multi-variable functions f : R” — R™: each of these functions
is a rule that assigns one output vector with m entries to each input vector with n
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Section 12.1: Three-Dimensional Coordinate

Systems
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Section 12.3/4: Dot & Cross Products

Definition 1. The dot product of two vectors u = (uj,us,...,u,) and v =
(1,09, ..., 0y,) is

U\\)\ %- \}\2}) L+ ~ + UV\\)V\

This product tells us about Pe G"‘B \)es‘\“’“’/\ o} D\V\B

o a.\f: [U\HO\ o> B 1&‘_;

\)) —
R =\ d-
9—
\/ : \-)\l -\-QLL+ “'A-\'V\

J

0.

In particular, two vectors are orthogonal if and only if their dot product is

Example 2. Are u = (1,1) and v = (2, —1) orthogonal?
S DY OE) = ) +0

50 Q &V\B v e Aot b‘\*\‘b'jo"‘“)
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Goal: Given two vectors, produce a vector orthogonal to both of them in a “nice”
way. =

4w
> 2 s
1. %Q T‘%‘\* ')MN\§Q& . u 743 =W s C)\;)\?

n

2. A\L}Q\)Vm\m\\y GJW&ué' \€ Cém ) >
C ‘\’u\ﬂ?‘» CLG\;«\)) = un:(c\b)
(559003 = G @) @6)

Definition 3. The cross product of two vectors u = (uy, uz, ug) and v = (vy, va, v3)

in R? is
2 > \i
1)
Vo \)‘7,“5
7 I
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Daily Announcements & Reminders:
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Goals for Today: ' Sections 12.5-12.6
e Apply the cross product to solve problems

e Learn the equations that describe lines, planes, and quadric surface in R3
e Solve problems involving the equations of lines and planes

e Sketch quadric surfaces in R?
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Section 12.5 Lines & Planes

Lines in R?, a new perspective:
\jkud-lo Y- %:"‘"(Y %)
PR
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Sy e e

D (/ )
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Example 5. Find a vector equation for the line that goes through the points P =
(1,0,2) and @ = (—2,1,1).
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Parametric Equations for a Line: C (""‘L 1(0)‘- ‘YX

w(k) = -3+
\7(%\: £
(D)= LT

Planes in R?

Conceptually: A plane is determined by either three points in R? or by a single
point and a direction n, called the normal vector.

&E&T 0\5 77 (;o‘w\l(ﬁ \\,\ P\(A@
) \ (6‘%\" aw& Mifum\ ve o
A Lok and Zvechis

N
I [P ?\W/‘C

Algebraically: A plane in R?® has a linear equation (back to Linear Algebra! im-
posing a single restriction on a 3D space leaves a 2D linear space, i.e. a plane)

_T__Q' Y= CXQ(% !%b\ ‘\'> ‘\V\_g\'ﬂ_ F(MQ, DM() n-= ZJA( )/ 05

A’\b\e‘/\ <a‘|9,(>‘ Z)(—\(q (“j"fo/% “t,) = D

a1 FYyp b e )0 |

’Dbf\s - A.\(\)*\O‘Ib& (%o

b= T


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann



Day 2 Lines, Planes, Quadrics Page 10

Example 6. Consider the planes y — z = —2 and * — y = 0. Show that the planes
intersect and find an equation for the line passing through the point P = (-8, 0, 2)
which is parallel to the line of intersection of the planes.
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Section 12.6 Quadric Surfaces

Definition 7. A quadric surface in R? is the set of points that solve a quadratic
equation in z,y, and z.

o)

2\ 2] 4
You know several examples already: "X + 4 <l' Z = )

XL_L \1?“:\ ((\j\lm\)w)

o D\Je av \noé‘ 30\'/\3 l"O u))vvxj Ok\/d\)j‘ X‘7’/ W&, ¥F
jr'c\w.


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann



Day 2 Lines, Planes, Quadrics Page 12

The most useful technique for recognizing and working with quadric surfaces is to
examine their cross-sections.

Example 8. Use cross-sections to sketch and identify the quadric surface z = 22 —y2.

TL we b 2= 00 \:“L“‘fz \‘79""\”0\& ) C

2= C y C: x?._\{l \l\_a(yel/ 0\0& o
CXC(VJ*— O = \(2~~(L %)

/SL \we .G% X:\i = }—\;Z (pava\fza\o\ _\L%lvray

x=(: 2’C’~/ 2%
TF we Ay y= 1 %:{;1 parchaln S%be
R 4 y=0C 2= x —C
L oY J M

Example 9. Use cross-sections to sketch and identify the quadric surface z = 2242
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TABLE 12.1

12.6 Cylinders and Quadric Surfaces 743

Graphs of Quadric Surfaces
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Section 13.1 Curves in Space & Their Tangents

Daily Announcements & Reminders:

2\ YLO\ Aue, JGO.M \)\)( a‘l‘ ID PW)
° Gu\% \ %womw W s*w!za - -12 .5

T 9-0 S)c]la 23C
, G howes are L e Sl 1€

F %+ 2o bW
\ or 5%&!0 0:“"6“(8&(4[6 \Dbuu) ya..\ MuyL d,“"‘lfu& 'I'le S\LJZ \fou

ove ~l~(8l> Cl’e&
Goals for Today: Sections 13.1-13.2

e Introduce vector-valued functions
e Plot vector-valued functions and construct them from a graph

e Compute limits, derivatives, and tangent lines for vector-valued functions

Do Lu&\“ JUW\Q V‘«M&\" \(c yrt’ l/\3 ]o~Jl |
,,> k\\'\ qer \c, \mm\;o o\xl
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2R SR
Warm-up problem: Let r(t) = (t,t> + 1), where ¢ > 0. 1}

A dowain
a)Find r(0),r(1), and r(2).

\TE (03: 40[ ‘v
Fl)=cl,22 S
f e 2P

b)How do you think we could graph this function?” What does the graph look like?

y o \LM & an urwav& fo;\u\j PKVOJO()\O\‘

\ck2Dd an& x=6 ;X209

2 X

¢) Is there a function y = f(z) that has the same graph as r(¢)?
I x>0

9=
: -7
Q - (an we Q‘Q\Cc &(/\7 \.”:HQ M& '\Dﬂx—@ an fﬁu\m\%j— ’Q/\V\A(M )

= \u\ﬂ’\ of - &éma;m\
AL ! FU)m e LA
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The function r(t) in the warm-up problem is an example of a vector-valued func-
tion: its input is a real number ¢ and its output is a vector. We graph a vector-valued
function by plotting all of the terminal points of its output vectors, placing their
initial points at the origin.

You have seen several examples already:
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Example 10. Consider ri(t) = (cos(t),sin(t),t) and ry(t) = (cos(2t),sin(2t), 2t),
each with domain [0, 27]. What do you think the graph of each looks like? How are
they similar and how are they different?
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Check your intuition


https://tinyurl.com/math2551-vvfns-hlx
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Calculus of vector-valued functions

Unifying theme: Do what you already know, componentwise.

This works with limits:
Example 11. Compute }fim(t2,2,ln(t)>.
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And with derivatives:

~ D s
Example 13. If r(t) = (2t — 1 + 1,t — 1), find r/(¢). & %‘% or fy o0 T

2=/ z‘{b«%?*l\), /f;(b—w
- 4 1" ’b/ \3

Interpretation: If r(t) gives the position of an object at time ¢, then

\/e\od\'\i Q—E A b ")C(A‘ ¥ l(o\ = {2, ) Wloq)‘j

‘;pce) bi’ o °\”‘7‘2r

o 1r'(t) gives
21
L ) 1@ )

=\ * o |1/(1)| gives

l¢0o) < lanl=5
Sptt

a,C(e\/Na\;gV\ oS- an §1;)m\’

o 1’'(t) gives

Let’s see this graphically =2 B~ £ 2-%, )
Example 14. Find an equation of the tangent line to r(t) = (2t — 3t 4+ 1,t — 1) at

time t = 2. N .
SUD e baead B Ne o of TE b £, T ue bl
> L'\‘) \ 'A% @ f \”;)(\‘ “(’\)mc N ¥ L{?D

NCC& - e g\hﬂeo\\\bv\ ‘LD./' %M?ew‘s-l{ﬂf’/ =D W\i, Urg
o > FO‘MXV N X’\AQ \:AQ —) F (‘k:)\

bt e Q(gw:(ﬂ!«ﬂs A7)

. At b=y, Bl@= oD
A

o ungert Line 15 A= 2o, 15k TEHD yell
= 4’17‘ BRP)


https://tinyurl.com/math2551-vvfnx-vel-accel
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Find parametric equations for the tangent line to the curve
r(t) = cos(t)i + sin(t)j + tk at the point (1,0, 27).

D > > 25 ¢ bl \)2 ]AY’\‘\»)I\@{:
210y < Lo+ Lot 3 4 (O X .
: T O=\, 020
LR b=k oo lbe) 21 ! o
Nt Had - ve Q=0 s
Le = La

' (20=20,V. O
¢ Q\LH:<DII‘D{;&—U,DJTD
i :C \ )ljlbk'lfb


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann



Day 4 Integrals of Vector-Valued Functions, Arc Length Page 20

Daily Announcements & Reminders:

Goals for Today: Sections 13.2, 13.3

e Compute integrals of vector-valued functions and solve initial value problems
e Compute arc lengths of curves using parameterizations

e Introduce the idea of an arc-length parameterization

Continuing from last time with integrals: ‘l\twc . work f”qoo“c"‘{—w“e

Example 15. Find fol (t, e sec?(t)) dt.
S‘ /4 2o, sed (€D Ak
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At this point we can solve initial-value problems like those we did in single-variable
calculus:

Example 16. Wallace is testing a rocket to fly to the
moon, but he forgot to include instruments to record his
position during the flight. He knows that his velocity dur-
ing the flight was given by

400

v(t) = (—200sin(2t), 200 cos(t), 400 — 1—+t> m/s.

If he also knows that he started at the point r(0) = (0, 0, 0),
use calculus to reconstruct his flight path.
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13.3 Arc length of curves

We have discussed motion in space using by equations like r(t) = (z(t),y(t), 2(¢)).

Our next goal is to be able to measure distance traveled or arc length.

Motivating problem: Suppose the position of a fly at time ¢ is s

r(t) = (2cos(t), 2sin(t)), Haww low 9

o T s C7
where 0 < ¢ < 2.

a) Sketch the graph of r(¢). What shape is this?
/j\j L airde o vadius 2

b)How far does the fly travel between t = 0 and ¢ = 77

Yelloww ave 15 \Mu' 0‘( C(V(umﬁrvon-tc, o‘C ‘“Q Cl\rde 9() ‘q {‘m»e_ 5 ZC:LZT‘ 2~>
— )5

c) What is the speed |v(t)| of the fly at time ¢7
l\‘? (D\ \ < -2 sin Ur Zw&(ﬁ)

\(W \S%Cg.m D hec(h) =

d)Compute the integral / |v(t)| dt. What do you notice?

g ) W= 2k = 205

7 L
D) dix = 5(\)\?@& bime /=D So\ /&’Ol )\ ‘D

L wad
okt S S0 Y

R ~\3 (¥

4 a-n.s\'n A’C
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L~ 7B 0,00
Definition 17. We say that the arc length of a smooth curve
r(t) = (x(t),y(t), 2(t)) from _E=o to =) that is traced out ex-
actly once is

L Si el = 5wl

Example 18. Set up an integral for the arc length of the curve r(t) = ti + t%j + £’k
from the point (1 1,1) to the point (2,4, 8).

