Day 1 Page 1

MATH 2551 K - Dr. Hunter Lehmann

- Dr. Lehmann, Dr. H, Dr. Hunter, as you prefer

Daily Announcements & Reminders:

o Welcowe'  /Uect Yoy n673V\406

0 Pmc {Le Om% O I 5u§(0 l-e)mowow

o Hw 02123 due pn Th b 158,

o Pf&\&é)‘/\ (()\ML T‘p&o_)“ ‘PQVUW(Q
o <DD jro PLM§

Goals for Today: Sections 12.1, 12.3, 12.4

e Set classroom norms b g\jl\zﬁo b \,\\\ s\v\“ 3\\)1’3

e Describe the big-picture goals of the class

e Review R? and the dot product

e Introduce the cross product and its properties

Class Values/Norms:

e Mistakes are a learning opportunity

Mathematics is collaborative

Make sure everyone is included & Q/fﬁ“‘“‘ HAO Y0 “‘3“y

Criticize ideas, not people

Be respectful of everyone
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Big Idea: Extend differential & integral calculus. r\)il‘:) Ustav A 96} “r
— WY ust 2]
What are some key ideas from these two courses? — fv\pﬁ's [\)u}fﬂ‘x}'ﬁ a>
Vectovs

Differential Calculus = L)’T -5
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Integral Calculus

‘Tv\’}fj\/d\ EY qred wAdey”
A uvg

0 U OlulMe$ 5( NNPACUNY

’ Suwnﬁ /(vaevr)w(@
¢ Iy\l{gr& WV 1'&}'\‘4;'(}16 S

° ‘Pbla\/‘ COOY&
° ?o..ramc,lrrfu eq @ atiows

Before: we studied single-variable functions f : R — R like f(z) = 222 — 6.

&omu\\» :\l/

\[/ COQ.QW\U.KV\

Now: we will study multi-variable functions f : R” — R™: each of these functions
is a rule that assigns one output vector with m entries to each input vector with n

entries. \1
o S Ao by A0 = |

FQ = %
)]

W= £ ), a8
L. ROW®
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Section 12.1: Three-Dimensional Coordinate
Systems

0 R‘\cjlff\ /\/\ am&ac\/ 57» gle_w_\

o x= 0 Wd-glue

=0 (t\j\ ”f\U we

o KON Y= 2=0

Sell\eveS )
s (xo0F) (2d" R =4
5 gt ut ovadins ?,} contered)
g G427 5
(oD e T (%’? ’j@
¢ 6@«3\& ot o s 5 c-ew \1(9 - UJ(( ¢

/' x = constant (x, v, 0)

Question: What shape is the set of solutions (z, y, 2) € R3 to the equation 2%+y? =

17
° Pam\é \ drele @(@\LW& A} OV\‘y\",,,
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Section 12.3/4: Dot & Cross Products

Definition 1. The dot product of two vectors u = (uj,us,...,u,) and v =
(1,09, ..., 0y,) is
u-v=
This product tells us about D"nw(%o“a\‘l‘j
. — >
9 {l_uj s a S('d)(kf 0 \l_'o\? =0 é,’/_j W [
0 rdo}\f& L vv’oﬁ((:‘(()\« e,
orﬁoaom\

In particular, two vectors are orthogonal if and only if their dot product is O :

Example 2. Are u = (1,1) and v = (2, —1) orthogonal?
252 kY = )
%2 ERIRSETNINEDY \
B Y =
D= £AD Fhen Vew = =0

(=0, D
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NE

Goal: Given two vectors, produce a vector orthogonal to both of them in a “nice”

way.
St
L& 3\/3 dud ) gﬁL\Q .

2. gm\w W\()\)‘\‘;P\.\\((/%\\SW (G )= (43 ¥V = O (a?)

M &\l)r{%\/\ LoD CC{@\ W :@Nd’) (S Xw)

Definition 3. The cross product of two vectors u = (uy, us, ug) and v = (vq, vo, v3)
in R3 18 >
D )) = é)‘ O/LD - Q‘
) 2 \(.. S =
L 52O\ T
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Example 4. Find (1,2,0) x (3, —1,0).

AR Rl oy

(6-0)+€ (1-6)

_TC0-D) ~ 3

>
— -~
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Day 2 Lines and Planes

Daily Announcements & Reminders:
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Goals for Today: Sections 12.5
e Apply the cross product to solve problems

o Learn the equations that describe lines and planes in R?

e Solve problems involving the equations of lines and planes

Lines in R?, a new perspective:

_ f‘}i:m’t;&ywvjf%

* QOM‘\’ (Xo,‘f‘;
3_ \,o—_-_ W\CKf‘(\;)

M\i‘. ’ Amﬂ 2 fo{vx{'b ‘\V\ 5{(“@
° goﬁWA": (}(o,“’a :Q ‘ \ ‘
B\O ‘ éelrekune_& \Jun\((/uc,lzm<
e A\\wg)ffsm \Jelby:

D
\J
P+ b =T

.1\1\/\6 .


Hunter Lehmann


Hunter Lehmann
Text Box
itempool.com/hlehmann3/live

Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann



Day 2 Lines and Planes Page 8

Example 5. Find a vector equation for the line that goes through the points P =
(1,0,2) and Q@ = (—2,1,1). —
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Planes in R?

Conceptually: A plane is determined by either three points in R? or by a single
point and a_direction n, called the normal vector.

/\ (‘(O lq OZ':))

@

vy, %)

Algebraically: A plane in R?® has a linear equation (back to Linear Algebra! im-
posing a single restriction on a 3D space leaves a 2D linear space, i.e. a plane)

oxk by Fez=d
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N
Example 6. Find d@sesnormal vector and an equation for the plane that contains
the points P = (1,2, —-1),Q = (1,0,—1), and R = (0, 1,3).
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Example 7. Consider the plane bw that the planes
intersect and find an equation . e-PassINg thepoint P = (—8,0,2)
which is parallel to the line of 1ntersect10n of the planes

D IU\){V‘S CLL?

—2-2

YZ -2 Wz -2
-7 % €49, (6,0,2)

S —


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann



12.6: Quadric Sur'Pu.e'o.

. Po‘m\-s W (P:’ wn e solye, o q,uadm{-t'c. ac{_uation.

r Sgnere: Keyred = ot

5

» Cylinder - *eyt=r -lg2 e

- How Ao wWe Mﬁ\‘lb& M:e",
r Crosh ~sections

ex: z= -y
Cross-section:
. Glice By X=cC
x= C"“l"i (Poraloo\a n  yz-plane)

e\

1. Slice [py y=¢
2= - (Qorabela i re-plond)
e

el

3. Slice b\‘ == C
C= ."--Y" L\-\1()ﬂ'b¢’\°q



T
C >0

K==+ y"
X=C 20 ° cirde (n
y 2 -plane of cadi
ws (¢
y=C: Pua.ha-lk 1)) ‘!;‘L—P(Cd\t.
yac: porolele in yx-plane

/
®e2 e\ eJliph' C w







Day 2

Cross Product, Lines, Planes, Quadrics

Page 12

TABLE 12.1 Graphs of Quadric Surfaces

12.6 Cylinders and Quadric Surfaces 743
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Daily Announcements & Reminders:
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Goals for Today: Sections 13.1-13.2

e Compute limits, derivatives, and tangent lines for vector-valued functions

e Compute integrals of vector-valued functions and solve initial value problems

Calculus of vector-valued functions

Unifying theme: Do what you already know, componentwise.

This works with limits: ¥

Example 12. Compute %im<t2,2,ln(t)>. %&35 2
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And with continuity:

Example 13. Determine where the function r(t) :Q —
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And with derivatives:

Example 14. If r(t) = (2t — 12 + 1,¢ — 1), find r'(¢). = j&—‘b (ffb Hﬂ)
> -z
' “—é%c (26~ 2¥ ) y %%(b’nw
- 4 2 - % ! \7

Interpretation: If r(¢) gives the position of an object at time ¢, then

o 1r'(t) gives ve\s L\¥j
o |r'(t)| gives ke ?ee&
A Coeloroction

o r’(t) gives

Let’s see this graphically


https://tinyurl.com/math2551-vvfnx-vel-accel
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Example 15. Find an equation of the tangent line to r(t) = (2t — 3t + 1,t — 1) at

et = 20 :,ﬁ v (‘\’) 1S SMOO]‘B (?‘J{(D #ﬁ) ’H\e\/\ /M/AVQ“C)MR\AC/

AR
&(07: L #lay + VD‘[a> \

7

¢.9. 6= < g = L}DLD -
' (M= 0,D

5 Q(,:D:Ij L5 D4 <3(PD

/7

5

e [tempool question<trmetremmer et

Example 16. Find parametric equations for the tangent line to the curve /r(t) =

cos(t)i + sin(t)j + tk at the pOints”(lg,Qz 27r)]

o= 2T cria= Z'Siw&ﬂ)fosu—)ﬂx
hle v )= L\[O[LQB Fhd) = Z:DTU -
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Continuing with integrals:

Example 17. Find fol (t, e sec?(t)) dt.

At this point we can solve initial-value problems like those we did in single-variable
calculus:

Example 18. Wallace is testing a rocket to fly to the moon, but he forgot to
include instruments to record his position during the flight. He knows that his
velocity during the flight was given by

400
v(t) = (—200sin(2t), 200 cos(t), 400 — 1——|—t> m/s.

If he also knows that he started at the point r(0) = (0,0, 0), use calculus to recon-
struct his flight path.
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Continuing with integrals:

Example 17. Find fo 2t sec?(t)) dt.
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At this point we can solve initial-value problems like those we did in single-variable
calculus:

Example 18. Wallace is testing a rocket to fly to the moon, but he forgot to
include instruments to record his position during the flight. He knows that his
velocity during the flight was given by

v(t) = (—200sin(2t), 200 cos(t), 400 — % nﬁs

If he also knows that he started at the point g{0)E=X0, ), 0, 0)use calculus to recon-
struct his flight path.

S A
S - 2D = FB=T0n + T
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Daily Announcements & Reminders:

o Hu) 126 @uafom?ﬂkt

o 12 2 %MOWOW o r2-6,[3"]/)?‘2
@"“_ d ot 7\88& o mewmane @ULJV‘!CS (350)

» Do worm -up Yom\olﬂ)v\

Goals for Today: Sections 13.3

e Compute arc lengths of curves using parameterizations
e Introduce the idea of an arc-length parameterization

e Compute arc-length parameterizations of curves
13.3 Arc length of curves

We have discussed motion in space using by equations like r(t) = (z(t),y(t), z(t)).

Our next goal is to be able to measure distance traveled or arc length.

Motivating problem: Suppose the position of a fly at time ¢ is
r(t) = (2cos(t), 2sin(t)),
where 0 <t < 27.

a) Sketch the graph of r(¢). What shape is this?

/1\'\, CC(/’C e £\r0&\\ub Z/
/"C\ ‘ T\‘\ '6) =0
C/'L(:D(d/ (O

=
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b)How far does the fly travel between ¢t = ( and t = z*

X’\ow\b\/xg ;7 BAA( O\fd"\ﬂC GWT:}' >< 17\ Oz\a\’g Qv veWCf)
['\

c) What is the speed |v(t)| of the fly at time 7

\ <-?_ 9&\ (L\, 7/(%[9)[ = Uta B %kt 1)
- U\(gtm B X o3t

1

d)Compute the integral / ' |v(t)| dt. What do you notice?
0
A'\ ATOV\% - evete&‘ tiwme,
T _ L
(2 4k = 2 =

(v el 2 | gfmu]
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Definition 19. We say that the arc length of a smooth curve
r(t) = (x(t),y(t), 2(t)) from £=a to &> that is traced out ex-
actly once is

~

%
O\l b
L= Jda
uprangintegralforgthe arc length of the curve r(tm

Example 20.Séth
' fo the point 2,4, 8).

- \%'m\ It gin= 21,25 367
W—W% Pl N14 4% 46
L=o. B>\

N D= (b D

Sometimes, we care about the distance traveled from a fixed starting time ¢y to an
arbitrary time ¢, which is given by the arc length function.

