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Choose whether the following statements are true or false. If the statement is always true, pick
true. If the statement is ever false, pick false.

1. (2 points) Every vector field F(x, y) is a gradient vector field, i.e. there is always some
f(x, y) so that F = ∇f .

⃝ TRUE
√

FALSE

2. (2 points) If F(x, y, z) is a velocity field for a fluid flowing in space, then ∇ · F is a vector
whose direction is the right-hand rule direction of the axis of rotation of the fluid at each
point.

⃝ TRUE
√

FALSE

3. (2 points) Suppose f(x, y) is a differentiable function defined on all of R2, fxx(0,−1) = −3,
fxy(0,−1) = fyx(0,−1) = 4, and fyy(0,−1) = −6. Then (0,−1) is the location of a local
maximum of f .

⃝ TRUE
√

FALSE

4. (2 points) For any continuously differentiable function f(x, y, z), ∇× (∇f) = 0.
√

TRUE ⃝ FALSE

5. (2 points) The domain of the function f(x, y) = ln (x− 2) + y2 is the interval (2,∞).

⃝ TRUE
√

FALSE
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6. (5 points) Let S be a surface with normal vector n and compatibly oriented boundary
curve C. Which surface integral below is equivalent to the line integral∫

C

y dx+ z2 dy + 2x dz?

⃝ A)

∫∫
S

⟨y, z2, 2x⟩ · n dσ

⃝ B)

∫∫
S

⟨2z, 2, 1⟩ · n dσ

√
C)

∫∫
S

⟨−2z,−2,−1⟩ · n dσ

⃝ D)

∫∫
S

−1 dσ

⃝ E)

∫∫
S

⟨0, 0, 0⟩ · n dσ

7. (5 points) Which of the following is a parameterization of the surface S which is the portion
of the cylinder y2 + z2 = 9 between the planes x = 0 and x = 3?

⃝ A) r(x, y) = ⟨x, y,
√
9− z2⟩ 0 ≤ x ≤ 3, 0 ≤ y ≤ 3

⃝ B) r(z, θ) = ⟨3 cos(θ), 3 sin(θ), z⟩ 0 ≤ z ≤ 3, 0 ≤ θ ≤ 2π
√

C) r(x, θ) = ⟨x, 3 cos(θ), 3 sin(θ)⟩ 0 ≤ x ≤ 3, 0 ≤ θ ≤ 2π

⃝ D) r(r, θ) = ⟨r cos(θ), r sin(θ), 3⟩ 0 ≤ r ≤ 3, 0 ≤ θ ≤ 2π

⃝ E) r(y, z) = ⟨3, y, z⟩ 0 ≤ y ≤
√
9− z2, 0 ≤ z ≤ 3

8. (5 points) A vector field F and several curves
C1, C2, C3, C4 are shown to the right. For which curve
is the line integral

∫
Ci
F ·T ds positive?

⃝ A) C4

⃝ B) C1

⃝ C) C3

√
D) C2

⃝ E) None are positive.
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9. (5 points) The integral below could describe the mass of:∫ 1

−1

∫ √
1−x2

−
√
1−x2

∫ √
1−x2−y2

−
√

1−x2−y2
(x2 + y2 + z2) dz dy dx

⃝ A) a cone that gets heavier towards the outside
√

B) a ball that gets heavier towards the outside

⃝ C) a cone that gets lighter towards the outside

⃝ D) a ball that is equally heavy at all points

⃝ E) a ball that gets lighter towards the outside

10. (5 points) A vector equation for the tangent line to the curve parameterized by r(t) =
⟨t, t2, t3⟩ at the point (2, 4, 8) is:

⃝ A) ℓ(s) = ⟨2, 2, 2⟩s+ ⟨1, 4, 12⟩
⃝ B) ℓ(s) = ⟨1, 2t, 3t2⟩s+ ⟨2, 4, 8⟩
⃝ C) ℓ(s) = ⟨t, t2, t3⟩s+ ⟨2, 4, 8⟩
√

D) ℓ(s) = ⟨1, 4, 12⟩s+ ⟨2, 4, 8⟩
⃝ E) ℓ(s) = ⟨2, 4, 8⟩s+ ⟨1, 4, 12⟩

11. (5 points) The point (2, 1, 3) is closest to:

⃝ A) the xy-plane

⃝ B) the plane z = 55

⃝ C) the plane x = −6
√

D) the xz-plane

⃝ E) the yz-plane
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12. (10 points) Show that the vector field F(x, y) = ⟨yeyx + 2x, xeyx + 4⟩ is a conservative
vector field, find its potential function f(x, y), and use that to compute the line integral∫

C

F(x, y) · dr,

where C is any path from (0, 0) to (1,−1).

Solution: Qx = eyx(1+xy) and Py = eyx(1+xy), so this is a conservative vector field.
Integrating Q with respect to y, we have

f(x, y) =

∫
xeyx + 4 dy = eyx + 4y + g(x).

Computing fx and comparing to P gives g′(x) = 2x, so g(x) = x2 +C. Thus f(x, y) =
exy + 4y + x2 + C.