}
2 — -\ =\ [ O =| = &> |
‘\,?‘ {;-;ﬁ'- 3/‘-(0‘3 40\ AT, u"7> =D O
el Loy u,w\ x\/rt\a\ -yo,,\/'m = b z \} L\ V=3 2> bel

gﬁg‘ \(\-ql (W)= > ¢ (L2 B = m{

» Lok Lor ?echA' S une>

x’\\eSC_ \I\\—tljm,\s (A \«{ COM‘)\\ cM\C or LLAEM-\’Q

Sometimes, we care about the distance traveled from a fixed starting time ¢y to an

arbitrary time ¢, which is given by the arc length function. -
N
’ Q \v el 4t D e
s(t) = (0 k2 baoded
QmE) T‘Le) \9?&“\’5'@’1
\——&oﬁml—r =t

We can use this function to produce parameterizations of curves where the parameter
s measures distance along the curve: the points where s = 0 and s = 1 would be
exactly 1 unit of distance apart.

o \l\c& \J\g‘\mj W\;\Q \W&Vl(-?vs %0 »*ESCT&@ VDSPHOM M A
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Example 19. Find an arc length parameterization of the circle of radius 4 about
the origin in R?, r(t) = (4cos(t), 4sin(t)),0 < t < 2. ‘
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Daily Announcements & Reminders:
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Goals for Today: Sections 13.3-13.4

e Define, interpret, and compute the curvature of a curve

Compute the unit tangent and principal unit normal vectors of a curve

Give examples of functions of multiple variables

Find the domain of functions of two variables

Graph functions of two variables
13.4 - Curvature, Tangents, Normals

The next idea we are going to explore is the curvature of a curve in space along with
two vectors that orient the curve.

N s a/ %W/‘R
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'T(ﬂ 7l

First, we need the unit tangent vector, denoted T:

7l s)
e In terms of an arc-length parameter s:

' ) J(H1

e In terms of any parameter ¢:

\;Igl(s\\

This lets us define the curvature, x(s) =

Example 20. Last class we found an arc length parameterization of the circle of
radius 4 centered at (0,0) in R?:

r(s) = <4cos (Z) 4sin (Z)> . 0<s<s8m
Use this to find T(s) and k(s).
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Question: In which direction is T changing? ") T <5‘)

1oy 29 | 1IT'6)
This is the direction of the principal unit normal, N(s) =

T b
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We said last time that it is often hard to find arc length parameterizations, so what
do we do if we have a generic parameterization r(t)?

o T(t) = 2l ) Pe) ’ o N(t) = T/ ()

T

- tl(;a
11 e e

23

o k() =
Example 21. Find T, N, & for the helix r(t) = (2 cos(t), 2sin(t),t — 1).

Fw—,)v Q’UO\‘ ( 15‘“0(\ zcm(ﬁ l>
20 = U oz (X) + oy (,) XY\ = r

ék@; <2wm1mLm]

@JHQHM
Kj 0.)\ _,(Uf\: <v2mt£) =), sm(@ W

1T = ?\3—’ F gk o bo” = @

50 N= 37:4,1(03&)/ ~Laa (B0

~ _ (O'D(L\] ~ 9\\4 (:\'\ DW
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_ R 2lss QB
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14.1 Functions of Multiple Variables

Definition 22. A ’QW’\G\‘\W\ ot 'LWO V“V“""\’\es is a rule that as-
signs to each ?M1 v of real numbers (z, y) in aset D a_ww e wal wumber
denoted by f(z,v). — D (bw\‘ntug n niz—
,~~7 f:D — R, where R>
A 7 D
e \ i
}wa\\“ @
'\vm{ NS K) . e
- erv
Sk
g S Toknds (4
Example 23. Three examples are e _V\/()\.P AOM‘W‘S
=  ofF
fay) =a+1 gy =ln(+y).,  hlry) = ———. Conchivo
VT +y C
0

Example 24. Find the domains of f, g, and h.
’pC\hu(’\’/ 58“—\ "ffL
Do WAGIA 1S a]\ of ﬂzl' - { (\gl@\ X, y 6”&%

Y 2 vav "M‘C.

6 () 2 la Geby)

wa\uwx \\5 al\ é&\h Su&\%} X.}\j>o
éﬁml x+~;>o§

Definition 25. If f is a function of two variables with domain D, then the graph
of f is the set of all points (z,y, 2) in R? such that z = f(z,y) and (z,y) is in D.

Here are the graphs of the three functions above.


https://tinyurl.com/math2551-f23-2var-graphs
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1 1
Example 26. Suppose a small hill has height h(z,y) = 4 — Z:{:2 — ZyQ m at each

point (z,y). How could we draw a picture that represents the hill in 2D?

7/T U=\ = ¥=y=0

L (Q

ARNCUR)
2 = Nlyy) = D=9~ 9 7Y
| 2y ) =
TV TRy
Mo > L
pa= XI‘D =2 ¢ lxiz-_-, %
In 3D, it looks like this.
Definition 27. The (also called ) of a function
f of two variables are the curves with equations , where k is a
constant (in the range of f). A plot of for various values of z is a

(or ).

Some common examples of these are:


https://tinyurl.com/math2551-2var-first-ex-graph
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Daily Announcements & Reminders:

° \’\\)\) RYPE due ‘\-omt\.)\'tb

* [T\((MN\ \ ;f on —I_\ﬁ‘b')q 7—/() I 1«. ure
— Wore,‘!m(o 0\\00\{\ ‘erw\,ﬂ' /lowma(, o (C!‘\va) V\CX'I‘ Wtcl(

o \}o "’L(’, Wavmunp ]:Jrc’m?oo\\

Goals for Today: Section 14.1

e Introduce and sketch traces and contours of functions of two variables

e F[ind level surfaces of functions of three variables

1 1
Example 26. Suppose a small hill has height h(z,y) = 4 — Zx2 — Zy2 m at each

point (x,y). How could we draw a picture that represents the hill in 2D?

(2 )\ g
7/\ L{—- \.\ = X:*f\-"‘ O— :(')(‘ \f‘{

]

2, L _
In 3D, it looks like this. 0= % (Xl‘f\ => X ‘\"1 - 16

. .o ; 7
Q: A%e, e%ua\\y sg-\u& \mﬂ\«\rs 5wm? Czl/uct”y Sfu-(f’(g cirtles
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Definition 27. The _¢0"™*">  (also called level cunves ) of a function

f of two variables are the curves with equations k= ('('*"1) , where k is a

constant (in the range of f). A plot of (o™ v for various values of z is a
Qrboun ma (or level (uvwe  waup ).

Some common examples of these are:

N ° \Au € &; Vaus
° #DVO%W&YH“X waps e ]

o ‘]‘(\Mvtm ve (?\l‘t Ci(;'\lr
° VO\¥Q(1Q WY,-)
e 94*\".%(}\\/\ *b£ C\fA‘V:o /Mu()\\c:(, Qe\& \M(}Fl_g

Example 28. Create a contour diagram of f(xz,y) = 2% — 1

%tf;f—lhw%h

bffh‘m‘j \e%\’lh"m’/ ., ]\
(ho \,}-iﬂ\r{m’p*‘\, 4= 0 -y >
\

ql:,,,\ /V’TSS'«V(’,/ ok )
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Definition 29. The t”*“/s of a surface are the curves of

ke o dion of the

surface with planes parallel to the
YE Q— q’k/?\awes ) [N {Jluv\q O‘C'Hi J(:o.,w\ V:\( ov Y=l

Example 30. Use the traces and contours of z = f(z,y) = 4 — 2z — y* to sketch
the portion of its graph in the first octant. y72

———— e ——
Ylo

=0 O't%—lx—\fz £zo
\ 2

K= L7329
z:\g\ﬂ)'n \(:&{_21_\,2

| 2
Xii‘:}*a%

Let’s check our work: https://tinyurl.com/math2551-2var-graph


https://tinyurl.com/math2551-2var-graph
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Definition 31. A _Ffunction °’€ ’n‘wﬁ V“V\""\ﬁ\ﬂ:s is a rule that
assigns to each Hriple of real numbers (z,y,z) in a set D a
unlyue rea\ auwbes  denoted by flx,y,2).

f:D — R, where D C R?

We can still think about the domain and range of these functions. Instead of level
curves, we get level surfaces.

1
4— g2 222

Dow\u'\v\ 5 a.\\ (Y(\{lk} st L}‘X/L‘\;—‘(:_:LD
[ ¥t # 4

Example 32. Describe the domain of the function f(z,y,z) =

e, all poich 1 I excrpt
H‘l€§r)/\tl/c OL 1'4191‘\,@3/2_
Cenbaed ok (0,0,9)

Example 33. Describe the level surfaces of the function g(x,y, z) = 22% + 3> + 2°.
4 = | = 25y qu( 2> s mc“ifs.o?&

W\t [\

5;\< = I i“;\\ 2"

20
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Section 14.2 Limits & Continuity /cm

.. : . : : e Lo 95)
Definition 34. What is a limit of a function of two variables? e
DEFINITION We say that a function f(x, y) approaches the limit L as (x, y) L——"____’-D
approaches (xg. ¥p), and write

lim fix,y)=1L

(=L <o

if, for every number € > 0, there exists a corresponding number é > 0 such
that for all (x, y) in the domain of f,

|f,y) — Ll < e whenever 0 < V(x — x> + (y — ») < 8.

We won’t use this definition much: the big idea is that ~ lim  f(x,y) = L if and

A'\ (z,y)—=(zo0,y0)
only if f(xz,y) Lqgrosches L regardless of how we approach
(0, Yo)-
| B Y,
Yk v
o N
& >
\+4

Limits of functions of two variables work like limits you are used to in many ways:

THEOREM 1—Properties of Limits of Functions of Two Variables The fol-
lowing rules hold if L, M, and k are real numbers and

i D R o JO RN
1. Sum Rule: i 1_1122 ) F[ flx,y) +gle,y) =L+ M
2. Difference Rule: ul nhlﬂ ‘_UF[f(x._ y)—glx,y)=L-M
3. Constant Multiple Rule: h‘lllmu r::r kf(x,y) = kL (any number k)
4. Product Rule: @ .l_]l_imr e (fle,y) gl y) =L-M

X, ¥

5. Quotient Rule: o ‘]ln[lzu 5 ;:J \; = ﬁ M#0
6. Power Rule: & ‘lllml \m[ f(x, y)]" = L", n a positive integer
7. Root Rule: lim Vfey) = VL= L',

(x, ¥)~*(xqa, ¥a)
n a positive integer, and if n is even,
we assume that L = 0.
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Daily Announcements & Reminders:

o Y\ 2%, 124 &u&iﬂuiah{:
0 &u.\& 3 on ]2.%,1%«“/]4.\ lomowow

o Evoumn | next T35 Cawas 2N puL ke nenT laky{)i},

o Dothe warm-up \Demr;oo\

Goals for Today: Sections 14.2, 14.3

Evaluate limits of functions of two variables

Show that a limit does not exist using the two-path test

Determine the set of points where a function is continuous

Start to understand how we can measure how a function of two variables is
changing

Definition 35. A function f(x,y) is continuous at (xg,yo) if

\ll W /F( . |
N existS @ l
AR 4 "_"\‘*‘i

2 'G (YO,L"D 61;5\_5
3 \-\mc vulues ave C(@wkl

Key Fact: Adding, subtracting, multiplying, dividing, or composing two continuous
functions results in another continuous function.

\: ~ ) )‘I‘V[ v 2

’ A X = X - ?( - xt 15> (ouhtuve)

G 219 0) e J s
9(1‘\(\)c 'S \j‘\' \j X (> (

. | tun y - y-p \(.7_ (
G263 W) = €7 s b uos

1
X
(v Xy = e 7

L s e®
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V2 —y—2
Example 36. Evaluate lim e :
(r)=(20) 20—y —4

- - Vg -0 -2 _ O
\V‘-j x’O Cva\uu}(' _,L:’/’/O’_—LYJ - 5
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if it exists.
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Sometimes, life is harder in R? and limits can fail to exist in ways that are very
different from what we’ve seen before.