\IU\)\‘*\°\© —) _; ’\ V\O*’\A\v\s% 90 Wwith b
s(t) = ﬁ

Q\ ‘(P% v\uwx)ﬂ/

We can use this function to produce parameterizations of curves where the parameter
s measures distance along the curve: the points where s = 0 and s = 1 would be
exactly 1 unit of distance apart.
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Example 21. Find an arc length parameterization of the circle of radius 4 about
the origin in R?, r(t) = (4cos(t),4sin(t)),0 < t < 2.
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Example 21. Find an arc length parameterization of the circle of radius 4 about
the origin in R?, r(t) = (4 cos(t),4sin(t)),0 < t < 2.
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Daily Announcements & Reminders:

’ l%.l/ 132 Hw c&ue,\"&/)}aw;
0 Db uuavw\qf, \p\fb\b[@’)’)

e Quiz | 317%095 re,lfan oHerclus

Goals for Today: Sections 13.4, 14.1

Define, interpret, and compute the curvature of a curve

Compute the unit tangent and principal unit normal vectors of a curve

Give examples of functions of multiple variables

Find the domain of functions of two or three variables

13.4 - Curvature, Tangents, Normals

The next idea we are going to explore is the curvature of a curve in space along with
two vectors that orient the curve.
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First, we need the unit tangent vector, denoted T:

=/
e In terms of an arc-length parameter s: v (s)

'k)
i/ﬁ%%ﬁ]
This lets us define the curvature, x(s) =

| T/ % |
Cudiey

Example 22. Last—elass we found an arc length parameterization of the circle of
radius 4 centered at (0,0) in R?:

r(s) = <4cos (Z) , 4 sin <§)> : 0<s< 8. U

Use this to find T(s) and x(s). A Y

:f(%\: Fléo . .
_ <,gquﬁzw%qf7 v i

N N
i - | at sl | (=2, 73D
|

~

~ -~

e In terms of any parameter t:
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Question: In which direction is T changing?,

e 0 [ 14/

This is the direction of the principal unit normal, N(s) =

- J
N0
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We said that it is often hard to find arc length parameterizations, so what do we
do if we have a generic parameterization r(t)?

~ /\h‘)‘(m\ A o N 7' /1)

& o T(t) = —
> - ! 'H Ry
[w“m]/\%m\ PO TOL) o3
o k(t or
Example 23. Find T, N,  for the helix r(¢ (2cos(t),2sin(t),t—

T D= </25\«U(\ Lox(D) 5 / U o £ & ”(LQSLM el
— ”l—b\"\ua 1(05“7)
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Daily Announcements & Reminders:

2133 £ 134 HW due Tonight
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Goals for Today: Sections 14.1

e Give examples of functions of multiple variables

Find the domain of functions of two or three variables

Graph functions of two variables

Introduce and sketch traces and contours of functions of two variables

Find level surfaces of functions of three variables

14.1 Functions of Multiple Variables

Definition 24. A ’Q\LV\ CSVC'\W\ 0{— lf“")o \)O\V\(L\J\ﬂg is a rule that as-
signs to each __ paiv of real numbers (z,y) in aset D a val ue
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> f:D — R, where D C R?
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Example 25. Three examples are

fleyy)=2"+y* g(z,y) =hn(z+y), h(zy) =

S
+
Qd .

Example 26. Find the domains of f, g, and h.

—t(*,\{‘\j LF\N(L 5(\“‘73: \V\(\[A’\P
Domorn R” Qo_@nz,gxkpo }
§C\l:\D 1 ﬁ(‘j 6@?{
%_,('\ff\-D ) Xjr\j>0})

o

N l\\&\\

Definition 27. If f is a function of two variables with domain D, then the graph
of f is the set of all points (z,y, 2) in R? such th d (z,y) is in D.

Here are the graphs of the three functions above.

1 1
Example 28. Suppose a small hill has height h(z,y) = 4 — Z:I:2 — ZyQ m at each

point (z,y). How could we draw a picture that represents the hill in 2D?

1
S
Cyoss 2y L _
—sechidus X J“f\ ;lé\ 5
e Rl Sl
AN 2%}”?’:3
=\

In 3D, it looks like this.



https://tinyurl.com/math2551-f23-2var-graphs
https://tinyurl.com/math2551-f23-2var-contour
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Definition 29. The (0 ntows (also called lesd (apves ) of a function
f of two variables are the curves with equations ‘((H@ =k , where k is a
constant (in the range of f). A plot of (DTS for various values of z is a
LOV\*ouV‘ \Mu,(i (Or [DV(\D\-\/‘ (3\03r )

Some common examples of these are:

° ‘\TOQO -)m\ @«‘m\ o D (ean éer}\/\ wa,(zs
o ‘:Hf\(t\ma,\ "W"S{"‘ﬁ o @o@ulaﬁw\/\ ()evxs'\}y)
o \)Jea%l«c(r w‘)é

Example 30. Create a contour diagram of f(xz,y) = 2% — (a Mt’g FDS‘\'—\PC,JW\'C)
\i\;Q D= )(z—krl (‘\‘\uo “ND 7

2.

2
K=Yy U £0
Y= / Z

l=\: 1= V- \12’ ““erVl”’l‘*/S

- DVfVl‘lV\j L

-\ _,\:)LQ/L \\ v‘?gﬂ \
V=1 1 Q?’T’e. /9[9

T eyt VP

Cu b (e sL’Qr9>
)—C:’i ::\_},’ijl (Ulz\’wx&ﬁa
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Example 31. Create a contour diagram of g(z,y) = ysin(x)

Definition 32. The -hm(e’s of a surface are the curves of

Irpevse C\?W“ of the surface with planes parallel to the

2 - PKWC J Y- ?\WC

Example 33. Use the traces and contours of z = f(z,y) = 4 — 2z — y? to sketch
the portion of its graph in the first octang.

X 20 4D, 220 ®
f,OV\%u\o Y Awmies
v -2 %:@’2@’12
- g\ 71 ?qm&b\m b@ev\\\v\?
L= -3 3 Lowomword

\ \CH" \\‘\ \{\:\(‘ ?\AV@

Let’s check our work: https://tinyurl.com/math2551-f23-2var-graph


https://tinyurl.com/math2551-f23-2var-graph
Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann



Day 7 Multivariable Functions; Domain, Contours, Graphs Page 34

Definition 34. A ‘cv\"A'QOV\ 'OJ‘\' % \Jot\f\"()ﬂlb\""S is a rule that
assigns to each *r:p\f\“ of real numbers (z,y,z) in a set D a
Valne denoted by f(z,y, 2).

f:D — R, where D C R?

We can still think about the domain and range of these functions. Instead of level
curves, we get level surfaces.

1
4— g2 —y2— 22

Example 35. Describe the domain of the function f(z,y,z2) =
\’\ ~Xzﬁ\.}2f%2 iO
XQ_’\_L{?,A él %q
7,.2
A\\ eo\v(\lﬁ ) nl% 6\((6@’ )f\«\(i S@A{m >2 )r\?, ty =Y

\
D QWMOIWN |
/—)

Example 36. Describe the level surfaces of the function g(z,y, 2) = 22 + y* + 22.

\c= ?'*Z’P \{’HV Zl Surfaein T@
Le\,e\ suxﬁtlucﬁ NN d\ipr f(&é
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Daily Announcements & Reminders:

H 12 dhe Gonigi
o );\(aw; ) Sfﬁﬁc»& 107 4/261

Goals for Today: Sections 14.3, 14.4

e Understand derivatives as transformations

e Define the total derivative

e Find linearizations

e Learn the Chain Rule for derivatives of functions of multiple variables
e Be able to compute implicit partial derivatives

Example 43. Find f,(1,2) and f,(1,2) of the functions below.

o j) W\WQ v by &ix/)

-\lz 2
G PN LN (gx {gx D)
ng (x ) \
) (e,) = tan(ey) Ns?-/ LS N”_;“/(
rbl— ‘[x3 568(\(\1\ 'Y *Ex (.2) —75el @) f\,ﬁ\@ = /’Z’_S:Z
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fT ~ G (,1 (\L\D o)( ’Q‘f [/\(ﬂf, S(cl D)
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Question: How would you define the second partial derivatives?
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Example 44. Find f xm of the functions below.
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What do you notice about f,, and f,, in the previous examples?

Theorem 45 (Clairaut’s Theorem). Suppose f is defined on a disk D that contains
the point (a,b). If the functions f, fz, fy, foy, fya are all contmuous on D, then

'C‘Y:-C‘N 0@% 4 \M\\U\f\ Lo\r ov ev‘ - £ al)

o MJPS;
S
J g:% . i 3
B )m ’Q\ﬁ))( ()().Y‘\'iu,\s RVC*
=Ly

Example 46. Last time, we computed partial derivatives for functlons Jf two vari-
ables. What about functions of three variables? How many partial derivatives

should f(z,y,2) = 2zyz — z*y have? Compute them.
_C\& = r)_\)'?: ~0Q

_(;7‘: I -2
(= by b

£69Ts2 4+ ¢ s,b)

Example 47. How many rates of change should the function f(s,t :) 25 —t| yliH
“& St (

26D

have? Compute them. ‘E“;Cs‘@
G vabes of dumge cad of 5 ot has 1Woﬁ'fq\ Jevivahivec

24 -~ =) :'i N - |
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In the previous example, we computed 6=2-5 partial derivatives. How might we

S AR
organize this information? N
filzy, ..., xy)
For any function f : R" — R™ having the form f(z1,...,2,) = : ,
f(1, .., 2p)

we have N inputs, A4 output, and N *W  partial derivatives, which

we can use to form theltotal derivative.

This is a \W\ e map from R" — R™ denoted and we can represent it

with an g ¥ , with one column per input and one row per output.

It has the formula Dfi; = % (g\\ (1ee ex ov\oava "
1 ’ku\(e B*QTNU\,N&) S’P CBWtobHLyA‘

[PNRCYA LD\L}UMAP

lro.\te &ev\\uu\r\\m wrb e ’)H”

W LO\\XW‘V‘ ) .
\Ju\;\&\o\é
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Example 48. Find the total derivatives of each function:

2) flz) = 2% + 1 Doy L]

AT

b)r(t) = (cos(t),sin(t), 1) DR = \ww) == )
\

O f(wy) = VFT =7 5 r‘/.]
D= U 755

d)f(z,y,2) = 2zyz — 2y ‘D{lﬁﬁ,q,QDYLQx 57 Y

e)f(s,t) = (s* +t,25 — t, st) 'bi CS){A: Ls \\
i R

L S

What does it mean? In differential calculus, you learned that one in-
terpretation of the derivative is as a slope. Another interpretation is that the

derivative measures how a function transforms a neighborhood around a given point.

Check it out for yourself: (credit to samuel.gagnon.nepton, who was inspired by

3BluelBrown.)


https://www.geogebra.org/m/rftwacsy
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In particular, the (total) derivative of any function f : R" — R™, evaluated at

a=(ay,...,a,), is the linear function that best approximates f(x) — f(a) at a.
—

This leads to the familiar linear approximation formula for functions of one variable:

f(x) &f(a) + f'(a)(z — a). -:C(,x\f'. R+ MR -2

_— -

Definition 49. The linearization or linear approximation of a differentiable

function f : R" — R™ at the point a = (aq,...,a,) is

L(x) = )+ ™ &) (3-

Example 50. Find the linearization of the function f(z, y) = /bx — y at the point
(1,1). Use it to approximate f(1.1,1.1).