By the fundamental theorem of line integrals,∫
C

F(x, y) · dr = f(x, y)|(1,−1)
(0,0) = (e−1 − 4 + 1)− (e0 + 0 + 0) = e−1 − 4.
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13. (10 points) Let C be the boundary curve of the triangle with vertices (0, 0), (−1, 1), and
(1, 1), oriented counter-clockwise. Let F(x, y) = ⟨2xy, x2 + y2⟩. Compute the circulation
of F around C using any method. Write a sentence explaining why you chose the method
you used.

Solution: There are many correct solutions to this problem. One of the simplest is to
apply Green’s theorem, since the curve C is closed and oriented counter-clockwise.

If R is the region enclosed by C, we have∫
C

F · dr =
∫∫

R

Qx − Py dA =

∫∫
R

(2x)− (2x) dA =

∫∫
R

0 dA = 0.
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14. (10 points) Find and classify the critical points of the function

f(x, y) = x2 − 2xy + 2y2 − 2x+ 2y + 1.

Include both the function value and location for each point you classify.

Solution: To find the critical points, we identify all points where ∇f = 0. Since
∇f = ⟨2x− 2y − 2,−2x+ 4y + 2⟩, we have the system

2x− 2y − 2 = 0

−2x+ 4y + 2 = 0.

Adding these equations gives 2y = 0,so y = 0 and substitution yields x = 1. Therefore
the unique critical point of f is (1, 0).

To classify this point, we find the Hessian determinant at (1, 0):

Hf(x, y) =

[
2 −2
−2 4

]
, so det(Hf(1, 0)) = 2(4)− (−2)2 = 4.

Since det(Hf(1, 0)) > 0 and fxx(1, 0) > 0, the second derivative test tells us that f has
a local minimum of f(1, 0) = 1− 0 + 0− 2 + 0 + 1 = 0 at (1, 0).
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15. Let D be the solid in R3 which is bounded by the
surface z = y2 and the planes z = 0, x = 0,
x = 1, y = −1, and y = 0, pictured to the right.

(a) (5 points) Write a triple integral in Cartesian coordinates for the volume of D using
the order dz dy dx. Do not evaluate your integral.

Solution:

V =

∫ 1

0

∫ 1

−1

∫ y2

0

dz dy dx

(b) (5 points) Write a triple integral in Cartesian coordinates for the volume of D using
the order dx dy dz. Do not evaluate your integral.

Solution:

V =

∫ 1

0

∫ −
√
z

−1

∫ 1

0

dx dy dz



MATH 2551 Final Exam Version A - Page 9 of 14 12/08/2022

16. Let f(x, y) = ln(x2 + y2), v = 3i− 2j, and P = (1, 0).

(a) (4 points) Find the rate of change of f at P in the direction of the vector v.

Solution: First, ∇f = ⟨ 2x
x2+y2

, 2y
x2+y2

⟩. We need a unit vector for our direction, so

let u = v/|v| = ⟨ 3√
13
,− 2√

13
⟩. Then the rate of change of f at P in the direction of

v is Duf(P ).

Duf(P ) = ∇f(P ) · u = ⟨ 2

1 + 0
,

0

1 + 0
⟩ · ⟨ 3√

13
,− 2√

13
⟩ = 6√

13
.

(b) (3 points) Find the linear approximation of f at P .

Solution: Note f(P ) = ln(1 + 0) = 0, so we have the linear approximation

L(x, y) = f(P ) +∇f(P ) · (x− O⃗P ) = 0 + ⟨2, 0⟩ · ⟨x− 1, y − 0⟩ = 2x− 2.

(c) (3 points) Is there a direction in which the rate of change of f at P is at least 4? If
so, find the direction. If not, explain why not.

Solution: There is no such direction. The maximum rate of change of f at P is
|∇f(P )| =

√
4 + 0 = 2.
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17. (10 points) Compute the outward flux of the field
F(x, y, z) = (6x2 + 2xy)i + (2y + x2zx)j + 4x−57yy

y
k

through the closed surface S surrounding the region D
cut from the first octant by the cylinder x2 + y2 = 4 and
the plane z = 3.

Solution: We apply the Divergence Theorem and cylindrical coordinates:∫∫
S

F · ndσ =

∫∫∫
D

∇ · F dV

=

∫∫∫
D

12x+ 2y + 2 dV

=

∫ π/2

0

∫ 2

0

∫ 3

0

12r2 cos(θ) + 2r2 sin(θ) + 2r dz dr dθ

= 3

∫ π/2

0

∫ 2

0

12r2 cos(θ) + 2r2 sin(θ) + 2r dr dθ

= 3

∫ π/2

0

4r3 cos(θ) +
2

3
r3 sin(θ) + r2|20 dθ

= 3

∫ π/2

0

32 cos(θ) +
16

3
sin(θ) + 4 dθ

= 96 sin(θ)− 16 cos(θ) + 4θ|π/20

= (96− 0 + 2π)− (0− 16 + 0)

= 112 + 2π.
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18. (5 points (bonus)) Reflect on a problem that you struggled with at some point during this
course but since figured out. What was difficult about the problem at first? How did you
overcome your struggle with the problem? What did you learn from that struggle?