Big Idea: Limits can behave differently along different paths of approach

2

Example 37. Evaluate lim if it exists. Here is its graph.
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This idea is called the two-path test:

If we can find _\‘V"O ?'A—\,\é to  (xo,y0) along

v
which e Wuid A ‘H““D takes on two different values, then
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https://tinyurl.com/math2551-two-path-graph
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Example 39. [Challenge:] Show that the limit
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does exist using the Squeeze Theorem.
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14.3: Partial Derivatives

Goal: Describe how a function of two (or three, later) variables is changing at a

point (a, b).
Example 41. Let’s go back to our example of the small hill that has height

1 1
h(z,y) =4 - 15’72 - Z?JQ

meters at each point (x,y). If we are standing on the hill at the point with
(2,1,11/4), and walk due north (the positive y-direction), at what rate will our
height change? What if we walk due east (the positive x-direction)?

Let’s investigate graphically. T e walle 1 Yoo rorth:
4% ve Yoo ()= (24)°

M29= d=1 -5 7)’* y
ERIRLY o w f[:u:,\- b s L)/mghg N ‘j c\«w9cc?

AT U\Qmﬂ\ w3 'L>) )

/{\a o e oF N hil) i due \:?)«T)Q
Vos\xrmc uy—&\vfc)mw & (2, 4-) S ’_2.

T \vy “f‘)a:‘f.‘ve «j—b\m m - S\WC v 3_

= 2 (‘4/%\3—-\& H ,o Vstobion (’1 N = \4\ (20
= 2 —%‘x(%«) (w \LLD

= 0 ’(ﬁz_ﬁ,"D\m} ’

e \'\)((-1 )


https://tinyurl.com/math2551-pdev-hill-ex
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Daily Announcements & Reminders:
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Goals for Today: Section 14.3

Learn how to compute partial derivatives of functions of multiple variables

Learn how to compute higher-order partial derivatives

Understand Clairaut’s theorem

Define the total derivative

Last time: we started to think about rates of changes of functions of two variables

in the context of walking on this hill.

Definition 42. If f is a function of two variables x and vy, its Parl EW\ )e, rival Ve
are the functions ;”:; and f;f defined by
L0y - LG £ Crghi) - Fle)

fa:(xay) = lim fy(x,y) = lim

h—0 7,\ lim \]
(ompu\u)‘\‘wl\y ouse Ja:ua-‘ lve m\ej



https://tinyurl.com/math2551-pdev-hill-ex
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Day 8
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Question: How would you define the second partial derivatives?
Toke "mvlw\\ Yeituntives ok fav)ﬂ“) ACYLWA we 'S \ » L
o LAY £~0
bbb = (R, R (5 ; ““"
Py hie'S
~(~j = Uwhj = % {’W) D40y,
‘FVX = H"]\x - % T)-\/} am{j
- = oy = 2
fy = W7 LR o
Example 44. Find f.., fuy, fye, and f,, of the functlons below.
Puve Qav wals N
a) f(x,y) =+/bx —vy —f - % (. _ \ﬂ-\lb -f .\ (‘;y _®\2
>
o = (£ ) "f‘7’<: ox (—Cﬂ U )
Y o 4 (S —) ¢
m( (gx\/ ) -5'\,( X:t,/z g
i L (Sy—y)
:'q(g““‘) ' /7 I 5
_-\/L (o _ 3— '/‘\ -4
.(\17: %(—g S\y-\ﬂ J / ‘CV\/_ Djf )(Cx;yzv )
T S T L%
S et L
b) £(z,y) = tan(zy) L= ysefly) £ = xseet by

gu‘ ( 5€c (Wﬂ ) 29cc (H) 5“&'{”7% ey) o Vi

= 2\1 s-€C (Y&ﬂ{mw[\cy)
Log= =

L >7 ( 7 Sc(:((y%ﬂ = |- 66‘1(\‘0 + A 2 S{c?'(xﬂ {Tau\(xq]- 5 }

-~ s

—
—

.- 2 (Xs(f(x\ﬂ]c l’Sccz(wH~ X'?»sfclqu)%quéq)-j P
I QX :

J:% = '/_:9 {')(3 L(W\) Xls«, (fﬂ‘tflxﬂ »


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann



Day 8 Partial Derivatives, Total Derivative, Linearization Page 42

What do you notice about f,, and f,, in the previous examples?

Theorem 45 (Clairaut’s Theorem). Suppose f is defined on a disk D that contains
the point (a,b). If the functions f, f, fy, foy, fyz are all continuous on D, then -fv.1$£yx

P b " -~ . |
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Example 46. What about functions of three variables? How many partial deriva-

tives should f(z,y, 2) = 2zyz — 2%y have? Compute them.

T3
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Example 47. How many rates of change should the function f (S’t)&(?e 2s —t| v o)
)
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In the previous example, we computed ﬂ partial derivatives. How might we

organize this information?

fl(l'l, ce ,xn)

For any function f : R" — R™ having the form f(z1,...,2,) = : ;

f(1, .., 2p)

we have N\ inputs, ~ ™Y  output, and "W partial derivatives, which

we can use to form the total derivative.

This is a line g map from R" — R™, denoted@and we can represent it

\
with an _W¥® madhix , with one column per input and one row per output.

[} ‘\V\ '0\1/ l a 'Q/ QV\\/WlVeﬁo C, L‘ 'E “‘L

® :"\ 66] '> “a\c@ &crivak»es \»V‘Jcr '\‘\'\C j’rh V«vfa!,]e
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Example 48. Find the total derivatives of each function:
B f@)=a2+1  fa2R ez L 2]
. — 5 (k) L
b)r(t) = <cos(t),sm(t)3,t> DW= | L | =71
LR KR I
c) f(x,y) = +/bx — -
) gt 7\é D5= [ 3 y =
Sl
L
d) f(z,y,2) = 2:I:yz — 2%y D@(\{N AR EQ—‘/% Qx% ¥ 2x7l<; 2%'7]
S; R ;) R 5 C‘f 5 2
P —
% [ 2k
4 ¢
s l 7 & Yoriv o x(sb)

e)f(s,t) = (s* +¢,25 — ¢, st) Df (S'Q - oS L ety of \/(S,D

2. RR?
= 3

& e o & 2 (54)

What does it mean? In differential calculus, you learned that one in-

terpretation of the derivative is as a slope. Another interpretation is that the

derivative measures how a function transforms a neighborhood around a given point.

Check it out for yourself. (credit to samuel.gagnon.nepton, who was inspired by

3BluelBrown.)


https://www.geogebra.org/m/rftwacsy
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In particular, the (total) derivative of any function f : R" — R™, evaluated at

a=(ay,...,a,), is the linear function that best approximates f(x) — f(a) at a.

This leads to the familiar linear approximation formula for functions of one variable:

f(@) = f(a) + f(a)(z — a).

Definition 49. The linearization or linear approximation of a differentiable

function f : R" — R™ at the point a = (aq,...,a,) is
L(x) = ’{"(-0)\3 )_ X2
=——— K=K
LGops £las) & (159 "L‘/(q‘\aﬂ {7 ‘\"k

ki’z— —L_*-\
N

e |

Example 50. Find the linearization of the function f(z,y) = /5x — y at the point
(1,1). Use it to approximate f(1.1,1.1).

DX—U,Q* { 200y 28Xy \UM}

N
- { —%T \r]
: \ x-17 | S __i(_\)
L= 2 v L A1) = prabd b
O LMD = 2x < () -+ =[]

Question: What do you notice about the eckuation of the linearization? ¢
’]\'\‘) .{b N V\(NQ\, Seecf[‘:mly i—\(s '\’\1\2, \m,cy} P\q,,‘(cg.o 7z = (\“Y)
ax (h
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Daily Announcements & Reminders:

o MW (43 Aue‘\‘ov\fﬁ\,ﬁ(?
? Db WMWMP }‘}6”4[[005‘

> E;(aw\,s will be reluw,ﬁ n (JWAC«)CD/G mo{.'- T

Goals for Today: Sections 14.4-14.6

e Learn the Chain Rule for derivatives of functions of multiple variables
e Be able to compute implicit partial derivatives

e Introduce the directional derivative of a function of multiple variables -
Mz-2 L= 1) + DER) (R-3) | + [ Lolas) #hM) L-‘J
Last time we introduced the total derivative and linearization. We say f : R" — R

is differentiable at a if its linearization is a good approximation of f near a.

~— CVrwvy \"’\'&V(IVN‘Q w/ L
Mooy 20 lim M:O
(a,0)] '

0 ~\ - N Newim@n (@, 9) — (a,

1% N — 2]

&, VI Vi) -2 0 N2 W =\ p

In particular, if f is a function f(z,y) of two variables, it is differentiable at (a, b)

if it has a unique tangent plane at (a,b).

1 2y=0

is differentiable at (0,0).
0 zy#0

Example 51. Determine if f(z,y) =

()
. room= b=L e
= TN bl e, L(\/wﬂ:[
\\ \'> \L)f_ u@g \\5 [\\ﬁ (% cboo& qwmx
\ 01\/0&4\4()« (Ola \
’ co Fis vt Wloehidde cien Tough DFOY e
\\\ o - (Y wshny)
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The Chain Rule

Example 52. If f(t) = In(¢?), then 3—]; = -"“ s 2JC

L {50 - m\ dap,

Similarly, the Chain Rule for functions of multiple variables says that if f : RP —
R™ and g : R" — R? are both differentiable functions then

¢ DOREE))E= Df(g(x)Dy(x).

A 3 g o w)
= ROR [nx ¢)- g xn)
7l .
\_/ i mabiy
foy
, L . L, 1,
Example 53. Suppose we are walking on our hill with height h(x,y) = 4— 1Y

along the curve r(t) = (t+1,2—t?) in the plane. How fast is our height changing at

time ¢ = 1 if the positions are measured in meters and time is measured in minutes?

'F (l:\ = \Mt‘a\«{? o& J‘:(‘w{: \\[y yl = \mf\/\“ al (}(\{ R = (xy at Liwe T

wc 7_ \AUA7 \Z
£l = W (@ (ﬂ.) R %l@ W

NQ(& l’,)l'k\l »C’v‘\\:u}‘u\}&i‘: \\' Uc]l - D\'\ (T‘ u\\ D (»{:\

B i
’D\A(YH\: {_‘_’\5—)( ML}L/I Nte& aney” \fa\\lﬂ‘, ‘\"(\ 41

S - ) {'71 15 ~z.&
DR \
-2 = @ rlpe=v



https://tinyurl.com/math2551-hill-chain-rule-ex
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Example 54. Suppose that W (s,t) = F(u(s,t),v(

tiable functions and we know the following information

u(1,0) = 2 v(1,0) =3
us(1,0) = —2 vs(1,0) =5
w(1,0) = 6 u(1,0) =4
F,(2,3) = -1 Fy(2,3) =
AN 20 2 9 T
P R— R — K
Find Wy(1,0) and Wy(1,0). (s ©) () w
o) Dwop ”

he b Ulo
DF (ae13) sl O Ul
> [ﬁ@“ﬂh T [\;(‘P\)} v, AR Vgl

_ ¢ -1
= @Kg

v(s,t)), where F,u,v are differen-

N u(slq
9()16 T vy ®
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Application to Implicit Differentiation: If F(z,y,z) = c is used to implicitly

define 2z as a function of x and y, then the chain rule says:

—_ — — : - _—
\ 2 ) I"k
0z 0z P
Example 55. Compute . and Ew for the sphere @y~ 4+ 22 =4
L Yy

7 A
Flyp= X hive

Y 2z
2 7y 9
— (_\([\.’"L\/ —ﬁ’: 2
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Example 56. Recall that if z = f(z,y), then f, represents the rate of change of z
in the z-direction and f, represents the rate of change of 2 in the y-direction. What
about other directions?

