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Day 1 - Course Introduction and Cross Products

Pre-Lecture

12.1: Three-Dimensional Coordinates
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JWATH 285t C/HP

Daily Announcements & Reminders:
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Day 1 - Lecture
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Goals for Today:

e Set classroom norms
e Describe the big-picture goals of the class
e Review R? and the dot product

e Introduce the cross product and its properties

Class Values/Norms:

Mistakes are a learning opportunity

Mathematics is collaborative

Make sure everyone is included

Criticize ideas, not people

Be respectful of everyone
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Sections 12.1, 12.3, 12.4
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Introduction to the Course

Big Idea: Extend differential & integral calculus.

What are some key ideas from these two courses?

Differential Calculus Integral Calculus
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Before: we studied single-variable functions f: R — R like f(z) = 22 — 6.
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Now: we will study multi-variable functions f : R” — R™: each of these func-
tions is a rule that assigns one output vector with m entries to each input vector
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Example 1. What shape is the set of solutions (z,y, 2) € R3 to the equation

x4+ y? =17
cirde (in vy ceglimer (2 75 bee)
=
N 7\ |
ﬁ) &/ \Q 7{4 C(}\\I\AW aldw\j X—Ae1 S
& \{L+ %7-_/_\
N \
~) /
\ vy y

Example 2. What is the distance from (3,2,—2) to the xy-plane? What is the
distance to the z-axis?

NT

Sk o 02D R 20 P2

Fa b ganis s L 1222- Go,0 )

- (_)z X2tk (2
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Section 12.3/4: Dot & Cross Products

Definition 3. The dot product of two vectors u = (u;,uq,...,u,) and v =
(01,0, 0,0y, 18
Uy
NIV, 21 :
u-v = L]\\)\’\- dL\JL}“‘__ \) n — u (k - CU{| .- u“[u.n:(

This product tells us about __&* ‘{J\C \’*-XVW“W\ \Je G\‘Ovs
Do = Lol 190 ©0)

if«
ey,

U.;U) > O C—.:) -6' .(> du,d'c
w.g 40 (=7 B is duse

2l N E = Jurruh ot

0

In particular, two vectors are orthogonal if and only if their dot product is

Example 4. Are u = (1,1,4) and v = (—3,—1, 1) orthogonal?
T e (A E) Ly > -3 -3 = O

50 o kT ow Ot’“AO?OV\m[ ‘]
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Day 1
Goal: Given two vectors, produce a vector orthogonal to both of them in a “nice
way. RY) S s_©
1 ¥3=le
1. R(%\I\At‘ \‘\mvu)c& / 5% L=
\5 0"\’\‘ ww\mdﬂp B ]é X -l) :.7‘)
m\‘O

03 ° 8t ‘f'ﬂ
2. A 7t}nm\<m(7 ?wsuc\‘ U X [\A X") '% (UL\A,!—) XV

D
(ux\,) Yw

N ux(@
o 2 e 3@
- ¢ (\.A \[w.) ((M)X \JU - R -2 Z‘(O‘d)
o (i) = (\AW)’“ (\7“’) 5”60 (@
S
L=¢00.00
Definition 5. The cross product of two vectors u = (uy,u,,us) and v =
< : ' 1, U2, U3
Uy, Vg, Ug is
Ly E |
? ° Uu“‘fu{-\» 1S
U 0y Ug ve et
uxv= wovr Y



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann




Day 1 Introduction, Cross Product

Page 8

Example 6. Find (1,2,0) x (3,—1,0).

10\) _\vo
0| = __\O\ 3 0

D

L 42,00%C) Aas g)

D
-1l
~ 20,03

1

-
o7 = Lo (- OE
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Day 2 - Lines, Planes, and Quadrics

Pre-Lecture

12.5: Lines
Lines in R?, a new perspective: = "“\9 9-%: m [)4‘ )’O)
hf\ﬁ ol ot (0,9 ( ¥s,Y)
. /5—,1& , Vo X Beethon © W Oy
0 o] S e Ox

_ g I
/ 6/>£ Q\ " [_3_7 1‘4“1 DY L AL— (L A;
— Ay
,/0Y
A Ku/\e ;> a\“ @o(z\‘k )x( '\“\1 ‘[avm

’—k\\” He B 4 G whee

-ﬁa (Lo ¥y, 2,) O Yhe |\A€, £ T T a -,mchv\"‘u/ the hl\«"
= 24

Example 7. Find a vector equation for the line that goes through the points P =
(1,0,2) and Q = (—2,1,1).