L = 200+ Di | X

HV\S(E 23’\5‘ix

- L X i 4 \‘*’& ‘f’-'\]

- = 3(*/{) S d) a )

~ - c (1= =~ 025 Ud-1
EALD) % LLWw W = ’ljr\l 9 4 BN - D02

Question: What do you notice about the equation of the linearization? = 2.1

f’(\‘\l\‘\) = L0OAHY ..
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1 1

Example 53. Suppose we are walking on our hill with height h(x,y) = 4— Z:CQ — ng

along the curve r(t) = (t+1,2—t?) in the plane. How fast is our height changing at

time ¢t = 1 if the positions are measured in meters and time is measured in minutes?


https://tinyurl.com/math2551-hill-chain-rule-ex
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Daily Announcements & Reminders:

o 143 HW due fonight
&\uz LE o wd MW ()r«’o-r'ha\ A‘?HU&C}!V% Z(L [/1"1“"\ Kule beic &

]foclncc Pm\o‘cms AM(S) b O N p(rachce for Yoha U\crw:zwcs

@ Db H{\C W @ qlf

Goals for Today: Sections 14.5, 14.6

e Learn the Chain Rule for derivatives of functions of multiple variables
e Be able to compute implicit partial derivatives
e Learn to compute the rate of change of a multivariable function in any direction

e Investigate the connection between the gradient vector and level

curves/surfaces
e Discuss tangent planes to surfaces, how to find them, and when they exist

Example 51. The differential of a function f(x) is N
Xy
df = f$1 dl’l —|—f$2 dl’g 4+ . fxn dl’n = D’F A}L
A

2422 use it to estimate the change

—I—Deo\'

—_—

Find the differential df for f(x,y, z) = 2*
in f between (1,1,1) and (1.1,1,0.9). e AF »,.«/fhm‘ + ,,,Jr&nb*n
-5 )
Ak QL) M ) dx 3r2<9j %l& “CO'\W(A’% 07 -3
o OF 202 Dx }'QOJ\IZG% 3 _J: 0.02
Loz 2R 20 FR0
L - 0L \’D -0

U/\ c&ctwj cnor

—

— 0
D"‘\\/ C\Aav\qq \\‘/\‘ﬁ ]: o MLO a\,o\).\“ &t

\hk we
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The Chain Rule

e |
Example 52. If f(t) :%‘lpj\jb, then 2—]; = /{’/; + 20

— e
f‘%(fr(%v«hﬁ = £l g 1)

> \v\Vd\’s
Similarly, the Chain Rule for functions of multiple variables says that if f : RP —

R™ and g : R" — RP are both differentiable functions then
W 0~>V‘l0§r§ n J\QLQVS f’ Q

9160 = DF(9(x) Dg(x).

7 J;‘(}(. \h het \XE 45 O vacﬁxm vk (m\haw
\(U’) gov'édow S 4 Amc}rwyl 04 'tl s

g 5(£)= gy
it
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1 1

Example 53. Suppose we are walking on our hill with height h(x,y) = 4— ZxQ — ng

along the curve r(t) = (t+1,2—#?) in the plane. How fast is our height changing at

time t — 1 if the positions are measured in-meters and time is measured i
(.th\ D(he u\ﬁ}\ @M\ r® A0

HOERLCAD - Dﬂcﬂ 0
DhiG= (-2 ] o4 \\
D?(Q: 1_;;1 R —\2(7) = O w i
o
/ N\
Y



https://tinyurl.com/math2551-f23-hill-chain-rule
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An alternate perspective to organize the Chain Rule: +‘N€ A\\ 0-3*“*""‘

Example 54. Suppose that W/s,t) = F(u(s,t),v(s,t)), where F,u,v are differen-

— ——

tiable functions and we know the following information.

N L uL0)=2 & = o(1,0) =3
T’ — i< 7)3’\, ug(1,0) = —2 vs(1,0) =5
(k) = WD) = _ _
QS 2D 7 u(1,0) =6 v(1,0) =4

F,(2,3) = —1 F,(2,3) = 10
20 \LU{& "/KL
Find nd w10, VL=
W,

~ () D) 1o (9 &

= b2 U D) Ul
¥ V) Q. ['()
DU = [ w00 w 0] = [Tl AR B,

(o Sl’g \ﬂ
= [572 )

Application to Implicit Differentiation: If F(z,y,z) = c is used to implicitly

\f

define z as a function of x and y, then the chain rule says: 2 _ . lex

ox T

L = YR
e A I :
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Example 55. Recall that if z = f(z,y), then f, represents the rate of change of z
in the z-direction and f, represents the rate of change of 2 in the y-direction. What
about other directions?

1 1,

Let’s go back to our hill example again, ﬂ(x,y) =4 — 112 i How could we

figure out the rate of change of our height from the point (2,1) if we move in the

direction (—1,1)? fq /O\a\ce &W*C(}\\OV\ W uwt vecov

~—

Ay \‘\\\{\\&“\ 6\; L,\ l\b
~ W\

Definition 56. The &‘\Y‘QLSV\DV\(A\ &T\\l OXT\ Ve, of f:R" — R at the point p

in the direction of a unit vector u is

b F(3H) -5

twv

if this limit exists. ' ) _ \ \ 1 G
. T (Q— o _C\(HV) 'jzz:
W0 —
E.g. for our hill example from teSmr—pase we have: \/\

X

Note that D;f = & Dif = (;‘f Dyf = gé


https://tinyurl.com/math2551-hill-dir-deriv-ex
Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann



Day 10 Chain Rule, Directional Derivatives, Gradients, Tangent Planes Page 51

Definition 57.|If f : R" — R, then the 5“”O~B§C\A't of f at p € R" is the
vector function (or B ) defined by ? Wil \(\Ciljm"

v

vie = (5o @), . AN e Wi‘ﬂ
= @9@\1‘ = If’gl

Note: If f : R" — R is differentiable at a point p, then f has a directional derivative

at p in the direction of any unit vector u and

Duf(p) = ’DJ; (@ G =\ (@,{ g% o Vo
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Tangent planes to level surfaces

Suppose S is a surface with equation F'(z,y,z) = k. How can we find an equation

of the tangent plane of S at P(xg, yo, 20)7

This is a good place to actually define differentiable! We say f : R” — R is differ-
entiable at a if its linearization is a good approximation of f near a. (Technical

definition in textbook).

In particular, if f is a function f(x,y) of two variables, it is differentiable at (a,b)

if it has a unique tangent plane at (a,b).


https://tinyurl.com/math2551-tangent-plane-1
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Example 60. Find the equation of the tangent plane at the point (—2,1,—1) to
the surtace given by

z=4—2"—y

Special case: if we have z = f(x,y) and a point (a, b, f(a,b)), the equation of the

tangent plane is

This should look familiar: it’s



https://tinyurl.com/math2551-tangent-plane-2
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Daily Announcements & Reminders:

s HW) 1M doe {ZM%\NJC/ VWS pushel o T
9 E\@W’l ﬁyﬂvﬂ@} S)/\DwL& \ﬁe OUJ‘ ‘)'DWOWOW

Goals for Today: Section 14.5, 14.6, 14.7

Investigate the connection between the gradient vector and level

curves/surfaces

Discuss tangent planes to surfaces, how to find them, and when they exist

Define local & global extreme values for functions of two variables

Learn how to find local extreme values for functions of two variables

Last time: If f : R” — R is differentiable at a point p, then f has a directional

derivative at p in the direction of any unit vector u and

Duf(p) = Df(p)u=Vf(p)-u
o Dot (fﬂ i« He e & c\x&mje € )

d_\— \ﬁ I—C we ot £\V\ %/lﬂe ‘lwc{’ll)y\ L/L

D
Fen D5 (;)=0
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Example 58. Find the gradient vector and the directional derivative of each func-

DL (’\(ﬂ - iv\ \3

510 = )= (1) = {5 ) UER D)= Y&
hE

7&7—3\12 ! KZ\-\{L

tion at the given point p in the direction of the given vector u.
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1 1
Example 59. If h(z,y) =4— ZxQ — ZyQ, the contour map is given below. Find and

draw Vh on the diagram at the points (2,0), (0,4), and (—v/2, —v/2). At the point
(2,0), compute Dyh for the vectors u; =i,us = j,usz = (\/LT \/L§>

\ 07
. | : | - o I ' , X 3z
T e S
NN/
\\ T ™ 4 7 A,\_ > % S _]_, Yo (OV\H\*V
\\x___ - “""'/,_./’ P i
R‘“::;_____f,/'/ o \7 &[ 3 W“)l W\j \ A &\w (,x‘lb\/\ o‘@ 9%(’0;6 §+
WLV e

° \b W\(’\X\M\R 3
:W’(‘k'ﬂ‘j \

\
A= 19
1D5+49) 8§Lé§
/wa\)( Ut m\ﬂ DWC‘C\MVH}C ‘rﬁ

PRAIR MR A3 b Lo

Note that the gradient vector is _0 "\'\'\335"\"”\ to level curves.

Similarly, for f(z,y, 2), Vf(a,b,c) is Or}\oﬁm""\ to \‘o'w’\ SQJ'C“(CS
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Tangent planes to level surfaces

Suppose S is a surface with equation F'(z,y,z) = k. How can we find an equation

of the tangent plane of S at P(xg, yo, 20)7

/\ o J(qu\r \res

A‘uv\(jm\r V\“\AQ‘, \-b
' Y\Q{& @D\VA" S ¢ 5‘\«)’\ pow

neel) me use Veok ghes

POVNE
B I&M[[\; £ wWdy pur qurhue
\& a\(\rel S&\IFM of 7 %Sr\;wr% -0 =0
e \L"HHF% C= " ft 30

’):) V{_ . <')~\hl\/|b
R M o

Yungedk PAAE

This is a good place to actually define differentiable! We say f : R" — R is differ-
entiable at a if its linearization is a good approximation of f near a. (Technical

definition in textbook).

In particular, if f is a function f(x,y) of two variables, it is differentiable at (a,b)

if it has a unique tangent plane at (a,b).
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Example 60. Find the equation of the tangent plane at the poino the

surface given by

z=4—2"—y

Bi% M\:—L} ﬁ P

’Z)'i]—(— SRR,

Special case: if we have z = f(x,y) and a point (a, b, f(a,b)), the equation of the

tangent plane is P(-\(\( \{(,@
e
O - 'Gé‘/w.w\l -&
Yhew N = 447‘15:7/ -

) Yon 3@3’ 9\ wre \S
'C%(-o*u]’b (X ’UD )\_ £\7 ((\10 (\"‘%

2= £ 400D Cen ¥ 0

(g -Fla) =0

\ ) \
This should look familiar: it’s /\‘\Pﬁ \\V\‘QQV\ZYX}QV\



https://tinyurl.com/2551-f23-tangent-plane
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In R?, another interesting thing can happen. Let’s look at |z = 2* — y* (a hyperbolic
paraboloid!) near (0, 0).

This is called a

Notice that in all of these examples, we have a horizontal tangent plane at the point

in question, i.e.

Definition 62. If f(x,y) is a function of two variables, a point (a, b) in the domain of

f with Df(a,b) = or where D f(a,b)

is called a of f.

Example 63. Find the critical points of the function f(z,y) = 2® + y* — 3xy.


https://tinyurl.com/math2551-saddle-point-ex
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Example 65. Classify the critical points of f(x,y) = 2° + 3° — 3zy from Example
0.


https://tinyurl.com/math2551-critpt-ex-2
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Daily Announcements & Reminders:
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Goals for Today: Section 14.7

e Learn how to find local extreme values for functions of two variables
e Learn how to classify critical points for functions of two variables

e Find global extreme values of continuous functions of two variables on closed

& bounded domains

Recall: If f(x,y) is a function of two variables, we said V f(a,b) points in the

direction of greatest change of f.

1 1
Back to the hill h(z,y) = 4— Z$2 — Zy2! What should we expect to get if we compute
Vh(0,0)?7 Why? What does the tangent plane to z = h(z,y) at (0,0,4) look like?

. QHO(Q = 0,00 blc WO =Y s e \wﬁeﬁ’ DL.&PUJ\’
of W, ¢o Auere v wo Nvechim

o wowe Aro‘jei‘\oiw(:f
0 ']('achmjl“ ‘o\\mé/ ¥O WNT 5\/«}3)4 [d‘ (_D(O“ﬂ ' VUVDL\\A ko \GY-\FIWC

/& . AQ((X)_-“— 0__
AT
(>

\V4
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Definition 61. Let f(z,y) be defined on a region containing the poin We

say
SRR TY: uu\ Yiaiviagwn : <
e f(a,b)isa value of f if f(a,b) = f(z,y) for all
domain points (z,y) in a disk centered at (a,b)
o f(a,b)isa \0(""\ Waxipum value of f if f(a,b) l f(x,y) for all
domain points (z,y) in a disk centered at (a, b)
/ \ocorl Moy f\\bf\/
(DY‘GY\AS‘. \ =
L v VvV \Ja(\%
> wain .

In R?, another interesting thing can happen. Let’s look at |z = 2° — ¢ (a hyperbolic
paraboloid!) near (0, 0).