€ 1 1

Let’s go back to our hill example again, #z,y) = 4 — ZxQ

figure out the rate of change of our height from the point (2,1) if we move in the

direction (—1,1)7 \)\‘L o Dwl(2, b L \ ,%’

Vo
\\ Dln’.o\nw = uu&l‘ wo\w : <\’ ‘?“—\ Z/,\%z,’ @7
L-4nr

. ) AN~ £0, \
73 i f(\-[l"\‘-[ rz) /\H(EE/E/Z\U - —

— ZyQ. How could we

R % i
'F\\o WS ha o \ 252
(ZHx hv
>X /(l we wmove \A }\‘Q 2\ 0 ”lweA‘M we
90\\./\ \\cu,La‘ ar \M\J'AY ok J‘ ]c’\r m“‘mw)](D
) Sond) A Vb n 2D div.
Definition 57. The W Cl\dw g, ENvahve of f:R"” — R at the point p
in the direction of a unit vector u is
k GG+ W) = H)
Duf(p) =\ o 5 bl o
W

if this limit exists.

E.g. for our hill example from the last page we have:

Dy 20 = 55

Note that D;f = %( D;f = ? Dy f = ’Fz—

J


https://tinyurl.com/math2551-hill-dir-deriv-ex
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Definition 58. If f : R” — R, then the Qm »\\ evf]_ of f at p € R" is the
vector function 4 (or u}v\a&J: ) defined by
V\'\ (*6 (Q:

vip = £, B, - R /-1,
= (WET

Note: If f : R" — R is differentiable at a point p, then f has a directional derivative

at p in the direction of any unit vector u and

Do)~ W T = WG
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Daily Announcements & Reminders:

# H\A} SR )u«L '}'qu‘j\h‘t
» Quis @ Fomomow ?wwlfﬂ geriuﬁ\'ug/ ot | Aﬁfw'}“‘vg (han R

(w“‘ liw ez afWOY.-)

° EK(NA 1 %W)c’s Vﬁlfay& Lo morny)

o /U‘\ Al-e\rw\ Pya(’ugs r(faor"‘ 3
0§ = F0 7o orhijur on exum

A
ok = wol
Goals for Today: Sections 14.4-14.6

e Learn to compute the rate of change of a multivariable function in any direction

e Investigate the connection between the gradient vector and level

curves/surfaces

e Discuss tangent planes to surfaces, how to find them, and when they exist

Last time: If f : R" — R is differentiable at a point p, then f has a directional

derivative at p in the direction of any unit vector u and
Do) = DEG & = V(P |
. Daﬁgﬂ 1> Hhe, role of c,\\au()c o’(_‘{ o e poinlr}? Y
Mo Mredhan oF e wnt vedor 'y

) LEF O b anam\r Yo the omtour FC@:(// Fhen

Daﬁﬁ =0,


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann



Day 10 Gradients, Directional Derivatives, Tangent Planes Page 53

Example 59. Find the gradient vector and the directional derivative of each func-

tion at the given point p in the direction of the given vector u. ') S Y’) QD,F& =

. 1 —2 2
a)f(a:,y,z):zln(a: +y)p_(_17170)7u: 57?75 }_&
Di- | 2% 2yE (2] = | ¥
e WH D~ 00 kD | 5
,..( 0 = , g,\_\.
D,p(__\c\l[)\Z [ o) O {n 21 ( B ::\(:zw,)
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- 2, Y vetho, -
H-\ W= (o o la2) Z{';t 22} ) ek widveda
3) Mu”‘ry

~
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\,4\(\'

L
’)

\r)

b)g(z,y,2) = x? + 4zy* + 2%, p = (1,2,1), u the unit vector in the direction of

i+2j—k . > o
= « +4 ¥ 12> Q 1> auve
D Y]oSCm(Dz { 9%, 9,92 = {2ty ) OXY, 2 ‘5M " (y\ 3

Uy (W2l = /18, 16,25 here
> "-\—23 _t _ l (;"_25_'?)__ _LC) +2J ’T)
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c)h(z,y) = e — 2%, p = (1,1), u which makes an angle of 7/3 with the positive

x-axis. -
> vha )= e-2,e>
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1 1
Example 60. If h(z,y) =4— ZxQ — ZyQ, the contour map is given below. Find and

draw Vh on the diagram at the points (2,0), (0,4), and (—v/2, —v/2). At the point
(2,0), compute Dyh for the vectors u; =1i,us = j,ug = (\/- \/-)

Th= by = - 4v 730
ORI
(7_(0) (—\/ (>>
) | <0, 2%
5 Jz. =
C—S\Z, S\j \ f‘ \Y'L7 < >

DA, TR s Lb level 5et
[@M.\‘!LW\M f

. V’F(?\ fa‘m\s n Dlvechon € 3m\=s}
;N\rm\c of- 'G

& Whe & Hhe sigvﬁk‘m({ of l\j_[_(?“?

D H;)_ VH‘, )z’f(osb

(S 1VHRD) = may, roe it c\nakgo
K ] f D’? ‘{l a’.\‘:
adieed When g s
\ o )\

Note that the gradient vector is Orx'\"b‘)D“W\ to level curves.

Similarly, for f(z,y, z), Vf(a,b,c) is Dr\'\\vjmm\ 1 level Suv£u(e>
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Tangent planes to level surfaces
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Example 61. Find the equation of the tangent plane at the point (—2,1,—1) to

the surtace given by

z=4—a2*—y £i= Ly
_— { . —
D me‘\\{y P = 1= |
7‘“\-7‘\'2’;%
2hyta2
Elyz= az-1

Lo Uy
2) Vowr o (-2, 1‘D A= (;D -

T = <24, D
’zb Y™ g Ve = L2+,
V‘\’i‘ (—1,\|-ﬂ: 4""\] ll )>

_\)*\Cz’rﬂ’—‘o

Tm\%ev} p\C(V\C, 5 —\'{ (7(‘)'27 A— \(\f
z= -\ F ¢ (x+2) "\fy - = L(t?_’lb
AN - . : |
\K\“\\’k ‘“}v\{\ﬂﬁ \«n QC\&D E*(’l‘% \PQD

Special case: if we have z = f(z,y) and a point (a, b, f(a, b)), the equation of the

tangent plane is

Z = 'F'(O\(\D L L‘[qlD (:X —u) A {:L/[q‘l,) (j ,@

N3

B(\AC_ T\meuv;. e“'j“\‘n {_ (\((\h a.)' [“LL)

This should look familiar: it’s



https://tinyurl.com/math2551-tangent-plane-2
Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann



Day 11 Optimization: Local & Global Page 57

Daily Announcements & Reminders:

o Hw 4.5 &ue_ er{%\,\J, | . € ow T“eslpuj

e Fyom | grades ave out
_ Newc}e vrc%u,e.dg open unk! Tam W
— wean 6.5 %o / wmedan B0 Vo

e Do Warmip Ii—w?oa\

Goals for Today: Section 14.7

Define local & global extreme values for functions of two variables

Learn how to find local extreme values for functions of two variables

Learn how to classify critical points for functions of two variables

Learn how to find global extreme values on a closed & bounded domain

Last time: If f(x,y) is a function of two variables, we said V f(a,b) points in the

direction of greatest change of f.

1 1
Back to the hill A(z,y) = 4—-2?—~y?! What should we expect to get if we compute

4 4 2>Wwed + Yh (b(ya XY Y=15>
Vh(0,0)?7 Why? What does the tangent plane to z = h(z,y) at (0,0,4) look like?

° \7[‘(0‘& - ("%)(\’lz‘7> ‘(o‘ﬂf/ Qozav ‘».)(C )\(0(0,)7\( ;b
-\\ug tavqeﬁ‘ hei 4 Wi po>5'\\/]’c /
$0 Faow 15 wo dvedion fo horene

o 2= 5 Ny dure L5 horiz onkal

~ ~ _,,_«4((@‘_\,0
/\—ma
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Definition 62. Let f(x,y) be defined on a region containing the point (a,b). We

say
i | OCa Y:\ wmum i )
e f(a,b)isa W value of f if f(a,b) -~ f(x,y) for all
domain points (z,y) in a disk centered at (a,b)
e f(a,b)isa \0‘“\ M M wn W value of f if f(a,b) é f(z,y) for all
domain points (z,y) in a disk centered at (a, b) \
»30)-\« ‘0(“\‘ Y

3, WA L urn

‘ ) By 22 [jj:l Cuewy Q&W*
&N

DO wmo N

e

(S a é((&.\
D .
) way Lowln,

In R?, another interesting thing can happen. Let’s look at |z = 2° — ¢ (a hyperbolic
paraboloid!) near (0, 0).

This is called a Sa& 0‘\6 Pot/\‘\\

Notice that in all of these examples, we have a horizontal tangent plane at the point

D€ (kW= Lo v] _

:

© DF dopwtaih

in question, i.e.

Definition 63. If f(x,y) is a function of two variables, a point (a, b) in the domain of

f with Df(a,b) = Lo 2] or where D f(a,b) £als Jo et

is called a_Criial pouts of f.



https://tinyurl.com/math2551-saddle-point-ex
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Example 64. Find the critical points of the function f(z,y) = z* + 3° — 3zy.
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To classify critical points, we turn to the second derivative test and the Hessian

matrix.

The Hessian matrix of f(z,y) at (a,b) is

_L(,< CC\(Q ‘C)(\/ (ct(l'D

Hf(a,b) =
«C\,Y (ql\'.)) 'FVY [Q[D

Theorem 65 (2nd derivative test). Suppose (a,b) is a critical point of f(x,y) and
Hf(a,b) exists. Then we have: [ )
/ oY "4 :

v

o Ifdet(H f(a,b)) >0 and fy.(a,b) >0, f(a,b) is a local minimum
Qo If det(H f(a,b)) > 0 and f.z(a,b) <0, f(a,b) is a local mazximum

o [fdet(Hf(a,b)) <0, f has a saddle point at (a,b)

o Ifdet(H f(a,b)) =0, the test is inconclusive.

AQ\— (\{Hu‘\\\ = -C\‘\( (q“ﬂ\ Q,v (MI\D - £\/X(a'z|;) ’(\(7 [01‘0\_)
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Example 66. Classify the critical points of f(x,y) = 2° + 3° — 3zy from Example
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Two Local Maxima, No Local Minimum: The function g(x,y) = —(2* —1)* —
(z?y — x — 1)* + 2 has two critical points, at (—1,0) and (1,2). Both are local

maxima, and the function never has a local minimum!

A global maximum of f(z,y) is like a local maximum, except we must have f(a,b) >

f(z,y) for all (z,y) in the domain of f. A global minimum is defined similarly.

Theorem 67. On a closed & bounded domain, any continuous function f(x,y)

attains a global minimum & maximum.
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Daily Announcements & Reminders:
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0 Do Warmu p iﬁhpool

Goals for Today: Sections 14.7, 14.8

e Find global extreme values of continuous functions of two variables on closed

& bounded domains

e Apply the method of Lagrange multipliers to find extreme values of functions

of two or more variables subject to one or more constraints
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Strategy for finding global min/max of f(z,y) on a closed & bounded
domain R O' Drawp\ P\\Au\/(_‘ /A\'\/\ a 0(}0%5—\‘5 EK}VC(MC Vd uc

T hzovena

1. Find all critical points of f inside R.
2. Find all critical points of f on the boundary of R
3. Evaluate f at each critical point as well as at any endpoints on the boundary.

4. The smallest value found is the global minimum; the largest value found is the

global maximum.

Example 69. Find the global minimum and maximum of f(z,y) = 42* — 4xy + 2y
on the closed region R bounded by y = 22 and y = 4.
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Constrained Optimization
Goal: Maximize or minimize f(z,y) or f(x,y, z) subject to a constraint, g(z,y) = c.