SCRATCH PAPER STARTS HERE
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FORMULA SHEET

� u · v = |u||v| cos(θ)

� u× v =

∣∣∣∣∣∣
i j k
u1 u2 u3

v1 v2 v3

∣∣∣∣∣∣
� |u× v| = |u||v|| sin(θ)|

� L =

∫ b

a

|r′(t)| dt

� s(t) =

∫ t

t0

|r′(T )| dT

� T =
v

|v|
=

dr

ds

� κ =

∣∣∣∣dTds
∣∣∣∣ = 1

|v|

∣∣∣∣dTdt
∣∣∣∣ =

|v × a|
|v|3

� N =
1

κ

dT

ds
=

dT/dt

|dT/dt|

� sin2(x) = 1
2
(1− cos(2x))

� cos2(x) = 1
2
(1 + cos(2x))

� x = r cos(θ)
y = r sin(θ)

� dA = dx dy = r dr dθ

� x = r cos(θ)
y = r sin(θ)
z = z

� x = ρ sin(ϕ) cos(θ)
y = ρ sin(ϕ) sin(θ)
z = ρ cos(ϕ)

� dV = dx dy dz
= r dz dr dθ
= ρ2 sin(ϕ) dρ dϕ dθ

� For f(x1, . . . , xn) =
⟨f1(x1, . . . , xn), . . . , fm(x1, . . . , xn)⟩

Df =


(f1)x1 (f1)x2 . . . (f1)xn

(f2)x1 (f2)x2 . . . (f2)xn

...
. . . . . .

...
(fm)x1 (fm)x2 . . . (fm)xn


� At a, L(x) = f(a) +Df(a)(x− a)

� If h = g(f(x)) then Dh(x) = Dg(f(x))Df(x)

� If u is a unit vector, Duf(P ) = Df(P )u = ∇f(P ) · u

� For f(x, y), Hf(x, y) =

[
fxx fyx
fxy fyy

]
� If (a, b) is a critical point of f(x, y) then

1. If det(Hf(a, b)) > 0 and fxx(a, b) < 0 then f has
a local maximum at (a, b)

2. If det(Hf(a, b)) > 0 and fxx(a, b) > 0 then f has
a local minimum at (a, b)

3. If det(Hf(a, b)) < 0 then f has a saddle point at
(a, b)

4. If det(Hf(a, b)) = 0 the test is inconclusive

� favg =

∫∫
R
f(x, y)dA∫∫

R
dA

, favg =

∫∫∫
D
f(x, y, z)dV∫∫∫

D
dV

� M =
∫∫∫

D
ρ(x, y, z) dV

� Myz =
∫∫∫

D
xρ(x, y, z) dV

Mxz =
∫∫∫

D
yρ(x, y, z) dV

Mxy =
∫∫∫

D
zρ(x, y, z) dV

� (x̄, ȳ, z̄) =

(
Myz

M
,
Mxz

M
,
Mxy

M

)
� If T : G → R is a 1-to-1 differentiable function with
T(u, v) = ⟨x(u, v), y(u, v)⟩ and f(x, y) is continuous
on R then∫∫

R

f(x, y) dx dy =

∫∫
G

f(T(u, v))| det(DT(u, v))| du dv.
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FORMULA SHEET

�

∫
C
f(x, y, z) ds =

∫ b

a
f(r(t))|r′(t)|dt

�

∫
C
F ·T ds =

∫
C
F · dr =

∫ b

a
F(r(t)) · r′(t) dt =

∫
C
P dx+Q dy +R dz

�

∫
C
F(x, y) · n ds =

∫
C
P dy −Q dx =

∫ b

a
F(r(t)) · ⟨y′(t),−x′(t)⟩ dt.

�

∫
C
∇f · dr = f(B)− f(A) if C is a path from A to B

� F = ∇f if Pz = Rx, Qz = Ry, and Qx = Py.

� div F = ∇ · F

� curl F = ∇× F

� If C is a simple closed curve with positive orientation and R is the simply-connected
region it encloses, then∫

C

F ·T ds =

∫∫
R

(∇× F) · k dA

∫
C

F · n ds =

∫∫
R

(∇ · F) dA.

� SA=
∫∫

S
1 dσ =

∫∫
R
|ru × rv|dA

�

∫∫
S
f(x, y, z) dσ =

∫∫
R
f(r(u, v)) |ru × rv|dA

�

∫∫
S
F · n dσ =

∫∫
S
F · dσ =

∫∫
R
F(r(u, v)) · (ru × rv) dA

� If S is a piecewise smooth oriented surface bounded by a piecewise smooth curve C and F
is a vector field whose components have continuous partial derivatives on an open region
containing S, then ∫

C

F ·T ds =

∫∫
S

(∇× F) · n dσ.

� If S is a piecewise smooth closed oriented surface enclosing a volume D and F is a vector
field whose components have continuous partial derivatives on D, then∫∫

S

F · n dσ =

∫∫∫
D

∇ · F dV.