This is called a S Q&MQ, PD'\’-\'

Notice that in all of these examples, we have a horizontal tangent plane at the point

in question, 1.e. W{_’ ~ 78 DR D)F = Y’O 01
Tiok dedaodioe €

Definition 62. If f(z,y) is a function of two variables, a point (a, b) in the domain of

f with Df(a,b) = EO 03 or where D f(a,b) §OQ> MO‘} (’/Xib’\‘

is called a CV")‘KU’"\ ‘(\]O‘\’\)r of f.



https://tinyurl.com/math2551-saddle-point-ex
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Example 63. Find the critical points of the function f(z,y) = 2° + 3° — 3zy.

‘) (OM?\J}!& /D'F'
DJ; {g% ’?‘)7 %72 /%x‘&
i) Scx u(/ua\% (o O’:& /f/ 5@\\,@

177?/%7 3 Q%A - (o o)
/ L
@ %\?p b 2y=0 @
77%_ 20 =) Y- v (P[qjimlz) @
2 (&) =270

\4 T%=0

%x Uz =0
v
%\&7 W -=0

P
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To classify critical points, we turn to the second derivative test and the Hessian

matrix.

The Hessian matrix of f(z,y) at (a,b) is

£ (o) Lx.yfu.\))

Ly (%) L\f\/{“l\%

Hf(a,b) =

Theorem 64 (2nd derivative test). Suppose (a,b) is a critical point of f(x,y) and
Hf(a,b) exists. Then we have:
D ‘Qﬁ )

o [fdet(Hf(a,b)) >0 and f,r(a,b) >0, f(a,b) is a local minimum

() [ o Ifdet(H f(a,b)) >0 and fr.(a,b) <0, f(a,b) is a local mazimum

A’\AC e Ifdet(Hf(a,b)) <0, f has a saddle point at (a,b) ¢

Qlllkb M

o Ifdet(H f(a,b)) =0, the test is inconclusive.

Do s i 2 () >0

" X%\«evolw‘( \ka\j n

[, o Ougind
Pra same vy

\\\I\ (,Q\\ & (ve c\’[&mg
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Example 65. Classify the critical points of f(x,y) = 2° + 3° — 3zy from Example
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https://tinyurl.com/math2551-critpt-ex-2
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A global maximum of f(z,y) is like a local maximum, except we must have f(a,b) >

f(z,y) for all (z,y) in the domain of f. A global minimum is defined similarly.

Theorem 66. On a closed & bounded domain, any continuous function f(x,y)

attains a global minimum & maximum.

Closed: (ov\%-o\\\msA" \ON\ASqu Voo X

‘' [\
I ~

==

Bounded: g()f's\\u\ (x\aY%C\ADm)\A C/\VC\'C J or x

\\\\ &x;o%

7

J/

Ik

v

|

\

\

Y.

A\

M F
\\ ]
=C

|

(S

K

-~

Y,
J

J F

X
o

\
»


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann



Day 12 Optimization: Global & Constrained Page 63

Strategy for finding global min/max of f(z,y) on a closed & bounded

domain R

1. Find all critical points of f inside R.
2. Find all critical points of f on the boundary of R
3. Evaluate f at each critical point as well as at any endpoints on the boundary.

4. The smallest value found is the global minimum; the largest value found is the

global maximum.

Example 67. Find the global minimum and maximum of f(z,y) = 42* — 4xy + 2y
on the closed region R bounded by y = 22 and y = 4.
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s
Strategy for finding global min/max of f(z,y) on a closed & bounded

domain R

1. Find all critical points of f inside R.

2. Find all critical points of f on the boundary of R r Wheve, C&je) meek
3. Evaluate f at each critical point as well as at any endpoints on the boundary.

4. The smallest value found is the global minimum; the largest value found is the

global maximum.

Example 67. Find the global minimum and maximum of f(z,y) = 42* — 4xy + 2y
on the closed region R bounded by y = 2 and y = 4.

\j i > ) o P € £ e L
LA\’ L D= Toety, =ter2)= (el 0
D 3% -4y>0 3(1)-44=0 ~
D Yil=0 > =17 =

Do wara o F o 00wk A need o Jq5319

bfhm‘z;m’*bvu 2} "FM& @\’\‘ \(ﬁ'? DN \:.0\\,,\}0
% &—\)a\\m\‘fz v Use Q(U.u?nws oﬂc \Dmmguvxj E&Mc ‘H vav

Ja
Z%‘ DO =4 4C<>L 4) = - ‘HC{\%Z{)

\1?\

~ % L\A L&\{\ ~ Gx +$?
(?(;%; O / _y vtz
L V= 9x-\L =0
L\(D - I xz2 9=
@”\“\ 56 ’

D O y= Ay ) = 42 - W) 1208)
J z 3 iyl
\ﬂﬁﬁ\i Crr -ty [ T2


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann



® ?U\\r()\mc\ﬁ\f{ tfﬂg

\)D\W\&w/y b
Weku for

G ro\es ‘(,U\\Qsas


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann


Hunter Lehmann



Day 13 Lagrange Multipliers, Double & Iterated Integrals Page 64

Daily Announcements & Reminders:

cHW 47 2 Jue T

o Dv warw\uxp
; Nb c\ass V\excjr /”\,T

Goals for Today: Sections 14.8, 15.1

e Apply the method of Lagrange multipliers to find extreme values of functions

of two or more variables subject to one or more constraints

e Introduce double and iterated integrals for functions of two variables on rect-

angles

e Use Fubini’s Theorem to change the order of integration of a iterated integral
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Constrained Optimization

Goal: Maximize or minimize f(z,y) (or f(z,y,z)) subject to a constraint,

g(w,y) = c (or g(w,y,2) = c).

Example 68. A new hiking trail has been constructed on the hill with height

1 1
h(z,y) =4— sz — Zy2, above the points y = —0.52% + 3 in the zy-plane. What is

the highest point on the hill on this path?

7\ » N e
Objective function: \\/\\\/\9 wWe ave O?‘ft\m &JA9

¢ \’\ C\l \%
Constraint equation: \/&fb\fr{ (/\‘\\OV\ (VYN 0\0'5{ d’)ves

o YT X S Qenles MTS \ %(th[)?%
C&(‘A ()(\M\D

l_i\_{l)\q, W:QAX ()»U ﬂ;é\\/}} \)J\M\f» DQ\!\ [ﬂﬁ R Q(Aﬁknﬁ\
(5 Th="% U

2,) 6@(\4\;0
Cy zvéxj—l}\P:Xéil »
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Sy=ay O Srurk (D \“Xgrﬂ;)o
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https://tinyurl.com/2551-lagrange
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Method of Lagrange Multipliers: To find the maximum and minimum values
attained by a function f(z,y, z) subject to a constraint g(z,y, z) = ¢, find all points
where Vf(z,y,2) = A\Vg(z,y, z) and g(x,y, 2) = ¢ and compute the value of f at

these points.

If we have more than one constraint g(x, vy, z) = ¢1, h(x,y, z) = ¢2, then find all points

where Vf(:z:,y,z) - )\Vg(x,y, Z) + /LVh(ZE,y,Z) and g(xayaz) = (1, h(I,y,Z) = (2.

N~ € gguw (\j 9, Vl\;-—‘j
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Example 69. Find the points on the surface 2> = zy + 4 that are closest to the

origin.
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Daily Announcements & Reminders:

o Cypm 2 on T NG MM L l5.) -15.4

9 DD ‘H\e_ wwrmuf
o Np sFbice hours %Naj

Goals for Today: Sections 15.1, 15.2

e Introduce double and iterated integrals for functions of two variables on rect-

angles
e Use Fubini’s Theorem to change the order of integration of a iterated integral
e Be able to set up & evaluate a double integral over a general region

e Change the order of integration for general regions

Recall: Riemann sum and the definite integral from single-variable calculus.
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Double Integrals

Volumes and Double integrals Let R be the closed rectangle defined below:
[ 7 V—aw‘)ﬂ:
R=1{a,b] x [c,d] = {(2,y) ER*la <2 < b,c<y<d}

T

“ \*amj(,
Let f(x,y) be a function defined on R such that f(z,y) > 0. Let S be the solid
that lies above R and under the graph f.

PN

‘ . (X\cf\\s

Question: How can we estimate the volume of S?

\] o\\w\@ Q%\ N “i g(\(\L\\(O [>A\L

2
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(
Definition 70. The »‘Ou&\e’ \‘A\f(jm\ of f(x,y) over a rectangle R is

//fx y) dA = hm fok yn) A A,
T(q‘mo‘P \ \?1 \D\WDA» ¢\ke St m \reémw/»

if this limit exists. M)ff‘jm)tw w\ va S“\j&(\m .
S\«S\Ae})
\%Q %\ (94 - \JJ) awnd \ehueen 2=fG9) ¢ 0
0\.\90«7_

T4 £ 14 do on R et exths
L ave ‘|V\5V€9‘(”a\~’}‘@

Sme &; 5 (()/\Rm WS

Question: How can we compute a double integral?
Answer: INCW\Q& —XU\A‘P ?vdls

Suppose that f is a function of two variables that is integrable on the rectangle

R =la,b] x [c,d].

What does fcd f(2,y)dy represent?

) Si‘f((’llvp »7/ \ts (‘\Q Uy 5(&)‘?0%{\
aveq Dﬁ JV\\e QsS4 (JHM Q{"

Ne A o >
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What about fcdf(x,y)dy? Ove 0{: ’Q\Q (.\VOSS”)fCX\\\W\ 6"‘: %AE &&\f@
G %
et a5 )~ 7

Let A(x f f(z,y)dy. Then,

\Ib\ume =/abA($)da:: g: i gi [\l[\(.q) Db &X

This is called an ~\\f ‘ﬂk\{% \lf\xﬁ(\\m,\iy _ Q Vs \Al‘ M‘HIV W)Uu)’l O/Zb( v

\)~¢ w\\t?va e

Example 71. Evaluate/ / 6xydy de. SU‘ % [77«7 &7( &7»
:gkﬁ)xl-j* \\&)a— S by {5*(%

=21k Dy
r\!\&\)o\me o&b\xﬁ?\\z W(}m(j g

e ?%\
L %BU(} wder 22 by l
i }%ﬁ(. ’ = 2 (3-V=fy)

Theorem 72 (Fubini’s Theorem). If f is continuous on the rectangle R = [a,b] X

lc,d thenS g L{\A& &\& ~ S&; g\; Q(*L,‘D &x &7! = Sg g(*l\{\ ()uh(
/N

More generally, this is true if we assume that f is bounded on R, f 1s discontinuous

only on a finite number of smooth curves, and the iterated integrals exist.
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Example 73. Compute // ze dA, where R is the rectangle [—1, 1] x [0, 4].
R

W L AR -
J :Lgoxc Dy dx o FURRD
o Y g\m v
NEANNME DS}@‘"ZMf)h\
_ \t L (¢ *;\J 97
N
— Sb O &j =

Question: What if the region R we wish to integrate over is not a rectangle?

Answer: Repeat same procedure - it will work if the boundary of R is smooth and

f is continuous.

\ X \\w\ \ \
Neet m\\ Smglt, Y Hbf\%ovg-whj ) 92\1@”
a—
) |
\LI/\\\(j}\ / *\’\’\LL\O
\
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Example 74. Compute the volume of the solid whose base is the triangle with

vertices (0,0), (0,1),(1,0) in the zy-plane and whose top is z =2 — z — y.

Vertically simple: uk \V\\ Sg —Q(\&Cﬂbﬁ( S % ,(; ( )\D B\} &)(

=\
=N, *7“”3\V-y&’<
N s < 0 (00
+ (7 J =~ % 10 LN ﬁ&
Horizontally simple %)r X I IS
Y;L - ix (,X\b —E
S x=") LA
=0 \\ \\


Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann




Day 14 Double Integrals, Iterated Integrals, Change of Order Page 74

Example 75. Write the two iterated integrals for [[, 1 dA for the region R which
is bounded by y = v/z,y =0, and x = 9.