Example 70. A new hiking trail has been constructed on the hill with height

1 1
h(z,y) =4 — ZxQ — ZyQ, above the point the xy-plane. What is

the highest point on the hill on this path?
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https://tinyurl.com/2551-lagrange
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Method of Lagrange Multipliers: To find the maximum and minimum values
attained by a function f(z,y, z) subject to a constraint g(z,y, z) = ¢, find all points
where Vf(z,y,2) = A\Vg(z,y, z) and g(x,y, 2) = ¢ and compute the value of f at

these points.

If we have more than one constraint g(x, vy, z) = ¢1, h(x,y, z) = ¢2, then find all points

where V f(x,y,2) = AVg(z,y, z) + uVh(x,y, z) and g(x,y, z) = c1, h(z,y, 2) = co.
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Daily Announcements & Reminders:

- Hw IL[.?-/ 1.9 due -hn'\s\\'t
. EX“W‘ 2 " ‘\\A:D wQC\(S

Goals for Today: Sections 15.1, 15.2

e Introduce double and iterated integrals for functions of two variables on rect-

angles
e Use Fubini’s Theorem to change the order of integration of a iterated integral
e Be able to set up & evaluate a double integral over a general region

e Change the order of integration for general regions
Recall: Riemann sum and the definite integral from single-variable calculus.
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Double Integrals

Volumes and Double integrals Let R be the closed rectangle defined below:

R=1a,b] x [c,d] = {(2,y) ER*|a <2 < b,c<y<d}

Let f(x,y) be a function defined on R such that f(z,y) > 0. Let S be the solid
that lies above R and under the graph f.

QAL
Question: How can we estimate the volume of S?
\/0[\) e (53 X i ~(—(\l\c, 715 éﬁ\“
N

<=1\ \\\J 91\ ‘t N 0(: 19456
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Definition 72. The ’JW‘L ]" 'erj‘m‘ of f(x,y) over a rectangle R is

//f 5.y) dA = lim Zf v ) A,
‘?)l)va oF T lP \ -\'\e L,,:) o oze fqn ﬂ’(lundcs

if this limit exists. N \/our SU\L VI

‘Sg‘ F(Ju\/) \A - $\5‘i\@? \/b ume Liheen 2= Q()(,/) @ XY flme

mLO\N R

TP s oo Ky i ouf

Spme OQD (0l \AwouS

[pckins ave 1legolle

Question: How can we compute a double integral?

Answer: I"‘QV‘O\'\‘E() Ih‘\'f 9M| S

Suppose that f is a function of two variables that is integrable on the rectangle

R = la,b] x [c,d].
F( ?/‘1
///+LQ CYDSS’SCC‘{"DL‘G"\
e OF’ —} Q,S‘I(C

QF il d =5

What does [ g f ,y)dy represent?

Cc
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What about fcdf(g_,y)dy? (‘F’OV ﬂ"xé\‘s% Q,\L\e Qb ‘) .l..
This s Ahe 61 o Hhe a0 e Yhe e X

Lot A(s) = 1 (e, 3)dy. Then, 4
\;éj}:)\wcm[salv} :/abA< do — f (g /}@W)m%\w

This is called an \‘I‘em{%t M'.p(jm S’L GX’C J;& pj
Example 73. Evaluate ﬁ S S\{ b Y A J
F He o Dunk-

A;( \/6 luzuc

/
c\
|
J
x'\)
_§
S
't‘
A
==
<
S
x

Theorem 74 (Fubini’s Theorem). If f js continuous on the rectangle R =
[c,d], the

S n@ flx ‘/\ J)» OQX - f (g} /((Mh 9*)?7 {-F(v,\/\dA

—

More generally, this is true if we assume that f is bounded on R, f 1s discontinuous

only on a finite number of smooth curves, and the iterated integrals exist.
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Example 75. Compute // ze dA, where R is the rectangle [—1, 1] x [0, 4].
R

i Vs (! que({yaw)c HARD
-\ e/
U Ve e b

Feqon 0 = Yy 2 J
@VU""Q % z C 2 j

Question: What if the region R we wish to integrate over is not a rectangle?

R

Answer: Repeat same procedure - it will work if the boundary of R is smooth and

f is continuous. \

) Cd) . -—\;\ Sw \i
YevX \Ca\\y smp e ‘-—\\ofz"'\ L/’\&:aL

s g0V / =
///‘—\\~ X—')\‘(\?)i{ \\ X = \r\,L(\f>
> L R J/— =5 \ !
( \ /
X=A \ z N



Day 13 Double Integrals, Iterated Integrals, Change of Order Page 73

Example 76. Compute the volume of the solid whose base is the triangle with

vertices (0,0), (0,1),(1,0) in the zy-plane and whose top is z =2 — z — y.

\§e tically simple: Sg - 7 9A

I y=\"x R ol Y=
o 0 :S 1’2'*“) °0? K
R \ 7(=\ y—D §=0 y=tx ﬂ
T ¥ _ g (2-x 9~ L \% X
NG N - 0 " dx

S‘ 2 ’2&*\"‘\( &(
v

3% X ”ﬁ‘g‘(\o z_g

(7:, S(-\ \/

y—lHom ontally simple: S 2 \( IQS<&/
= - = 7
= VE D,

S
i

¥
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Daily Announcements & Reminders:

> Fluu 15 (xuekm‘\jl«t
°(>ut‘\k é On \q%l\gl/|§z /)(_O"V‘OVVDV\;

g 151- 15
v Bogm 2 on 3% neh weder g 151-1

b DD \Nuvw\v\pa

Goals for Today: Sections 15.2, 15.3

e Be able to set up & evaluate a double integral over a general region
e Change the order of integration for general regions
e Compute areas of general regions in the plane

e Compute the average value of a function of two variables
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Example 77. Write the two iterated integrals for [[, 1 dA for the region R which
is bounded by y = v/z,y =0, and x = 9.

IA _
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Example 78. Set up an iterated integral to evaluate the double integral

[[z62%y dA, where R is the region bounded by x = 0,2 =1,y = 2, and y = x.

I A
N
2 _ Yy
B - r) ‘j a
= X
T v/
. p N \)—,\
l
/— N
*=0

» TH R =RVE,
L

4

E‘m\cr 0v3w »«7 &x:
2.
ey

HS 7

* ) 7
© T b B dy

Sg a3k = SS Lla 1A ¥
@ R

e

VL

J

Qy 9><

Split ap vegion,

Sg ) JA
Re

\ ‘ Ve,
SZ\SOGKLJ,&Y% Y SO SOCxV gx)j


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann



Day 14 Double Integrals on General Regions, Area, Average Value Page 76

Example 79. Sketch the region of integration for the integral

1 4
/ f(x,y) dy dx.
0 4x

Then write an equivalent iterated integral in the order dz dy.
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Area & Average Value

Two other applications of double integrals are computing the area of a region in the

plane and finding the average value of a function over some domain.

-\

Area: If R is a region bounded by smooth curves, then @
Area(R) = SS A >
kRN 1///
/M A= SL(ﬂ : \J()L\)\W\QJL

O~ SO\ & (,\/ \\Ab[w

ol heighk | | wit kne R

Example 80. Find the area of the region R bounded by y = \/z,y =0, and 2 = 9.

et ’;SS oA = %0 g\? >j &% - g: j\tj s

\‘-\
Wy\&\;j = - @
_ %‘L'q: %(2:"’&

L
LA
5
= 1%
Average Value: The average value of f(x,y) on a region R contained in R? is
SSQQ (’(-\LND
o \ Ok

\9}

avg —
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Example 81. Find the average temperature on the region R in the previous example

if the temperature at each point is given by T'(z,y) = 4ay>. °C

AY‘(AL@:
e S0 T ok
\0\\/3: _%/’—""
S /—}mﬁ’a(.@)
- LG g by
pul % )b Yo
S U G TV X dx
=~ S@ =7 Xo
0 [t -4
_ \X S e
3 N5 | .
R U L
= W4 3 ,*\I\ Io
~ Wy _ **3\{_
~=za 3
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Daily Announcements & Reminders:

o HW 152 due dovidd
' YT\(WV\ 0 nect Th, y Lamvors cwwoum(emeu'\‘ %oul\a\ib

Goals for Today: Sections 15.4, 15.5

e Introduce the polar coordinate system
e Convert double integrals to iterated polar integrals
e Compute iterated polar integrals

e Define triple integrals and compute basic triple integrals
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Polar Coordinates:

Y 2 Cartesian coordinates: Give the distances in
(= L\L( \1) > >
! and J directions from 050
Polar coordinates:
‘f
y e r = distance from [0‘6) to Ky «‘D
AN
,B o d e 0 = angle between the ray “OFf  and the
N4 ' xl positive _XTrXS (m tesaved (O B y—wxfs)

We can use trigonometry to go back and forth.

~ (v ) = L)

Polar to Cartesian:

x = rcos(f) y = rsin(f)

CL‘D - Wu“‘i;\c ‘7055‘\\1(\\)'1‘3_) ‘(:i(' (:V(B)

r? = 2%+ tan(0) = y » not uvx‘u{/ue
x

Cartesian to Polar:

(e, D0 Whee 15 (\PI 9,41117
] \

— (/\/‘,l 9 '¥ 11\-)

X B
’6/ . :<#r}61‘\"%
(-

—7¥

s ]

g > r )0 B i~ ;/x\TVM\ - lenghh b
9—(’. CD 1Z’ZD

— \
\ ~UAWN \AQWCSS ’
| 5 Ry moasuny; “7


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann



Day 15

Polar Coordinates & Integrals, Triple Integrals

Page 81

Exa

Zx T

7.
XH—‘-Y'L

mple 82. a)Find a set of polar coordinates for the point (z,y) = (1,1).
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b)Graph the set of points (z,y) that satisfy the equation » = 2 and the set of points
that satisfy the equation §# = 7/4 in the zy-plane.
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¢) Write the function f(x,y) = v/22 + ¢2 in polar coordinates.
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2sin(0).

d) [Itempool] Write a Cartesian equation describing the points that satisfy r =
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15.4: Double Integrals in Polar Coordinates

Goal: Given aregion R in the zy-plane described in polar coordinates and a function
f(r,0) on R, compute [, f(r,0) dA.

Example 83. Compute the area of the disk of radius 5 centered at (0,0).
A

Awaigg \}\A A:’(‘[r’L

R ~ 25q
5000
o o RFB\ pd\w (oov95

0
o % A
| e
04> = o b an Beed
D 4O ¢ A 1
»\ \\ 9‘ \O = S@'\o | 1S » Q‘Q
PRy ~10a A"“:Sb Sa w
- riﬂ f\z\’llj 46

—

e

Remember: In polar coordinates, the area form dA =Y &f &6
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Day 15

Example 84. Compute [, e~ %) dA on the washer-shaped region 1 < 2% +y? <
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Example 85. Compute the area of the smaller region bounded by the circle 2% +
(y — 1)> = 1 and the line y = x.
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Example 86 (Itempool). Write an integral for the volume under z = z on the

region between the cardioid r = 1 + cos(f) and the circle r = 1, where z > 0.

|
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https://itempool.com/hlehmann3/live/
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Daily Announcements & Reminders:

o HW \‘;3 D\ue,‘\bm((al'\\‘/ 15.4 (&qu}\

’ E}Co\w\ Tn [\aSST)/\wsAag/ See (W\vas ﬂWAOQWQMM??

o0 D(:q[\le Mowﬁ 12230 —1230 " T\/,

Goals for Today: Sections 15.5, 15.6

e Learn how to write triple integrals as iterated integrals.
e Compute triple iterated integrals
e Change the order of integration in a triple iterated integral.

e Apply our work to find the mass and center of mass of objects in R? and R?
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15.5 Triple Integrals

Idea: Suppose D is a solid region in R3. If f(x,y, z) is a function on D, e.g. mass
density, electric charge density, temperature, etc., we can approximate the total

value of f on D with a Riemann sum.