I\qu\ L ‘)a:/\‘\- on e h‘/\e : P=Q00)
v X\o\dl‘\)f\ \;eclOr .
Vll“ (=240,
= (-} | =D

Go & udtor ¢ um)n‘m. of e liag 1
0= &h -6 4 Q,0,2) el L

or

g = L3k, e

2D
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Day 2 Lecture

Daily Announcements & Reminders:
v Sdutions Fo Buiz O pmk& @“._ ese 3300 0n o3 @
0 H\-J \2‘1/]2‘3 »UL \éobll‘yb‘-‘- 0»+ ‘O’?W) :-:-E=:='==‘E-:-. -

s Next \-/wk a\’lﬂ»:yuwc dorts Slu&‘o g e =:§:=;:=;:'E="EEEE=

Goals for Today: Sections 12.5-12.6
o Apply the cross product to solve problems

 Learn the equations that describe lines, planes, and quadric surfaces in R3
e Solve problems involving the equations of lines and planes

o Sketch quadric surfaces in R3

Example 8. Find a set of parametric equations for the line through the point
(1,10,100) which is parallel to the line with vector equation

r(t) = (1,4,-3)t + (0,—1,1)

xe) =1+ ¢
yle) = 10 + 4¢
2y = o -3

n__———
f o {AM/‘;‘ CRgqv “’*"“"‘5

S«’ww}h\t Cﬂajf"mﬁ

-1 = \’-'\O _ E-\0O
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Section 12.5 Planes

Planes in R3

Conceptually: A plane is determined by either three points in R?3 or by a single
point and a direction n, called the normal vector.

e oW
L 19;'*00‘\'[\6\/»5 :/\ {J\&*ﬂ yf (Fow(‘

l(&{“w‘t\w\ i, ‘P‘“"‘Q' L\ po\/nl7

b

Algebraically: A plane in R? has a linear equation (back to Linear Algebra!
imposing a single restriction on a 3D space leaves a 2D linear space, i.e. a plane)
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In R3, a pair of lines can be related in three ways
parallel

skew

,\ intersecting

r\/ [/) Drl')w)aﬂb\q'
Sa e &\‘NC\"O&/} .m)’\* SUw~e dl\"‘d‘-""m
s no T aMrse c[ N Lu:‘\ wo w\\-ers«)uon
meal\tk &tnc“\‘w\ U.-c(j—d/.s @ HM (90 we \maw NS “'L y
A ve 3\(—cw

Seb g syshen !
v b = 2s
v. bt = -6
2. kM z -3

On the other hand, a pair of planes can be related in just two ways
parallel

intersecting
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2, ?e
Example 9. Consider the planes y — z = —2 and * — y = 0. Show that the planes
intersect and find an equation for the line passing through the point P = (—8,0, 2)
which is parallel to the line of intersection of the planes. S

O .

D Tabeed T 0= 20,077 il s st BT
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Ny= Q\/ -, 0> aud so lVLC}/ [akisedt
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Section 12.6 Quadric Surfaces

Definition 10. A quadric surface in R? is the set of points that solve a quadratic
equation in z,y, and z.

You know several examples already:

o )(thf:\ ((\‘J‘(M\ur (7‘;-/\!)(8

1 2z .
o (- (y=90" + G2 =y sphere r«st=V‘>
("ft/\l(f (Ya‘qullh

The most useful technique for recognizing and working with quadric surfaces is to
examine their cross-sections.

Example 11. Use cross-sections to sketch and identify the quadric surface x =
22 + y2.
Ty values o X

x=0:. 0= 32*‘{&

A
=\, ]32’4‘1

7,1
VAR B

’F—‘l\z \JC&\\AQ, lfg % Q/U\\P‘\.;((A( Fqu\L)()‘U;&
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TABLE 12.1 Graphs of Quadric Surfaces
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Day 3 - Vector-Valued Functions & Calculus

Pre-Lecture
Section 13.1: Vector-Valued Functions

Last week, we used functions like

() =2t+1,3—t,t—1), —oo<t<oo

to produce lines in R? and R3.

This is an example of a vector-valued function: its input is a real number ¢ and
its output is a vector. We graph a vector-valued function by plotting all of the
terminal points of its output vectors, placing their initial points at the origin.

What happens when we change the component functions to be non-linear?

’> Let 216 = L Coi ¢ -é 20 3\1\ D Flo=dsld, Sm(O |- oo =5 m (1)
) St ¥ "\"’“’/"} pLEsla
£ Pin=d . |
- ;f;\;ﬁg)@ golw, r-claxjfw\ -(or ¥,7 as /*2_

2 2 =
3[;\:[»(&3] R

=0 7 X with X 20 Alw - o2(0= \—\(H—)"”ya’)
with s ’varh?
(v ! (9 Yan {4 l
¥
le r(a\ ¢ vos (6}, 14(D ‘L
j‘\fq—”\ 0ceo {1m \j

Given a fixed curve C'in space, producing a vector-valued function r whose graph is

C'is called _P "\"“"‘"‘f'l‘”;k"\“\, the curve C, and r is called a POV duitacki o of C.
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Day 3 Lecture