Example 76. Set up an iterated integral to evaluate the double integral

[[z62%y dA, where R is the region bounded by y = 1,2 = 0,2 = 2, and y = x.
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Daily Announcements & Reminders:

o W 1S due totiant
> Gu'l?: (j %OIMDV\/{)MJ on 1g.1/[S.L
¢ See, CDI]\\/0.§ 1@\/ mi&iﬁvm ?_ M{o

Goals for Today: Sections 15.3, 15.4

e Compute areas of general regions in the plane

Compute the average value of a function of two variables

Introduce the polar coordinate system

Convert double integrals to iterated polar integrals

Compute iterated polar integrals
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Example 75. Write the two iterated integrals for [[, 1 dA for the region R which
is bounded by y = \/x,y =0, and z = 9.

% Vi = 36( SJ_X\ by dx

Ho. o )5 0h= ( gwf
O 79%

=3

Example 76. Set up an iterated integral to evaluate the double integral

f f B 62%y dA, where R is the region bounded by =0, 1 =2, .
=\ =0 Y =2 =X

0 DV‘\‘j V.5,
rn 3\ Q\LjBA' %g &1&?7&4%3%€2®A—

MEC cv\&cﬁ’ o(; D\()c(‘
\ovér \s rm\7 V\EC’&L(D 'QDW‘ &x&/o

v ey
7 %]Gz\f »Aj L %\O 8: 6\&, 9)«5]0
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Area & Average Value

Two other applications of double integrals are computing the area of a region in the
plane and finding the average value of a function over some domain.
o ot

Area: If R is a region bounded by smooth giirves, then

Area(R) = ggiz\ &J\'

Example 77. Find the area of the region R bounded by y = \/z,y = 0, and 2 = 9.

oeal®) = b= 7§ 1Ay
= Y
T \ 7+-1 =19

Average Value: The average value of f(x,y) on a region R contained in R? is

Cuz’o\ gg ‘]‘Mr

fcwg =

EOD “)\ / ey W\G o &%3\0‘/\ wirh AL, lDD

gmvs
L o /SQ(O

p(ow quj v()\ v 0\\}3
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Example 78. Find the average temperature on the regfon R in the previous exampl

if the temperature at each point is given by T'(x,y) = day?. ° C

TM% - &Hm SS l’\*\( fo
L G e By
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Polar Coordinates:

y T C\( \\B Cartesian coordinates: Give the distances in
i 3 (DY)
and ) directions from \90)

Polar coordinates:

IS
e r = distance from QQ(O) to LY‘(“{’)
=

%’ — e O = angle between the ray L and the
v T positive X=axy (me “JAVC(& C C\N)

~

We can use trigonometry to go back and forth.

Polar to Cartesian:

Cartesian to Polar: -



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann




Day 15 Area, Average Value, & Polar Coordinates Page 79

Example 79. a)Find a set of polar coordinates for the point (x,y) = (1, 1).

rrs A=) Len (B =Yl 21 = | Y }/
57
(=-52 &=Gly l//

b)Graph the set of points (z,y) that satisfy the equation » = 2 and the set of points
that satisfy the equation §# = 7/4 in the zy-plane.

Vo

-~

¢) Write the function f(z,y) = /22 + 42 + y? in polar coordinates.

LBz \) lros®) ¥ (rowd)? =~ 7'(0’%19 #9) = |
va,e’\_‘/ W =\

d) [Itempool] Write a Cartesian equation describing the points that satisfy r =

2sm(0) ” ¢ 2ot =5 A1 s Ly

o) 5y 7o Desh ey Wi £
—mu =Ty

it LYk ‘ o

. ¥ r (‘) ’QL:\ 6 drt)éSQ ‘m»ms] Cemkrtf(& + 10, D



https://itempool.com/hlehmann3/live/
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Double Integrals in Polar Coordinates

Goal: Given aregion R in the zy-plane described in polar coordinates and a function
f(r,0) on R, compute [, f(r,0) dA.

Example 80. Compute the area of the disk of radius 5 centered at (0,0).

AN =+ AedB
Aetw = %S \ 3A

3
L a0
AN \ ¢ e B
%\7 S R
- 3% %‘m\oﬁe

0
2 luly siape (25 1B = 2

—
—_—

Remember: In polar coordinates, the area form dA =
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Example 81. Compute [/, e~ (") dA on the washer-shaped region 1 < 224192 <
4.

Example 82. Compute the area of the smaller region bounded by the circle 2% +

(y — 1)2 = 1 and the line y = x.
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Example 83 (Itempool). Write an integral for the volume under z = z on the

region between the cardioid r = 1 + cos(f) and the circle r = 1, where z > 0.

yll

r =1+ cos(f)



https://itempool.com/hlehmann3/live/
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Daily Announcements & Reminders:

5152, 153 HW Do fonjget 154 Ao Toeshay

o Ev(o,w\ {2 on T %00 C()\!,\\)a,g
| \ TlA \ 01 \gymlg
0 ND q/%\l?: V\@)& Wf@/\cby* Aormj 0"\«03! Nj

< Quiz D st M2k

Goals for Today: Sections 15.5, 15.6

e Practice computing polar double integrals

Define triple integrals

Learn how to write triple integrals as iterated integrals.

Compute triple iterated integrals

Change the order of integration in a triple iterated integral.

Remember: In polar coordinates, the area form dA = @) } v &9
Qy‘ E fBb\j o C)Db&' —(;of Pec)(\bws HN,A‘ Qe m(&i“\\j SW)Q
< b{b\a 7 IV\‘\'r((j’I/(LlA& 7\5 S?W\Io\ 1474 iV\ PO\“V COO\r&l\rw)-dj

{\/ \ N N
N Dews R 15 n {nteg wonik
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Example 81. Compute dA on the washer-shaped region 1 < 22492 <
D
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Example 82. Compute the area of the smaller region bounded by the circle 2% +
(y — 1) =1 and the line y = z.
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15.5 Triple Integrals

Idea: Suppose D is a solid region in R3. If f(x,y, 2) is a function on D, e.g. mass
density, electric charge density, temperature, etc., we can approximate the total

value of f on D with a Riemann sum.

> @k yes 2) AV:,

k=1

by breaking D into small rectangular prisms AVj. Taking the limit gives a

4\?\(‘& ‘\V\\fgm\ :///Df(%yaZ) av

£
onD = u
vduwe oFD

Important special case: fy
&

[[[ 1y vAswe £ )

Again, we have Fubini’s theorem to evaluate these triple integrals as iterated inte-

grals.

Computationally, this is straightforward.
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= LONTAND
2—x —x—y —'—b\)\\ O\kxn:\f LV&VL'\OL\'\Q
Example 83. 1. Mechanics: Compute / / dz dy dz.
0o Jo —
=T ( 27
7/,)( e= sy (2~
1 N L = ) &
2\
\H’_gg ~ -’
— B S 2 % j e \‘76 - /"—‘.6 )
N AL oL, 8 =2
pu - 7% b C
( L_ (-
= |\ ot 2
0
2. Interpretation: What shape is this the volume of?
% - -~ -
0z &0xey 0 %”L;) ] plve
¢ - |
0 &y S v
6 &% E) Y=LxE

3. Rearrange: Write an equivalent iterated integral in the order dy dz dz.
\ 1-3X A~k
TR
O 0 o
3 \’"\X \whey \’qu&s \"\) »\ID\\Nt\y AN
‘}w (D\Léﬂl’) dow o). sk up )0‘)&%"\&’&}"“

TR =LY
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We will think about converting triple integrals to iterated integrals in terms of the

6\’\0.\&'\]

of D on one of the coordinate planes.

Case 1: z-simple) region. If R is the shadow of D on the zy-plane and D is bounded
above and below by the surfaces z = h(z,y) and z = g(x,y), then

///p J(@.y,z) dV = //R (/g:;y)f(x,y,z) dz) dy dx

Iy

~h {"f,\j\

Case 2: y-simple) region. If R is the shadow of D on the xz-plane and D is bounded
right and left by the surfaces y = h(x, 2) and y = g(z, 2), then

[ e = [ ([t ) asa

Jx dZ—

~E
(%3]
T e
~

Case 3: x-simple) region. If R is the shadow of D on the yz-plane and D is bounded
front and back by the surfaces x = h(y, z) and = = g(y, z), then

///D flx,y,2) dV = //R (/g::Z)f(x,y,z) da;) dz dy

D R

'5[‘11?5)
F Wy )
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Example 84. Write an integral for the volume of the solid in the first octant
bounded by z = 3 — 22 — ¢? and z = 2y treating the solid as a) z-simple and
b) x-simple. Is the solid also y-simple?
| oDant, ¥ZD 420 220
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https://tinyurl.com/2551-3int-order-ex
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Daily Announcements & Reminders:

, Hw 155 due Yook L15.6)

_wsb %Vh&e& \,UO\AC o | T\)\(,S&o.j

Goals for Today: Sections 15.6, 15.7

e Apply our work to find the mass and center of mass of objects in R? and R?

e Be able to convert between Cartesian, cylindrical, and spherical coordinate

systems in R3
e Compute triple integrals expressed in cylindrical coordinates

e Compute triple integrals expressed in spherical coordinates


Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann




Day 17 Applications, Cylindrical & Spherical Coordinates Page 89

15.6: Applications

Suppose 0(z, ¥, 2) is the mass density (mass/unit volume in R3, mass/unit area in
R?). Then one could approximate the mass of a volume D by breaking D into small

rectangular prisms of volume AV} and computing

by taking the limit. Similarly, one can find formulas for the moment of D around

each different coordinate plane and therefore a formula for the center of mass of D.

TABLE 15.1 Mass and first moment formulas

THREE-DIMENSIONAL SOLID

Mass: M= /Z/ﬁ dVv & = Blx, v, 7) is the density at (x, v,
i3}

First moments about the coordinate planes:

M,, = /ff x8dV, M_= /// y8dvV, M, = ]f] z8dV
D '

D
Center of mass:

M,. M, M,,
M YT M fTM
TWO-DIMENSIONAL PLATE

Mass: M= [[ﬁ dA 8 = 8(x, v) is the density at (x, y)
k
First moments: M, = 1[ x & dA, M, = ﬂ v 8 dA
R R

Center of mass: X=—, y===

T =
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Example 85 (Itempool). A solid region in the first octant is bounded by the plane
r +y+ z = 2. The density of the solid is §(z,y,z) = 2z. Sketch the solid, then
compute its mass and give integral expressions for the coordinates Z, ¥,z of the

center of mass.

.x20,410 220 %

(7 221" %Y

(}Q’S\\M } ‘["')\'Mf\

- Sz \22 &237»7( k\,w% e \oow&S v

0 )
- - % ® Fi/\& S\WDO‘U
S\;\A oW K ﬁg «.% AV
2 \1',7,’% - "D
Q\Xxﬂvl o S\S S X/
Y=o zpz_x Bl-x—‘/ Y4 &7:57}}/(
;xn AN
> B /___,/’_—/
Y12
Lem) \2 ' S) =Y 0. 2% 82 dx
(W Q\[\LWI \PW\, an Sb N ¥
,)) 2 (l-x [+ %Y ' &»
2= 5 0 0o o 2y


https://itempool.com/hlehmann3/live/
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Cylindrical Coordinate System

T

Cylindrical to Cartesian:
x=rcos(f), y=rsin(d), z=z

Cartesian to Cylindrical:

r? = 2? +y2, tan(f) = y

= z=z
x

4 vo\(ﬁ\/ W‘x'\'\ 2_(OWV0V€W¥-

For uniqueness:
20 Belo 2]

Example 86. a)Find cylindrical coordi-
nates for the point with Cartesian coor-

dinates (—1,+/3,3). S
<y 13,‘6;
~\
(w16(23<1)4uw (73) %>
NS0

b)Find Cartesian coordinates for the

point with cylindrical coordinates
(2,5m/4,1).
r 9 7

-\ <)
D=1 % 278, D
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Example 87. In xyz-space sketch the cylindrical box

Triple Integrals in Cylindrical Coordinates

Nede b or rhr bz 10

We have dV =

Example 88. Set up a iterated integral in cylindrical coordinates for the volume of
the region D lying below z = x + 2, above the xy-plane, and between the cylinders
2>+ 9> =1 and 2% +y? = 4.

i ?%;ynggé\g\/ b XL
Fre ™ (e de db
p vt 70
\4

. 2

AT ’Z:D D X
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Example 89 (Itempool). Suppose the density of the cone defined by r = 1 — 2z with
z > 0is given by §(r, 0, z) = z. Set up an iterated integral in cylindrical coordinates

that gives the mass of the cone.