> @k yes 2) AV:,

k=1

by breaking D into small rectangular prisms AVj. Taking the limit gives a

hep\e \J\\ec)m\ | ///D Foe2) v
_ W Had W

Important special case: ‘f_m,% ml) = 0

Valuwe \)
///W: volawe 0 1) !

Again, we have Fubini’s theorem to evaluate these triple integrals as iterated inte-

grals.

Computationally, this is straightforward.

1 2 /3
Example 87. Compute / / / dz dy dx and interpret your answer.
o Jo Jo |

Voluw e OL g; Y 2:\?73 B\/ DX’; S: g: 357 (BX

é&ég 0 D)

0 _ 3‘ L dx
DS\,& - D
A - G
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v DW\AV‘\}{Mu)S 1) &&%uﬂg

1 p2-a p2-a—y & hwv\mqmas cumwh .
Example 88. 1. Mechanics: Compute / / / dz dy dx. havelwer \/avmzé
0 Jo 0

1T NM‘&\NW& tun Wawe 014\7
ouber vavi uile,

= 5o 2y b

O

\ 2 \1~x
- Sb @~y “’/‘7—9—_ \o 9x

—_ (2" — C/LL‘&, - D40 &x
/-36 - " 2.‘- \ 7:\\':'\[1—837—
N e e UR I

—

2. Interpretation: What S}tl);;)_el igfchis the volume of?
DS% L2-%"Y = 2 =27¥%"Y
p Sys 2 ' xbytz>2
b Lx &\ \
J
J ™~ vy y=)-x-2

3. Rearrange: Write an equivalent iterated in‘%@gral in the order dy dz dzx.

A\ }72—")( =) y-%
\ ™, 4 &
1=0 23>0 Y=0
'_Fo\/ ‘\/\\r\ v Louw&S | a e\~ AVVIWE |
Ty g deeldh shadow

0 - f)—ﬁ\l"% \_3 %-“_/2")

i



Day 16 Triple Integrals & More Applications Page 88

We will think about converting triple integrals to iterated integrals in terms of the

9\\ﬁ 93\‘) of D on one of the coordinate planes.

Case 1: z-simple) region. If R is the shadow of D on the zy-plane and D is bounded
above and below by the surfaces z = h(z,y) and z = g(x,y), then

///D J(@.y,z) dV = //R (/g:;y)f(x,y,z) dz) dy dx

§o by

Case 2: y-simple) region. If R is the shadow of D on the zz-plane and D is bounded
right and left by the surfaces y = h(x, 2) and y = g(z, 2), then

| ///Df(a:,y,z) de//R</g::Z)f($,y,Z) dy) Ciidzgz

= (y\t‘)
s 3

Case 3: x-simple) region. If R is the shadow of D on the yz-plane and D is bounded
front and back by the surfaces x = h(y, z) and = = g(y, z), then

///D flx,y,2) dV = //R (/g:ij)f(x,y,z) da;) dz dy

by 8y

D R

-5(11%7
F Wy )
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Example 89. Write an integral for the volume of the solid in theg first octant‘s

bounded by z = 3 — 22 — ¢? and z = 2y treating the solid as a) z-simple and

b) x-simple. Is the solid also y-simple? R aiti \e ang at (’“m'”b(vtrvb
G NSGH Y
o) 2 Semp't: % S S Lz d = &j
[9) o 2.3
T parsw s o plang
o S\(_c\(,\/\ Q\\a&A\u \\A XY’Y(WAC X 2D
20
220

y=) &:%{)" Y= ) -2
\) X'v\mv‘t’a‘ g % S \ &x »?; &7
\7:‘0 L"‘/?‘y XZ0 . .
g:%—-xL—\{q— = guebr x0 X :%‘Y G
%/1\
-\\ 7) & /Zy 0= m
2 ( 4 2'-/3'\}1
v/ T
‘. / ¢ Hy-3=0


https://tinyurl.com/math2551-3int-order-ex
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Example [89] (cont.)
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¥

| Douglas Withers)

Rules for Triple Integrals for the Sketching Impaired (credit to Wm.

\

Rule 1: Choose a variable appearing exactly twice for the next integral. 1

Rule 2: After setting up an integral, cross out any constraints involving
the variable just used.

Rule 3: Create a new constraint by setting the lower limit of the preceding
integral less than the upper limit.

éy\’;@/
Rule 4: A square variable counts twice.

Rule 5: The region of integration of the next step must lie within the
domain of any function used in previous limits.

Rule 6: If you do not know which is the upper limit and which is the lower,
take a guess - but be prepared to backtrack.
o

Rule 7: When forced to use a variable appearing more than twice, choose
the most restrictive pair of constraints.

Rule 8: When unable to determine the most restrictive pair of constraints,
set up the integral using each possible most restrictive pair and
add the results.

Example 90. Set up an integral for the volume of the region D defined by
S‘_“‘o.' 5‘/\0\&\& \oc -.,L X C\er’(ul/( 1’*’”‘(6
z+y’ <8, y+2°<az y>0 y aprees ¥ ria

X-‘ %m%'ﬁ-‘l » ), » 2 appras b
A e
B Ale idegale ¥ Dokt X £ B
oF 22" Cx
V\*\L . twe cd\;\r WK_M consi/wﬂs . \,7/0
Q\&\L% ) yy\(k\oe o wew COVLS)W‘)"}‘ 9*221 é: %—7’)_

\/=
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Yy agpeen he

2
O\)l—e\r \4 \;wgfg', ZD YZ+ 2—% _C/X
b 7200 2 appeas TR

?7&7 TA)){\ P (,\J\ODDQ z. 2,22é 3’_7_\11

\ )
27 ey

. 1
“\Kﬁ“ %,70 >4 A_Z = mL
\ L

\
Example 91. Set up a triple iterated integral for the triple integral of f(x,y,z2) =

g Hy-320

23y over the region D bounded by

4yt =1, fZG,/ x+y}z=/2.

\’Zw\e (‘I X c(‘)\'x—clws 3 u'wcs/ Y Apfpeavt 3 'HAMS/ =2 appeavs ‘)'vw‘(‘g_

—

\/Zu\d " S\‘av‘f \u\'lr"‘ z lgivx(e i*ow—mvs }w((t’,
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7 -0 =1 -Y— ll
We & N
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. \ 2 2 - -
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e Be able to convert between Cartesian, cylindrical, and spherical coordinate

systems in R3
e Compute triple integrals expressed in cylindrical coordinates

e Compute triple integrals expressed in spherical coordinates

Cylindrical Coordinate System For uniqueness:
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Cartesian to Cylindrical: ~Z
(\x,u( z) > (“31, Gz D
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r? = a? 4+ ¢, tan(@)zy, z=12z
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Example 92. In zyz-space sketch the cylindrical box & P’W“\GIO\’S X/
(Ounes y
B={(T,9,Z)\L§T§_’,7T’£§9§_7r//§, Opgzgf_}. f\«tvcs

z ol ho

. \\w\}\“f‘
W A\ e v 7 "
\WAL

‘w\\ f\a\/‘e/

Triple Integrals in Cylindrical Coordinates

T v A= B
We have dV = rat&f&e (J

Example 93. Set up a iterated integral in cylindrical coordinates for the volume of

the region D lying below z = x + 2, above the xy-plane, and between the cylinders
2z =0
2>+t =1 andﬁy 4.
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Example 94 (Itempool). Suppose the density of the cone defined by r = 1 — 2z with
z > 0 is given bet up an iterated integral in cylindrical coordinates

that gives the mass of the cone. MLSS = \%Dg Q Qkﬁi“j) AV

v
Prz.p Az- \D\f A{'}

O-/

S[-bbﬁ Ar AZ—J@

Spherical Coordinate System

z
A ¢ ;{}>
Lol )~ For uniqueness:
67/() } (e@f,otﬁ] [ ‘Bé[ﬁ)l Zz]
¢
Example 95. a)Find spherical coordi-
Y nates for the point with Cartesian co-
0 ordinates (—2,2,v/8).
b= R
T v @:mz%@éﬁl = VI =4
Spherical to Cartesian: P b b= Z - &=y
-7
x = psin(p) cos() Lan @ = _\T’/ch @ =Y
y = psin(p) sin(0) ve
2= peos(p) b)Find Cartesian coordinates for the
. N point  with  spherical coordinates
Cartesian to Spherical: (2,7/2,7/3).
pP =2t +yt+ 27 f
tan(6) = 2 X=26m 5 o g2
L _ Z vl U _ \)__3
/x2+y2 \—’_ L AT N

tan(p) = ~———— >=2 @8 = p


https://itempool.com/hlehmann3/live/
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Example 96. In xyz-space sketch the spherical bo

B={(pp) [1<p<2, 0<p<7/4, 7/6 <6 <7/3}.
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Triple Integrals in Spherical Coordinates
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Example 97. Write an iterated integral for the volume of the “ice cream cone” D
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https://tinyurl.com/math2551-spherical-box
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Example 98 (Itempool). Write an iterated integral for the volume of the region

that lies inside the sphere 22 4 y? + 22 = 2 and outside the cylinder 22 + y* = 1.
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https://itempool.com/hlehmann3/live/
Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann



Day 18 Change of Variables in Multiple Integrals Page 99

Daily Announcements & Reminders:

s Hw 157 due Eonidi
0 t—\ww\’l re\(a)(& LR (Dm'le"olc

T e alls will beis Pluzza b vk oF semesber

¢ EV\ j\)_\} LWC&\L)

Goals for Today: Section 15.8

e Change variables in multiple integrals

e Identify choices for changing variables in a given integration problem

\We wse Yo subehituhon:

‘(\(L U‘(\/s ~ 7\49
= >
® 7 -
V2
\ . \ -
Fx;) ::i\:/% ‘M\f\JwA\N«/‘I = = siadr /i/gu-&r o)
: \ a1 B enyies
36—3— 12_ }X —_ \)/ (o’;b’(&'e
1 - ‘1
o Vi @ L


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann



Day 18 Change of Variables in Multiple Integrals Page 100

Theorem 99 (Substitution Theorem). Suppos@is a one-to-one, differen-

tiable transformation that maps the region G in the uv-plane to the region R in the

- Y
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Example 101. a) (Piazza poll) Find the Jacobian of the transformation

r=u+(1/2)v, y=w.

Laar ([T 0= 1ot

b) (Piazza poll) Which transformation(s) seem suitable for the integral
\QMM v Yads

)u=zv=y - Yoes wéﬂxiwj
i) u = \/m,v = arctan(y/x) & po\uv’ MH"

iii)u = 2z —y, v = y°

vu=y,v=2x—y \
/&T\W Sume

Viu=2r—y,v=1y

d el

)
(176 WV

S\vuw3'7 (1w~

vi)u = ey’ gy = ¢

¢) Change variables in the integral above to one which is easier to compute using

your work in a) and b).
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Theorem 102 (Derivative of Inverse Coordinate Transformation). If T'(u,v) is a
one-to-one differentiable transformation that maps a region G in the uv-plane to a

region R in the xy-plane, then we have
O - ( N
; (/ \10 [\)\)\ - \‘a Lk{")

AT ) = 13 DT 1, )
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Example 103. Let’s evaluate / / —y) where R is the region in the zy-plane

bounded by y = x,y = 3x,y = 1 —x, and y = 2 — x. Consider the coordinate

transformation u = = + y,v = y/x.

2
‘ - X 1
(\—"’):a« \\*L 7] T‘Ebl‘\n: [_ 7
S
1. Find the rectangle GG in the uv plane that is mapped to R
Yo L)._/,\i: [ V> |

Y>3 gl =5 V=3

Yz i-y why = =)

2. Evaluate f(T(u,v))|det(DT(u,v))| in terms of v and v without directly
lving for T using the th b
solving for T using the theorem above £(Y oe Y ey ( \d—uﬂ

“v(u\vﬂ
(\)\)e,\mow \)e ~_ _;\\
\
>

- xp%
e \Qﬁ\ = y(’()“h }7; - i @
*© *” Cx¥y)

X
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3. Use the Substitution Theorem to compute the integral.

7&4 ) = " lu& )
S(%L —:\? >y)>‘ 3 \ g\ \/I\L \/
Mo £ quﬁ\&@i’ (ot (qt\,ﬂ\ =

= \ \Ol. owg ?
\U\Ay Y h=ede )OO mpav o o) s

o= | o] Tt €=
= - e -V S O P 5\‘,‘\ e M“i’
VT el 2 A e
(os €
Voh (TFle)) = resedvte €
>V

Jok(0Tlo, 0 ) = s €
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Daily Announcements & Reminders:

' H\U 6.8 A\AL %bw;a\kh
s Rz @ tomovow on BHNY.Y

’ E‘\(uw\ 2 meam»n byw\ Mu)(:\ T\\MVS)y WOM‘W\_%

® 9» WO\V‘W\q)o pol\ oM ?;0‘&2(?

Goals for Today: Section 16.1, 16.2

e Define a line integral for a scalar function f(z,y) or f(x,y, 2)

e Compute line integrals using parameterizations

Unit 4: Vector Calculus

OH, YEAH. IT'S ALL COMING TOGETHER

Goals:

o Extend _'© [20 integrals to 10 (29 objects living in higher-

dimensional space

e Extend the ‘Pu"“s‘*m@ﬂ"\a\ '\'I'Covclm oﬁ (q,\m,lua

in new ways

We will use tools from everything we have covered so far to do this: parameteriza-

tions, derivatives and gradients, and multiple integrals.
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Example 104. Suppose we build a wall whose base is the straight line from (0, 0)
to (1,1) in the xy-plane and whose height at each point is given by h(z,y) = 2z £y
meters. What is the area of this wall?
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Nz )
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Definition 105. The line integral of a scalar function f(x,y) over a curve C in
R? is "
\ow D Nk Oy
Cf(ﬂf;y): NN \é Xz(*\b‘q\ m\b
= Sy Pl
D = \? o) 3 neve, T Vﬂmme}muﬁ C with a Skt

What things can we compute with this?
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o If f =0 is a density function:
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Strategy for computing line integrals:

& 1. Parameterize the curve C with some r(¢) for a <t <b
2. Compute ds = |r'(t)] 4}
3. Substitute: [ f(x,y,2) ds = f; f(x())|r'(t)| dt

4. Integrate

Example 106. (Piazza poll) Compute [, 2z + y* ds along the curve C' given by
(k) ?l\a 1 | 7
r(t) = 10ti + 10#j for 0 <t < 1. a2 2x ¥y
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Example 107. Compute [, 2z + y? ds along the curve C pictured below.
c
7 n
§, 2k b gc\ Ly b 9 2oy ds
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Example 108. (Piazza Poll) Let C' be a curve parameterized by r(t) from a <t <b.

Select all of the true statements below.

a)r(t +4) for a <t < b is also a parameterization
of C' with the same orientation

e

b)r(2t) for a/2 <t < b/2 is also a parameteriza-
tion of C with the same orientation

—

\we

c)r(—t) for a <t < b is also a parameterization of
C with the opposite orientation

FQ\ sL

d)r(—t) for —b < t < —a is also a parameteriza-
tion of C' with the opposite orientation

JYWL

e)r(b—t) for 0 <t < b—ais also a parameteriza-
tion of C with the opposite orientation

Tm&

m 1, LW \/\dv 2 fq.ba.uclv.é

D \lnq“\\wgc?m*\

Z\ C““ €S /e,]fynos

L 4
¥
=)
‘E‘)(J@: la (o>[H’ Ls@.(ﬂ‘)

ALbsp

7) seqneds =, ¥=90y)
1
AJQ,‘ £
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Example 109. Find a parameterization of the curve C' that consists of the portion

of the Curvem (1,2) to (0,1) and use it to write the integral [, 2°+y* ds

as an integral with respect to your parameter.
> 2
Vs Bl of sheddin T1= 45 R b
-
&)(7 W)\\ ub/‘c

¢0
DS R FLLIZ Lk, D for Slek
4z )C:L\'\ — (/k\l H

0Lké)
-1 kS0

Z-B \f‘(.\"\\: \4_\{ 2&)) = 1%
O z 2
%) S Ty , - 3 @”c\z AL }\W‘ w4
¢ =

A0 and

OR lw ﬂgc kb= g-c,c—hs'
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Daily Announcements & Reminders:

o HW 161 Jue Tonight
o HW 162 )VC V\C,)(jc TuesJuy

 Toke abwdage o wedly TS ) g e
(L 5-¢ b e ;S /ﬂ-vom ) a’y “E
1~ pv Tues ays 6P Wedves ’7
Goals for Today: Section 16.2
e Define and explore vector fields
e Define tangential and normal line integrals for vector fields

e Apply vector line integrals to problems involving work, flow, and flux

e Compute vector line integrals using parameterizations

Vector Fields:

Definition 110. A vector field is a function F : R"” — R" which associates a vector

N BN
to every point in its domain. ﬁ (x\f 2) - P&lgl’g\"l) r O (\4‘1,2) 5 t Q[x;yj ?) Je
‘T
Examples: . A
. \[@,\oc‘b\*] Cield € ﬁg‘“’“’j {:\“‘» Graphically:  For each point
N b o D.E (a,b,c) in the domain of F, draw
S\WQ dd the vector F(a, b, c) with its base

e Qeo\mwagwj‘\“ Gd) Chowe -C[(')&) at (a,b,c).
. TQV\QM'\‘ WA”V‘ ba o W OV S‘Ma&“c Tools: |CalcPlot3d
Field Pl
Se UK = (K, L{{«C%\ teid ey


https://c3d.libretexts.org/CalcPlot3D/index.html
https://anvaka.github.io/fieldplay/?cx=0.001200000000000312&cy=0&w=8.542200000000001&h=8.542200000000001&dt=0.01&fo=0.998&dp=0.009&cm=1
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Idea: In many physical processes, we care about the total sum of the strength of

that part of a field that lies either in the direction of a curve or perpendicular to

that curve.
1. The worle &bv«e, by a field F on an object moving along a curve
C' is given by N (oMpomsr LB Wi ot C
L L) Tt s (BT
A W el M
2B 223 N (b 202 n ¢
\ /c)tzml woldre = R M (> Fzoy T2 1Y
V7 v v \9% ¢ o \ — k @
. ~ — 2= ‘_“[ &
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Example 111. Work Done by a Field. Suppose we have a force field F{x,y) =
@ . Find the work done by F on a moving object from (0,1) to (1,0) in a

straight line, where z,y are measured in meters. L= L0 = L1,-0
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1. The How along a curve C' of a velocity field F for a fluid
in motion is given by S T
E’_——p
When C is _cloxt & , this is called Cur i odion . C is called
siwple if it does not intersect 1tself
= At
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S
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Example 112. Flow of a Velocity Field. Find the circulation of the velocity

field F(x,y) = (—y, z) cm/s around the unit circle, parameterized counterclockwise.
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Example 113. (Piazza Poll) What is the circulation of F(z,y) = (z,y) around the

unit circle, parameterized counterclockwise? ovhigoua)
N\
2 .
LT bem 07 Conth, st - Cul¥, o0 46
& o

24

= S > o At

=0

Strategy for computing tangential component line integrals
e.g. workiflow, circulation integrals

1. Find a parameterization r(t), a <t < b for the curve C.
2. Compute 1'(1).

3. Substitute: [F-Tds= [ F-dr= fabF(r(t)) v (t) dt
’_\__/‘

4. Integrate
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Idea: Q\u»% across a plane curve of a 2D-vector field measures the flow of

the field across that curve (instead of along it).

A A
We compute this with the integral
/ F -n ds.
C

1 wit "o |

The sign of the flux integral tells us whether the net flow of the field across the curve

>
is in the direction of " or in the opposite direction. s
(&3 A
c
We can choose n to be either of L o | _ \3 T(7p) 'Z‘/lﬂf"l“hl 2
R T D R e b
— Y oiral YR 1> | )
171 (1)) GG — V' EGEWgy'0, DR

(2 1) ylo) prreriz, C)

Example 114. Flux of a Velocity Field. Compute the flux of the velocity field

2 2
v = (3+2y —y*/3,0) cm/s across the quarter of the ellipse % + g_G = 1 in the first
quadrant.

\wQaraw\rw\‘w? - Q= 4%(05l91 Ss&”:p/ Dﬁtﬁ T

N

) ber et F(AZ {354l b eslkD

> _ [ 9
—> n= LYy,-x ‘
=/ [>cosl’<’/7’ sl

> ‘7;) Su\d‘f i.)o'(,I
T2 . ‘

Pl ), 45 1 ALt a‘—»‘”é“f 3 £ 6 eolB), s8> Ik
_ ";O A= 9 )
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Strategy for computing normal component line integrals
e.g. flux integrals

1. Find a parameterization r(t), a <t < b for the curve C.

2. Compute 2/(t) and ¥/(¢) and determine which normal to work with. l

3. Substitute: [ F-n ds = :l:f; P(r(t)y'(t) — Q(r(t))a'(t) dt (sign based on

choice of normal)

4. Integrate


Hunter Lehmann


Hunter Lehmann



Day 21 Conservative Vector Fields & Fundamental Theorem Page 118

Daily Announcements & Reminders:

o Hw 167L due %‘DV\\\%\Ab/ b)) Due Th.
) QJI\Z‘ C{ ‘\'D\MOV\/‘OW oA H’)‘{/lhl

s Do Wavmup Viarza ‘00”

Goals for Today: Section 16.3

e Define conservative vector fields and recognize examples from physics
e Learn how to check if a field is conservative
e Compute potential functions

e Apply the Fundamental Theorem of Line Integrals to compute line integrals

of conservative vector fields

Definition 115. A vector field F is path independent on an open region D if

T T > thes
Sa ‘)‘5 > & 2 for all paths C' in the region that have the same

endpoints. 2 > > > s
- D, S \"‘% })5 = S \=T 37 = S Pt (&5
¢y 4

A Ly
SN .
l % 9 6!/!&\/{1'0\,'1\\01/\0\‘ -ﬁ?e\(gs ave (Jq)’L\ \«J)‘
\ .e\ -~ . Q\QC\‘rbs‘}a¥\\L ~C\(\9> ame. WS

R 0 3{7’.\4\()) bowes  at AN


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann



Day 21 Conservative Vector Fields & Fundamental Theorem Page 119

When F is path independent, we can use the simplest path from point A to point

B to compute a line integral, and will often denote the line integral with points as

(37131) (C,d)
/ F-T ds or / F - dr.
(0,1,2) (a,b)

Example 116. If (' is any closed path and F is path independent on a region

bounds, e.g.

containing C', then

- ~
-~ ~

foe drel
C

< -

Question: Given F, how do we tell if it is path independent on a particular region?