Spherical Coordinate System

%*W“
z (Y(bv'*
)
et
X og\ (p,0,4) For uniqueness:
¥ % :
N\
¢ P YhO )r\'\% -?\\k
Example 90. a) Find spherical coordi-
Y nates for the point with Cartesian co-
0 ordinates (—2,2,v/8).
oy T
! p= VU +8 = H
Spherical to Cartesian: 2 c }L]
O - Grbon (B)= "t
x = psin(p) cos(d) S8\_ 1|
y = psin(yp) sin(0) © - 0»‘/(>W‘/\ &—\/f; = 1l
2= peos(y) b)Find Cartesian coordinates for the
Cartesian to Spherical: ?2012’5/ , 7:&;1:;5;1 spherical  coordinates
2= 2?4y’ 4 2P ¢t & ¢
p y ) 1 T\ s 2“ 63 ° O /)O
tan(@):g K= sa300 2 * o
z \ N “ — . -
an(p) = ~————
Z — N ) = \ -
2’—— 2 CO%(J«% = 2_° - (.


https://itempool.com/hlehmann3/live/
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Example 91. In xyz-space sketch the spherical box

B={(pp.0)|1<p<2, 0<p<7/4 7/6<6<m/3}.
Clze 220 sehee wleadls )2
» b =b, S>3 ot \)e\flrica\ \?\umes
. D=0 (2ass)
wld=¢  lone)

Triple Integrals in Spherical Coordinates

We have dV = 62 S\J\CG &(\) ﬁ(g &9

Example 92. Write an iterated integral for the volume of the “ice cream cone” D

bounded above by the sphere 224+y%+2% = 1 and below by the cone z = v/31/x2 + 2.


https://tinyurl.com/math2551-spherical-box
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Example 93 (Itempool). Write an iterated integral for the volume of the region

that lies inside the sphere 22 4 y? + 22 = 2 and outside the cylinder 22 + y* = 1.
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Goals for Today: Section 15.8

e Integrate in spherical coordinates
e Change variables in multiple integrals
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Example 93 (Itempool). Write an iterated integral for the volume of the region
that lies inside the sphere 2? + y? + 22 = 2 and outside the cylindeerQ + 1 \: 1.
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Theorem 94 (Substitution Theorem). Suppose T(u,v) is a one-to-one, differen-

tiable transformation that maps the region G in the uv-plane to the region R in the

xy-plane. Then ATNG
( ‘r\A\z) L €

//fﬂfy dxdy—//f uv@udv

—Scu o\au.\v\ - M!«.S\Abcj &\%("}'DV\ g e{)
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Example 95. Evaluate / dac dy via the transformatlon u — 2r2y
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(NS

= %=V

2. Find G and sketch:

0=y =D 0=2lv = V=0

Oé\)h* =g =) Yzl =D VT2
( Lx_ V/L + \-;
R Yoy wh =2 U=V
2 &L\J\x-ﬂ vkl =z uly D l=w
7
v Y
/_\D
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~ _ ul\)
3. Find Jacobian: 1= 12\)
B g 2

\)e}(m “\ﬂ 3
\v
4. Convert and use theorem:

‘—\?_~o -
I~ - g \u' Z (&u&\/
=S e

)

7,_«c_~»;:1(M >R o sl w
IO‘ 0’(@)%,@; ¢ st ¢
WT((B\ fb\‘/\ e (O %

WD Vst

Neb = Tlaotw bl=r

Theorem 96 (Derivative of Inverse Coordinate Transformation). If T(u,v) is a

@"‘ {(mb -v*smﬁ} ]&&T CDT((( T/Q)B) _ QZSL/\ ¢

one-to-one differentiable transformation that maps a region G in the uv-plane to a

region R in the xy-plane, then we have

1
et = DT 1)
h \ (qozwu) = (\(o, )”(D

DTl DU () = T,
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Example 98. a)(Itempool) Find the Jacobian of the transformation

r=u+ (1/2)v, y=v.

-
ass 88 & & sBses & S8
LL 2 SEE & & 208 4% B ¥

b)(Itempool) Which transformation seems most suitable for the integral

2 rly+4)/2 ,
/ / y3 (22 — y)e® Y dx dy?
0 Jy/2

) u=z,v=y
i) u = /2 + y?,v = arctan(y/x)
iii)u = 2z —y, v =9°

ivju=2r—y,v=uy


https://itempool.com/hlehmann3/live/
https://itempool.com/hlehmann3/live/

Day 18 Change of Variables in Multiple Integrals Page 98

3. Find Jacobian:

4. Convert and use theorem:

Theorem 96 (Derivative of Inverse Coordinate Transformation). If T(u,v) is a
one-to-one differentiable transformation that maps a region G in the uv-plane to a

region R in the xy-plane, then we have

1

AU DT o) = 13 DT 1w, )

b&_\,: \)Sc (/\v\u\mje O’L \Y m\‘a\o\% \U\\)r\/\dvé' Vt?ch\‘v\S *\7) (a\LuJoA €

= S T - U\(l)
T' e Wwe O %W«A T (Y\Nh-*[\)z;:{)].
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Example 97. Let’s evaluate / y(L;Ly)j)\where R is the region in the xy-plane
R X

bounded by y = x,y = 3x,y = 1 —x, and y = 2 — x. Consider the coordinate

transformation u = = + y,v = y/x.

1. Find the rectangle GG in the uv plane that is mapped to R

i} Y] = VA T=774
\j"x ~? x 7 7 val /‘\)
\j:;x _) {.}_5 =D \}:3

—1{- - = = |

2y > ay=2 2T 1 ~
Y . 1 /{ /}@ \

J ] @ ! )q '
l T-'\_/

2. Evaluate f(T(u,v))|det(DT(u,v))| in terms of v and v without directly
solving for T using the theorem above T,( { J \ \‘[
¥

) — 2
| det [DT(\{@)\ B (‘W?‘(\A«D\)) =i Y

| ) .
) v T BE T Ty

R 155 S 2
4 <X’”h' By ] x> e X

G £l N dd Ovlaa)) = v

~
—
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3. Use the Substitution Theorem to compute the integral.

(Eadpne {0y JA

i G

= g; %z \Y »u&\)
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Daily Announcements & Reminders:

» Hw 163 %e,\\om‘j\«%/ 9% on T
. EX&M?\ ,-C(jm,)45 D€ i ol net W gf”\

Goals for Today: Section 16.1, 16.2

e Define a line integral for a scalar function f(x,y) or f(x,y, 2)
e Compute line integrals using parameterizations

e Define and explore vector fields

Unit 4: Vector Calculus

OH, YEAH. IT'S ALL COMING TOGETHER

Goals:

e Extend LD / LD integrals to AY [ 2'9 objects living in higher-

dimensional space

e Extend the 'r““h&W{“L"\ D“{WQV"\ r(;éa\(u\us

in new ways

We will use tools from all three units so far to do this: parameterizations, derivatives

and gradients, and multiple integrals.
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Example 99. Suppose we build a wall whose base is the straight line from (0, 0) to
(1,1) in the xy-plane and whose height at each point is given by h(x,y) = 2z + 3

meters. What is the area of this wall?

\ ﬂ ’
‘ Qréo = w7 \h&‘%‘)\a Qe
=1

n->

- gc W) s

nNe

D f\)amwc)*v\\%e/ C

o oy VY "(@‘t A 0,5 DEEL)
As
poe TDEROE

o HQ @mﬁﬂ

qv & )‘%

___W

& o —~ WL
g

Definition 100. The line integral of a scalar function f(x,y) over a curve C in

R? is

[ 16w as - i 2%& g0 By

VO

2o 2| A W T
ga ' ) paraverenee (|

with atksh

What things can we compute with this?

G 1 - okl g\ 20\ )

o If f=01is ]z;“daernsny function: j éhs = MaYs D‘QO\U’ )" ‘)“ L WJ’L JM& S
G = Lolm ol an,

o If f is a moment:

o If f=1


https://tinyurl.com/2551-wall-line-int
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Strategy for computing line integrals:

1. Parameterize the curve C with some r(¢) for a <t <b
2. Compute ds = |r'(t)| 4T
3. Substitute: [ f(x,y,2) ds = f; f(x(®))|r'(t)] dat

4. Integrate

Example 101. (Itempool) Compute [,2x + y* ds along the curve C' given by

r(t) = 10t + 10t for 0 < ¢ < . ¢z z‘b W&
| 300
Y B (siven L 0

‘ c N |2 al= \Ob,(o?\ — Y200
%) § o ¢ LM"> Voo A6

| (¥ {{v)
_)(,_,A—/ \EJO U‘“ﬁ + UM >\
THAOLRO T T oS [ 5
\nma,\'\c Sawme \W\ugc - 4G %ﬁ-\o—;d‘/‘%—

L et \OlfAA avume\rvxtoujnm bJ(\‘ () 20
Ben S ) Rl g TP

D X



https://itempool.com/hlehmann3/live/
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Example 102. Compute fc 22 + y? ds along the curve C pictured below.

btk = § D 50, 2 s

A g (o T L\Db + Lo DCEE)
12 )=\ L= ]
.\ g Tl= Lo Db+ (9> Dk
1 (7 @) = LoD] =)

C\
AR E%% (204 %= gl@(m&\ LAk S;@ME—})M

0\ T L N L
- 2 & 3\ -\\0

s

b Mm)r \‘Me, \'V\Jrejlt)]s Qv *&m\l‘f\ "‘)C‘)cmhel’\\_
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Example 103. (Itempool) Let C be a curve parameterized by r(t) from a <t <b.

Select all of the true Stzatements below.
o -4 [; L > \O/UQ
a)r(t +4) for a <t < b is also a parameterization
of C with the same orientation C)/‘

LD ol o Wi o van)O

o8 Gudu) 4o TGO k) e W
Elg) 4o &)

b)r(2t) for a/2 <t < b/2 is also a parameteriza-
tion of C with the same orientation

S\A‘\S(XV% 'V”“\r (\A

c)r(—t) for a <t < b is also a parameterization of
( _/\,.D

C with the opposite orientation %
= ()

G\,\&Qv &Msvxuf WDJJ/\

d)r(—t) for —b < t < —a is also a parameteriza-

tion of C' with the opposite orientation g E 95 z 7 g ’CLQS
C
Sl&j( o v\’!

e)r(b—t) for 0 <t < b—ais also a parameteriza-
tion of C with the opposite orientation

T & &\ B cweg\l\@a\ Lom )


https://itempool.com/hlehmann3/live/
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Daily Announcements & Reminders:

D532 16w duedowigh 162 e R
° QM;Z g {;OW\OV'VO‘V owv ]gg/ \()\

Goals for Today: Section 16.2

e Define and explore vector fields
e Define tangential and normal line integrals for vector fields
e Apply vector line integrals to problems involving work, flow, and flux

e Compute vector line integrals using parameterizations

Vector Fields:

Definition 105. A vector field is a function F : R"” — R" which associates a vector

F (v .B)= Plg )T+ @(\‘l"z@ 7+ Q(’(”‘ZJE

to every point in its domain.

Examples:

* (o :f= DY +07 —4.8l k Graphically:  For each point
L= (a,b,c) in the domain of F, draw
o [l o\ﬂfbv\mj\m ¢ \"ld& the vector F(a, b, c) with its base
PY VC\OL;\\] f‘t‘a £'W"0\ go\»:vﬁ _(:\V(A‘ at (a’7 b7 C)'
e Tougpl v dos 51 Cawe /gwgf . Tools: [CalcPlot3d
) Field Play

° V{:;Cf,(\ £>
ket ITY .%I) ok Z-;3 \9/0\(\2 tovet,
e

;s »Sl"(, é//‘j ?’DIR &;‘u,


https://c3d.libretexts.org/CalcPlot3D/index.html
https://anvaka.github.io/fieldplay/?cx=0.001200000000000312&cy=0&w=8.542200000000001&h=8.542200000000001&dt=0.01&fo=0.998&dp=0.009&cm=1
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Idea: In many physical processes, we care about the total sum of the strength of

that part of a field that lies either in the direction of a curve or perpendicular to

that curve.
T
1. The Wovic 9 Me by a ﬁeld F on an object movi)é along a curve
C'is given by
= &T’ \)s
3l ”
(OW‘QO“""C\ o’(\’r W »\N(}\‘)V\ T AJ‘"‘? lawe
S
%)

& —- .
Y ?wuwe\m’ks C

Example 106. Work Done by a Field. Suppose we have a force field F(z,y) =
(x,y) N. Find the work done by F on a moving object from (0,1) to (1,0) in a

straight line, where x, y are measured in meters.