7
For example, is F(z,y) = (z,y) a path independent vector field on its domain?

\)\) ¢ hbw‘J‘” \CMO\A:’),

Example 117. (Piazza Poll) Last time, we saw that if C' is the unit circle about

the origin, oriented counterclockwise, then fc(—y, x) - dr = 2. From this, we can

TR NV G R s
B SCJP-? Y =22 #0

conclude:


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann



Day 21 Conservative Vector Fields & Fundamental Theorem Page 120
]—:)(*'Y’): <CX/{~1>
A different idea: Suppose F is a gradient vector field, i.e. F = Vf for some

function of multiple variables f. f is called a ?"\“""‘\“’\ for F. In
this case we also say that F is conservative.
e.q Ts F2lxy) (onerwhie’

]

_ .Y N - ‘5
e 'g L. \\Fg = e <‘(’< ! (‘1\ <Yl7l ‘
\ A p AX . L;’ X ﬁl; xuy.q)

fiox — ’(::Sﬁ\c&?‘ =§x Zz_ A
} %, ;z \j:£7’ :%j; (éT ((‘/7)

57 b= C) = lﬂH-C

Theorem 118 (Fundamental Theorem of Line Integrals). If C' is a smooth curve

from the point A to the point B in the domain of a function f with continuous

gradient on C, then _ b
BT 7 £0ad~

ST /Cvf-Tdszf(B)—f(A) = £0) LD
\ |

/\ 7
—_ —

BB‘W}‘\J\

Example 119. Compute [,(z,y) - dr for the curve C' shown below from (—1,1) to

(3,2). T M} = Ly P
( 2, TTell (5.2)
| ,.f!». ‘ \1 > ,\_ XL 5(} z
e Sb(v- A

= —\-L(@Jr"ﬂ ~ (luﬂ

(VY

—
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It follows that every conservative field is path independent.

In fact, by carefully constructing a potential function, we can show the converse is
also true: vty pu.u’\ Iv\)QpeMSM‘]‘ 1(( 6\) > 101\<,¢M,]-.'v€,
; ] ¢

This leads to a better way to test for path-independence and a way to apply the
FToLl.

Curl Test for Conservative Fields: Let F = Pi+Qj+ Rk be a vector field defined
on amply-conne@ If cwrlF = (R, — Q.,P. — R,, Q. — P,) =(0,0,0),

then F is conservative. — =
B ;qg- ‘—:Z‘[\(l‘{:\/ /‘(:2,3

/
=
- :49, Q, O} =
o If Fis a 2-d vector field, curl F = < O( o, Qx’PY)

e This is also called the mixed-partials test, because
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Lep b ¥Ry
Example 120. Evaluate fc(10x4 — 2xy3) dx — 32%*y* dy where C is the part of the

curve ° — 5z%y* — 72? = 0 from (3, —2) to (3,2).
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Daily Announcements & Reminders:
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Goals for Today: Section 16.4

e Define the divergence and curl of a vector field
e Interpret divergence and curl geometrically

e Apply Green’s Theorem to compute line integrals over the boundary of a

simply-connected region
Useful notation: V = <(%;’ gy’ %>

So if f(z,y, z) is a function of three variables, Vf = <£(f)7 g(f)’ g(f)>

If F(z,y,2) = P(z,y,2)i+ Q(z,y,2)j + R(z,y, 2)k is a vector field:

o L@ L@l e
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How do we measure the change of a vector field?

1. Curl (in R?)
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Example 121. Let F(z,y) = (x,y). Based on the visualization of this vector field
Statuv

below, what can we say about the sign (+,-,0) of the divergence and curl of this

vector field? Verify by computing the divergence and curl.
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Example 122. (Piazza Poll) Let F(z,y) = (—y,z). Based on the visualization of
this vector field below, what can we say about the sign (+,-,0) of the divergence and

curl of this vector field? Verify by computing the divergence and curl.
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Question: How is this useful?

ro,lfgoi- c]’\b'bvj-z. b‘t u.vc(}ol/‘

gion to the behavior of the vector field on the boundary of the region.

Answer: We can relate inside a re-

Theorem 123 (Green’s Theorem). Suppose C' is a piecewise smooth, simple, closed

curve enclosing on its left a region R in the plane. If F = (P,Q) has continuous

partial deriwatives around R, then

a) Circulation form:

(JV\F
/F-Tds:/Pd:c-l—Qdy://(VxF)-de://Qx—PydA
c c R R
b) Fluzx form: .
N E

/CF~nds:/Cde—Qd:p://R(V-F) dA://RPx+deA

3 Tolw\ Clv At m O(:\\g qmw‘& {_-l,ﬂ_ LO“\‘&”iy s V"g“dﬂ
’ 3 ne M\e ~'“\"9“"\ O‘F Y \0(«\ c(«(u\ajn‘.)n 1IN L\m)wfaw

(& o‘g“ “
\)\F o'\'w\ QU% ()F B owms \‘Le_ \'Douu&afy veytay
s Yee M\e }A\-e?bvb\ O‘F J’\'lf \om\ G\\V( N —]-L\ L\‘A)erb/’
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Example 124. Evaluate the line integral fCF - T ds for the vector field F =

(—y?, zy) where C is the boundary of the square bounded by z = 0,z = 1,y = 0,

a,nd Yy = 1. bnev\\-{(l ((\U | |
D =t A (Q.\ (V0 ﬂ;‘l\)\’) V\f€)3 ﬁnwe,lqnz,,;\\ g

1
A— ()\A.)-(V\IMJ“L"‘C
T o Tlobh: wore 0,0, 0,0 <90, D = &K'?7
A R C’»-fem )Tl“"« B
—_ _,vT& SSQur\F)kgA‘
PR
_ SS 5y A

/’ )

/
N

O e R
%T:r&s \ 3
C

~C

Example 125. Compute the flux out of the region R which is the portion of the

annulus between the circles of radius 1 and 3 in the first gctant for the vector field
F = (323, 14°). Aosd ot

= Yoy
b= §EeR ok \S vE WA ¥ Q* 5\4%31
> (o B 2 9 ?_[«\7’
h // ‘2\ YRV = 5U30)
> T
’ (8 2. %3 o
~ 'S r)lk@d
= S() S\
\4l3"9
— *.1‘{“ z
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Example 126. Let R be the region bounded by the curve r(t) = (sin(2t), sin(t)) for

ind the area of R, using Green’s Theorem applied to the vector field
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Note: This is the idea behind the operation of the measuring instrument known as

a planimeter.


https://en.wikipedia.org/wiki/Planimeter
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Daily Announcements & Reminders:
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Goals for Today: N«C(Q Sections 16.5/16.6

e = L
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e Describe surfaces in R? parametrically
e Define and compute surface integrals
e Use surface integrals to compute meaningful quantities: surface areas, masses,

7
flux, etc. Now - (U(:) /\%E
9 , j
5
7 X

- TN

Different ways to think about curves and surfaces:

gsﬂ\'ﬂ‘\“\‘)k
Curves Surfaces
Explicit: y = f(z) z= f(z,y)
{ )~

9 < \j”&—\} 72z L’l—q\(t——Tc\, :
Implicit: F(z,y) = F(z,y,z) =0

1 2 2

hy= X ¥ =

Parametric Form: r(t) = (z(1), y(t» T (u,v) = (X(‘{o)) / \7(\)\(@ [T VD
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Example 127. Give parameteric representations for the surfaces below. '

a) T = y2 + %22 -2 . 9/“"9 e ?aru\')olo:o
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b)Th'JS portion of the surface x = y? + $2* — 2 which lies behind the yz-plane.
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What can we do with this? ‘_(U\[\’\ > Apa ramebi 26dis o S
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Example 129. Suppose the density of a thin plate S in the shape of the portion of
the plane x + y + z = 1 in the first octant is d(x,y, z) = 6xy. Find the mass of the
L -
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Daily Announcements & Reminders:
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Goals for Today: Section 16.6/16.7

e Compute flux surface integrals
e Interpret the physical significance of flux surface integrals

e Introduce and apply Stokes’ Theorem for surface integrals

Goal: If F is a vector field in R?, find the total flux of F through a surface S.

Note: If the flux is positive, that means the net movement of the field through S is
in the direction of M2 Air) vedor B §

If r(u,v) is a smooth parameterization of S with domain R, we have
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flux of F through S = //9({_3_)) do = //RF(I'(U, v)) - (ry X r,) dA.
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Example 130. Find the flux of F = (x,y,2) through the upper hemisphere of

2?4+ y? + 2% = 4, oriented away from the origin.
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Example 131. (Piazza Poll) Suppose S is a smooth surface in R? and F is a vector
field in R3. True or False: If ffs F -n do > 0, then the angle between F and n is

acute at all points on S.

Example 132. (Piazza Poll) Based on the plot of the vector field F and the surface
S below, oriented in the positive y-direction, is the flux integral f f ¢ F-n do positive,

negative, or zero?

_____

Recall: If F = Pi+ Qj + Rk is a vector field, we defined its:

1. divergence: V-F = P, +Q, + R,

2. curl: VxF = :<Ry_Qz;Pz_Rxan_Py>

RS

i

9 9
or Oy
P Q
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Example 133. (Piazza Poll) Suppose F = Pi + Qj + Rk is a vector field in R3
with continuous partial derivatives. Compute the divergence of the curl of F, i.e.

V-(VxF).

Theorem 134 (Stokes’ Theorem). Let S be a smooth oriented surface and C' be
its compatibly oriented boundary. Let F be a vector field with continuous partial

derivatives. Then

4 ¢ ¢ //S(VXF)-nda:/CF.TdS_
" -(\\;\y .rQ tu-vl'l o(-r-‘: “'l'\vz)u.?]l\ S‘I = A erd\u";OA O‘Q F’ M‘O\m& \'Le.l?ml«gaq/ J‘FSJ

e If Sisa re%ion R in the xy-plane, then we get:

5 2 \
| (0 ®) e PR Coeh The

D o

s e An oriented surface is one where ‘n‘c WY"%\ \:uxm avt_ oWkl A&
L\d.') no o /lﬂo\o\“b S]'V:P i') V\OV\-O\:;(«A)‘(}U‘
‘Oox.m)“"j

e S and C are oriented compatibly if: |
W «\\c;v\,j 0\\.)\49 Cin s prientahon with P LCQ& n »(,N_(}CM RN

V\e7u\\") \l/\ S )')c(vj bR 70Uv~ le bk

/‘V\
- % ﬁ@”\dﬁ

Q/\?

fa
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Daily Announcements & Reminders:
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Goals for Today: Section 16.7/16.8

e Apply Stokes’ Theorem to flux integral problems.
e Use Stokes’ Theorem to simplify flux integrals

e Introduce and apply the Divergence Theorem to flux integral problems

Theorem 135 (Stokes” Theorem). Let S be a smooth oriented surface and C be

its compatibly oriented boundary. Let F be a vector field with continuous partial

//S(VXF)-nda:/CF-Tds.

derivatives. Then
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Example 136 (DD). Let F = (—y, 4 (2—1)2%*1@), 224+4?). Find [[(VxF)-ndo
over the surface S which is the part of the sphere 22 + 3> + 22 = 2 above z = 1,

oriented away from the origin.
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Question: What can we say if two different surfaces S; and S5 have the same
=

oriented boundary C"7
3\ (g3) 4 = S BT de = \&(m-mr
c
S

’ f\/_)

=1 w2

Example 137. Suppose curl F = (3’ sin(z?), (y —‘}Xeﬂw +2, —Eg‘jgc}. Compute the

net flux of the curl of F over the surface pictured below, which is oriented outward

and whose boundary curve is a unit circle centered on the y-axis in the plane y = 1.

%/\
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Theorem 138 (Divergence Theorem). Let S be a closed surface oriented outward,

D be the volume inside S, and F be a vector field with continuous partial derivatives.

Then
//F nda—// V- -F dV.

“"\'aAqaf'l“ ou.'\(ff' S = Sq’!‘ \Dcd 'ﬁ\u D—C F M)\')C S\Avﬁtc

dav‘ &

'8
4 Q4 = ‘
Example 139. Let F = (y'3%es0(02) ¢ — 22" & — 2) and S be the surface consisting
of the portion of cylinder of radius 1 centered on the z-axis between z = 0 and z = 3,

together with top and bottom disks, oriented outward. Find the flux of F through

S. > N "g R -
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