X Mo v, 0 Bl <'—5t*<D.D
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Q, The Flow along a curve C of a velocity field F for a fluid
in motion is given by S 'ﬁ T &S
C
When C is Nose & , this is called "‘”C‘*\"‘\ﬂo"‘ . C is called
S\W\(‘J\C if it does not intersect itself.

Example 107. Flow of a Velocity Field. Find the circulation of the velocity

field F(z,y) = (—y, z) cm/s around the unit circle, parameterized counterclockwise.

Goa) ™ §0’f: T

& D) Pt (0 B> Costd) sial
7 04700
{- 23 (()W\()J,\Q \('2‘ (ﬁ‘, ‘v”“—]': CtSiv\l'c‘)/Ws(H>

g\gJ&&ﬂﬂwl
2
Y Y _aalt) s » Lo «> A
(;\Hu\u\';wx“—g(,v:"—( &5 - 80 LS SMLH((‘SL‘(D (S\/\LHI(OS >
= (% oy 2l )
= p:u |
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Example 108. (Itempool) What is the circulation of F(x,y) = (x,y) around the
unit circle, parameterized counterclockwise?

1 Rz Lol gab) | 0t 27
[ == & sulk), tos(6)

—F’(;(grﬂ;;"(l.) = <[¢>> (H ,Ql‘w“—b
P Z—s\mlk)((vSU'D

= — sl 1) + os(Bsinlh)

(B b obogna b )

Strategy for computing tangential component line integrals

e.qg. work, flow, circulation integrals

1. Find a parameterization r(t), a < t < b for the curve C.

2. Compute 1'(t). Yo+ q\m%uo\‘

3. Substitute: [ F-Tds= [ F-dr= fabF(r(t)%r’(t) dt

4. Integrate


https://itempool.com/hlehmann3/live/
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\[udd({‘y

across a plane curve of a 2D-vector field measures the flow of

A

XN/
N

Idea: };\""L

the field across that curve (instead of along it). A
n

We compute this with the integral

/F n ds.
C L—
pov’r\y\ 0“1: &W&'\y W TdJona x-b c

The sign of the flux integrals tells us whether the net flow of the field across the

>
curve is in the direction of __ N or in the opposite direction.

. (%2 &
We can choose n to be either of [ wywal 3

2 ‘ ( MR G
Zgw,0) e (D | = PRE) T,

6@ e RE e

R 'ﬁ{k\:&\(k\(\i(hﬁ Pcwuu«e,\rcv(z{; C .\r‘ M

Example 109. Flux of a Velocity Field. Compute the flux of the velocity field

2 2
v =(3+2y —@2/3) 0) ecm/s across the quarter of the ellipse % + §—6 = 1 in the first

uadrant. |
qW\ > N Paandaee: T \= <%(os(n, Cgak) 05k T
A7k |
\<’\(/7 ﬂ Dertveives r ‘ u-] = 4/77 swx[ﬂ/ § ws 3D
\(?/7 WO W V\bw\ s wslH ; Z g‘m[ﬂ>

,__J\;._;,.;

s h % BUBDS

g““(“z@mg (b 5 (bt BsinlD A
=20
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Strategy for computing normal component line integrals
e.g. flur integrals

1. Find a parameterization r(t), a <t < b for the curve C.

2. Compute 2/(t) and ¥/(¢) and determine which normal to work with.

3. Substitute: [ F-n ds = :l:ff P(r(t))y'(t) + Q(x(t))y'(t) dt (sign based on

choice of normal)

4. Integrate
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Daily Announcements & Reminders:

o |62 Hw )w)rmi@wy

Goals for Today: Section 16.3

e Define conservative vector fields and recognize examples from physics
e Learn how to check if a field is conservative
e Compute potential functions

e Apply the Fundamental Theorem of Line Integrals to compute line integrals

of conservative vector fields

Definition 110. A vector field F is path independent on an open region D if

[
j F.T &g
c for all paths C' in the region that have the same

endpoints.

SC EW)’M == SC T &chc l::d? 35

L 2

. gm\/(‘m)\{w\w\ des ave {w% imb.

Coledo d=he Cod v

w N
) 6‘)(11\5 ‘KOV(Q{? b\\’e/ K .
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When F is path independent, we can use the simplest path from point A to point

B to compute a line integral, and will often denote the line integral with points as

(3,1,1) (¢,d)
/ F-Tds or / F - dr.
(0,1,2) (a,b)

Example 111. If C is any closed path and F is path independent on a region

bounds, e.g.

containing C', then

G /F-dr: O
C

C
\Y

Gy

Question: Given F, how do we tell if it is path independent on a particular region?

Hed

For example, is F(z,y) = (z,y) a path independent vector field on its domain?

/Do V\(}' \CV\ oW/ .

Example 112. (Itempool) Last time, we saw that if C' is the unit circle about
the origin, oriented counterclockwise, then fc<—y, x) - dr = 2. From this, we can

conclude:

C s (_LDW&\, SO \I*@ é"}ﬂ&> S \
r pm\l/\ ‘m&. pudand VY

W e tdeqal 1onld Ve O

t Bok Nas s e ) 50 =R,
\5 \Mjr. ?o&\v \w&.

>



https://itempool.com/hlehmann3/live/
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A different idea: Suppose F is a gradient vector field, i.e. F = Vf for some
function of multiple variables f. f is called a ?‘Atvx&ftw\ Cuvw\‘t‘o"‘ for F. In
this case we also say that F is conservative. ;j Xj’ > W= 4\//5()

oY Lyv’\ Vo fonsew AL
T4 \—r- \-(-(—ée\kev\ - L‘(%( ‘/7

e gx o =t
A £ 0 H902] 3 gl= Syby=itc

Theorem 113 (Fundamental Theorem of Line Integrals). If C' is a smooth curve
from the point A to the point B in the domain of a function f with continuous

gradient on C, then
[ Vs s = 18- a)

% F ) = P A
- S F(r[%ﬂ ﬂ A‘t‘

Example 114. Compute [,(z,y) - dr for the curve C' shown below from (—1,1) to

(3.2) b <“"P =V ( %jf
2 o by FF L (3,2)
\ | § P = g’_’hlmt o
- am\)‘\ﬂ ALY
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It follows that every conservative field is path independent.

IIl faCt a =P ;-z?f'.'_.:;uu-" e rordn GEa S
true that 0"-*\" S Cﬂm&u&(f‘nd&S Oef, (DY vl T

\(L \XL W_ ove s\u«},\y (owc\c&

D @
S.(.

This gives us a better way to test for path-independence and a way to apply the
FToLlI.

Curl Test for Conservative Fields: Let F = Pi+ ()j + Rk be a vector field. If
curl F = Q., P, — Rx,Qx — P,) =(0,0,0), then F is conservative.

-+ \)M’ ﬁbu«am D(: PG 5"”9\9 (vache

o If F is a 2-d vector field, curl F = <O((§/ QX—V\/7

Y
e This is also called the mixed-partials test, because e Vi ¥
tur\B = Q000 = Q‘/ =Ry Fheu T’ZB <‘C¥‘4u£?}
0“& ?Z = R.X ( _ f
ea Poddad P o
'5‘ - \1 (9_0\(& O—x_' b 8
Q :0 ‘t\(%' - X
X
?,=0 fn= Ly

D N
9% F W (omsewa.m

ex.” §>3 =4 -4
Q[ + Q. -h=2#0

\1_ -\ 10 T s ot (°\A>CN“'L:"’0
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Example 115. Evaluate fc(10x4 — 2xy3) dx — 32%*y* dy where C is the part of the
curve ° — 5z%y* — 72? = 0 from (3, —2) to (3,2). ﬂ
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Daily Announcements & Reminders:

v [ 69 RW &ue ’Eomg\)\{j Wb on TH
0 Qu-\t 1 +p worow - 16.2 ¢ | b2

0 Cow{c)riov\ +o lm*'#me re:
-Paw“"sf{b"-“\tﬁ (=D (owwa{,‘m
- Cui’\"[vtg ‘\rcs{/

Goals for Today:

Section 16.4
e Define the divergence and curl of a vector field

e Interpret divergence and curl geometrically

e Apply Green’s Theorem to compute line integrals over the boundary of a
simply-connected region

. /9 9 9
Useful notation: V = <%, ENe §>

So if f(z,y, z) is a function of three variables, Vf = < 0 0 0 (f)>

If F(z,y,2) = P(z,y,2)i+ Q(z,y,2)j + R(z,y, 2)k is a vector field:

.\)\/bv\cs‘(‘o\/
'v'F:<?&(%L{(27 <‘P Q Q) ? ¥ Q N 12

C{V\y n
>
)\ _; & bw\ 2)
_ -’> oY
e VXF= ??‘ %7 5'2 :4@7 O;(V& R 7>
P R
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How do we measure the change of a vector field?

1. Divergence (in any R")

(%Qamsim J (O e SGIS VY

o Tells us

Measures Tn S TS Hoca\ ’Qkf%

Is a 9 0«\0\/

>
Is the instantaneous rate of change of $J‘ VeMcj\’\/‘ ot F in the

direction of flow

D
divF = V“F’ = ?34 ¥ O‘;’*-K'Zv

2. Curl (in R?)

e Tells us AV (O}\(}“\N\

e Measures \“‘A‘um‘@\\/\em&- (L’)Ca\ (j{' c\x\‘;\,(\\DV\

e [sa Ved—or‘

\ \ ]\
e Direction gives RRR Ax\s “{— VD%““ 4 \,Fv>§/7
m\e O’F m'\?«‘}\\OV\

v

e Magnitude gives

=
o curlF = /«F

e IfF=Pi+Qj weuse VxF =V x (P,Q,0) = <Oz D, &X—Vﬂ

5¢ dav vl = @{ﬁaﬁ :QK—_QY
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Example 116. Let F(z,y) = (x,y). Based on the visualization of this vector field
below, what can we say about the sign (+,-,0) of the divergence and curl of this

vector field? Verify by computing the divergence and curl.

CMWE t" ,.v E ) O bl wmw Low o oF

Cadn o) dvdle

o (uvr

Lot uc}h’\j o tuda S(\)C of onal

e e e G
sl szedhenes
<o —~[ﬂ— 2,60p= (o0,

\P V‘&F O \DC(u\nC SZM\M"‘:Q
Ll'f/

s
pNE

Example 117. (Itempool) Let F(z,y) = (—y, z). Based on the visualization of this
vector field below, what can we say about the sign (4,-,0) of the divergence and curl

of this vector field? Verify by computing the divergence and curl.

CWE=0 L Mo oF euda gl
C\v(Jﬁ -&ow v )lb eacl’i Smd”

@Y’r) >0 uc eacL\ e &

0 ms\w& wove oA Sile (2 a5y fowm (0,0)

i) [, * 5o YO\D\‘L CC'\)\]
WA = / /. o N _ _ -
e e . [GR)l = %L (x) - ;,—7 ()= |-H)=2

(e, ) e gy 1 o0


https://itempool.com/hlehmann3/live/
Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann




Day 22 Divergence, Curl, Green’s Theorem Page 122

Question: How is this useful?

Answer: We can relate rales 0’(;(]"0"‘?6 U'L Vec\z‘f.édp

inside a re-

gion to the behavior of the vector field on the boundary of the region.

Theorem 118 (Green’s Theorem). Suppose C' is a piecewise smooth, simple, closed

curve enclosing on its left a region R in the plane. If F = (P,Q) has continuous
partial deriwatives around R, then @
a) Circulation form: @ /Fé
[Era [paroaOff 7 m)cia- [[ .-
c c R R
S |

b) Fluzx form:

/Fnds—/de Qd@// ) dA = //P+deA
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Example 119. Evaluate the line integral fCF - T ds for the vector field F =

(—y?, zy) where C is the boundary of the square bounded by z = 0,z = 1,y = 0,
and y = 1. Dn(’.v\&c& W,

2 BT by = Jg R M
5 :ggg‘m- ) dy b
M SN ~\(‘277 by
] ( r — o\ 35,\;’\0 >)(
- \\0 2k = 3

-IL CW ' Qw (AV\CSc}\"\C S'wf"\

Example 120. Compute the flux out of the region R which is the portion of the

annulus between the circles of radius 1 and 3 in the first octant for the vector field

F = (323, 1y%).

g’\u\\\i Sc,&lif‘ »5 = gé &}\,ﬁ 3/&
- SS ?\f\'@‘f A A
2
:_%Sl {)H(Z Mxr
= ST::L 83 v b W

S\?uz_ 1 ( l-WAB
= S;'ILZO %)

10

‘I
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Example 121. Let R be the region bounded by the curve r(t) = (sin(2t), sin(¢)) for
0 <t < 7. Find the area of R, using Green’s Theorem applied to the vector field

F = 1(z,9). -
5 (T, y) NROE 1514k = SS INRE
28 2 K:—* Z ‘1'r\5'>
B = Lrisl et
* ¢ S Fow &S
C
h___\, 8’( <g‘/\(za Sl lﬂ), < (09(97210)(2&'7>1H'

— Sl 1 dnbhkes (O — qald) (os(2k) %
.~ ST' in (L) 08 () — sin (£ (Z(os (€) ~) J—E

o

W= tos (O »“: ~smlk) 4
- S' bt ) e
\

_ 5‘_&“ o
~ \
Z lsujrkk\

Qﬁ\\ (‘\

— —

- 3

Note: This is the idea behind the operation of the measuring instrument known as

a planimeter.


https://en.wikipedia.org/wiki/Planimeter
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Day 23

Surfaces & Surface Integrals Page 126

Daily Announcements & Reminders:

o 6.4 HW due ?rb\oaut, %wij\a{j

° [\)0 C(/qit V\Q\dz weele

Goals for Today:

o Describe surfaces in R? parametrically

e Define and compute surface integrals

Sections 16.5/16.6

e Use surface integrals to compute meaningful quantities: surface areas, masses,

flux, etc.

Different ways to think about curves and surfaces:

Curves Surfaces
Explicit: y = f(z) z = f(z,y)
e.g. y = sin(x) e.g. z=/x?+ 1> E i
Implicit: F(z,y) =0 F(z,y,z) =0
/72 1.2
e.g. sin(z) —y=0 e.g. VY 1=0

5(1¥ 1‘)-2-1

z
L@k - 1=0

Parametric Form:

r(t) = (z(1),y(1))

e.g. r(t) = (t,sin(t)),t € R

2l s (la ) yud)) Tl
ey, 2= Cu v, Ve ?

w v el


Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann




Day 23 Surfaces & Surface Integrals Page 127

Example 122. Give parameteric representations for the surfaces below.

S R
a)r = y? + %22 —2 ' Gn (J,mPRL fum\o’o\oilg bfev\m% w (o5 Y‘(g\vr(;wy]

v ﬁ(q!v\: (Uf‘irllvl—l} w, V) \xve\K \] .
ne o\g o Ne !2' (00
¢ Flops S ¢ > ek g )

AR o7
S Q_ !
\/r(ga:wif%ﬁ L/S,*> 5k clR

b) The portion of the surface x = y? + £z* — 2 which lies behind the yz-plane.

Need % <D
T 2lun= \»\L'\”\Z\}—Z/ a D W lz\;l—),z O
i L*ZL+i:<l
c)r’+y*+ 22 =9
=7 _Feul
T (¢ ’BB: <3 s € cosi/ g Sin‘est,\[a-l 505 CY _ vauzmz
DL &1 N
b 2T 2 “\ \\”
*ﬂ‘%u(‘? €
d)a?+y?=25 =5
™ (9 )= <g(b'7%’ 56\.«%/%)
0LB <k

e &
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. N
What can we do with this? r (\4,\)3 Vﬂmmf\ﬂmwj Savfiuce -g
ffu [‘“oﬂ = C%.JUN)/ ‘/\}('ut\b( 2ul\‘¢‘h)

If our parameterization is smooth (r,, r, not parallel in the domain), then:

o1, Xr,is "‘NW‘W\ \)(OJDIF'LD sSuyte (g

VQV“‘UQ,\H‘M“‘
e A rectangle of size Au x Av in the uv-domain is mapped to a p@efea-ﬂgl“erof size

\ 10y | budy on the surface in R3. \” “"'z = [ ! 62

7,

r(v@
Rl Au
X L2 V) 7
L\m\-ehwd\ \

AR
v = S M\) S\lh("c W

o Thus, Area($) = ) | S\ 1r ml IA

S Br

Example 123. (Itempool) Find the area of the portion of the cylinder 2%+ y? = 25

between z = 0 and z = 1. ?[8(2\: Lg (O>%‘/ gsiv\ja (2D o Doty gt (mduje
d S8 L2a Ries b ca
o C&L\ -\b{) X/lfb

2 = Cshid f,/o o
& =
3 (%«,6 Ssixbr ) 07

A \ﬁm529¥2gsm9—5
AV{L(.S\’:—\\\»V"-/— gb Sog»%%;mm



https://itempool.com/hlehmann3/live/
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Example 124. Suppose the density of a thin plate S in the shape of the portion of

the plane x + y + z = 1 in the first octant is d(x,y, z) = 6xy. Find the mass of the

plate. ‘c.,( wl

P s

C Wosos = SS %Gm@ &ts’

w am\me}ﬁh% S

x (£ \\7 VLU\\\\\“ L\ a-V, W, \/7
pe sl
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Goal: If F is a vector field in R?, find the total flux of F through a surface S.

Note: If the flux is positive, that means the net movement of the field through S is

in the direction of

If r(u, v) is a smooth parameterization of S with domain R, we have

flux of F through S = //S(F ‘n) do = //RF(I'(U, v)) - (ry X r,) dA.

Example 125. Find the flux of F = (x,y,2) through the upper hemisphere of

2?4+ y? + 2% = 4, oriented away from the origin.
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Daily Announcements & Reminders:

o Hw 165 due gmg\uy LAyl
o @uu& 1D on ]éLH((sS 2N Ménﬂa)/
’ );XO«W\PS M[b (Ji\er“]bgaj N (ohvns

o gv\joj breal_
o No O\CQ(Q \’\O\WS %&aj

Goals for Today: Section 16.6/16.7

e Compute flux surface integrals
e Interpret the physical significance of flux surface integrals

e Introduce and apply Stokes’ Theorem for surface integrals

Goal: If F is a vector field in R?, find the total flux of F through a surface S.

Note: If the flux is positive, that means the net movement of the field through S is

in the direction of '\”"‘""‘\ vechr 10 6

If r(u,v) is a smooth parameterization of S with domain R, we have

&"j W5 wH CO\A,SO\‘U'\\" Wov W\a\s

flux of F through S = // (F - n ) do = // (ry X r,) dA.

u_m(
V\AWWA.\ )VD
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g~ T
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Example 125. Find the flux of F = (x,y,2) through the upper hemisphere of

2?4+ y? + 2% = 4, oriented away from the origin.
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Example 126. (Itempool) Suppose S is a smooth surface in R? and F is a vector

field in R3. True or False: If ffs F -n do > 0, then the angle between F and n is

acute at all points on S.
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Example 127. (Itempool) Based on the plot of the vector field F and the surface S

below, oriented in the positive y-direction, is the flux integral [[(F - n do positive,

negative, or zero?

,,,,,

A’LC\,(\/‘\} P,)wr)' n S F \\as pos- \f—wwf:o\&ewj‘ 3
=ew ‘z*'; >0

s0

Recall: If F = Pi+ ()j + Rk is a vector field, we defined its:

1. divergence: V-F = P, +Q, + R,

2. curl: VxF =

- <Ry_Q27Pz_Rx7Qx_Py>

v
OF| v
N


https://itempool.com/hlehmann3/live/
https://itempool.com/hlehmann3/live/
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Example 128. (Itempool) Suppose F = Pi + Qj + Rk is a vector field in R3

with continuous partial derivatives. Compute the divergence of the curl of F, i.e.

VAVRE). gL (-0, B Ry OuPp
~ R Gt PR Re T
-0
. Vy (v@) =% ( owsequuhve, vebsrfidls boe 2en carl)
C 3@ F) ek debined

Theorem 129 (Stokes’ Theorem). Let S be a smooth oriented surface and C' be
its compatibly oriented boundary. Let F be a vector field with continuous partial

derivatives. Then

< //<V><F)-nda=/F-Tds.
|, . ; o
(e, | | ,
- “ﬂm X e, msr\og?) 4’\»«»7\4 %l\ :\\C\r«x\u-\'ov\ Gc F amm& w&»y 5FS
AN
o If S is a region R in the zy-plane, then we get:

/‘1  @DEk=FRY (o )
DY

Do nyma) vechos we usisag o all S

e An oriented surface is one where

e S and C are oriented compatibly if: .
v\m\\«.‘\% o\\auj G 3w oonewrdtin with YOIV ]'\m» W e »‘Ve(}‘%l/l oF T S

wsalle a6 \aef/\f) ongar le+
o (’lox& quﬁues/ €<y asf\hevel
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Daily Announcements & Reminders:

s Rw 16-b &wo_ '{SM\\9\;\3(:[ L3108 ). T,
0 {—\mm?) 1S ’Y\'\, Ste (rmmg (){g,[glg/[b_\-lg,g)
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Goals for Today: Section 16.7/16.8

e Apply Stokes’ Theorem to flux integral problems.
e Use Stokes’ Theorem to simplify flux integrals

e Introduce and apply the Divergence Theorem to flux integral problems

Theorem 131 (Stokes” Theorem). Let S be a smooth oriented surface and C be

its compatibly oriented boundary. Let F be a vector field with continuous partial

//S(VXF)-HIC_Z’JJ:/CF-TCZS.

Su v‘mc

Avtn wrk WL lf"“j\’\q

derivatives. Then
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Example 132 (DD). Let F = (—y, 2+ (2 —1)2%*"@), 22 +4?). Find [[(VxF)-ndo
over the surface S which is the part of the sphere 22 + 3> + 22 = 2 above z = 1,

oriented agiay from the origin.
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Question: What can we say if two different surfaces S; and S5 have the same
oriented boundary C"7

[{o@) k= (B b= 0 idenhr

S\ c 51

Example 133. Suppode curl F = (y¥" sin(2?), (y — 1)6% Compute the

net flux of the curl of F over the surface pictured below, which is oriented outward

and whose boundary curve is a unit circle centered on the y-axis in the plane y = 1.

¢ i b to vole with sk we 5,

§

ya
SZ.. /C o AL og &\JL.
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Theorem 134 (Divergence Theorem). Let S be a closed surface oriented outward,
D be the volume inside S, and F be a vector field with continuous partial derivatives.

Then

é;} //SF~nd0://DV-FdV.

\\'@‘ L\‘“‘“&F YN g o Loy oFF sle sorfase
- ) ’ *\Avmz\/\ R L\Owc% -
3

/1 sovhuee !
7
2

Example 135. Let F = (y'2%es02) ¢ — 22" #— 2) and S be the surface consisting
of the portion of cylinder of radius 1 centered on the z-axis between z = 0 and z = 3,

together with top and bottom disks, oriented outward. Find the flux of F through

1§ 2.2% = W06 & F WV
5 D> ol

Mﬁq\ ) = %\\ o+ W2ty
‘W\\1\1\f‘k5/ ?
ot _ 3 22
R)
N\ :ang; Szl%r l@br&@'


Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann




Day 25 Stokes” Theorem, Divergence Theorem Page 140




Day 26 Final Exam Review Page 141

Daily Announcements & Reminders:
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Goals for Today:

e Answer student questions about the course/unit.
e Review the core ideas of the course/unit.

e Practice problems from the course/unit.
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Responses to questions: WS & B
3. Find a vector-valued function for the curve of intersection of the eylinder 22 +4* — 9 and

the plane y + z = 2. A

Hint: How could you parameterize the circle 22 + y* — 9 in the plane? Ll
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