Daily Announcements & Reminders:

o Hw 121024 due 'Evm\jh{i

° Qu:z:\ ‘w\ slu()\‘\) \-\)M:mou} 12.0-12. T

L0 6l

° DowalelA{) POU ™M G(D‘ —_—

Goals for Today:

e Introduce vector-valued functions

- L L] L]

L] 1] aEddE AEE & B
- v L L2 1]
[ ] [ L [ ) [ L L) [ )

2 AEER @ WF B -.
L1l L1l -, L
i L]
|||||

Sections 13.1, 13.2

o Plot vector-valued functions and construct them from a graph

o Compute limits, derivatives, and tangent lines for vector-valued functions

o Compute integrals of vector-valued functions and solve initial value problems

Example 12. Consider r{(t) = (cos(t),sin(t),t) and ry(t) = (cos(2t),sin(2t), 2t),
each with domain [0, 27]. What do you think the graph of each looks like? How are
they similar and how are they different?

'Coi\

® ;4\€, ( 3-((01»" Slefr)’(/j

( (N‘)‘«"(‘Om (Vad ’Zw)‘« }'M
\l‘/)']»’ Vs '*‘q”fr
> é\

\Check your intuition

(so\wt\

[ol\s (\d)fr 4071"{{ L=

R 1) s ks Bk W)
.u,{’f\,\ &.m»aiws ]R ;,.Q-,u,, ‘u‘th: 92%‘“‘4 Sthee

Cuvve,

C D oman amdbers



https://tinyurl.com/math2551-vvfns-hlx
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Section 13.1: Calculus of Vector-Valued Functions

Unifying theme: Do what you already know, componentwise.
This works with limits:

Example 13. Compute %i_r>n<t2,2,ln(t)>.

B TR s RIS

— {se ] 19 /£—7C

~ Lel, 2, \ P

kv\. _[‘,(}5:_(:_[%) ()lWI i')[{f\: Tr)[a)

And with continuity: | 54 =) o

Example 14. Determine where the function r(t) = ti —
uous.

. ‘}(({:)T—‘E s (0(A|';-'\MMAS on HZ
R\$253 = (o DU UG

2 4j + sin(¢)k is contin-

> y[@= ’bl{:( NS S
W at\ Nq,] H'C C?S(fyfl- ‘_:2_ 04(} 21/

0 Z.(@: Si/\l"l') B c’Jrs on IR

. s b N (R 52,) 0 [ R)

= R\ 5223
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And with derivatives:

Example 15. If r(t) = (2t — %t2 +1,t—1), find r'(2).
U = 4D D
= (2x-6 12

7 < -1, 07

Interpretation: If r(¢) gives the position of an object at time ¢, then

o 1'(t) gives Vﬁ\““.l—y R *\-uua,(u\\-’l‘o tave  at
k=4

5f€fg'

o |t/ (¢)|lgives

2 (1) gives O Lebtntin

Let’s see this graphically|

Example 16. Find an equation of the tangent line to r(t) = (2t — %t2 +1,t—1) at
time t = 2.

o Sl bunguek Wi e g= ¥ ot T4 s Y=ford ) G0

(R

2D F )
gk e Yo 7 L) oF £
o D= ()t + 7@

‘! >
P (b-2) + T W)

glH= -2, Dk Y 2
AR EES >


https://tinyurl.com/math2551-vvfnx-vel-accel
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And with integrals:

At this point we can solve initial-value problems like those we did in single-variable
calculus:

Example 18. Wallace is testing a rocket to fly to the
moon, but he forgot to include instruments to record his
position during the flight. He knows that his velocity dur-
ing the flight was given b
g g g y k20
400

v(t) = (—200sin(2t), 200 cos(t), 400 — 1——|—t> m/s.

If he also knows that he started at the point r(0) = (0,0, 0),
use calculus to reconstruct his flight path.

D Fl"‘» UV\‘}\‘()M‘JM}.(vt (\pn"‘l\ ")‘CD ZD AH’\V I Y \['M) ¢

Start here vext time

FI)= <0o,0,0
T 1000084 (, wosdt b 00,0, £

oot -*{oolm\nkﬁ—fsﬁ
= L1od o (26), 200 (4, 400 u;;twl'w»
+ C

-~ T2 Z-00,0,0>

-2

> 2005‘-/«(9
> (= <\\)0 ((05(29"3/ /
Goo (£ \n YD
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Day 4 - Geometry of Curves

Pre-Lecture
Section 13.3: Arc Length

We have discussed motion in space using by equations like r(t) = (x(t), y(t), 2(1)).

Our next goal is to be able to measure distance traveled or arc length.

Motivating problem: Suppose the position of a fly at time ¢ is

r(t) = (2cos(t),2sin(t)), Y

where 0 < t < 27. Z/"
-2 7 >
How far does the fly travel from t =0 to ¢t = n? <{/_ Tk/quﬂ: o x

A\qclam‘, ()(slz\v ke dime ‘ -z
/t yv\l‘.,r'\\‘ CLW/\Q,{, ,

VW\ﬂ: “(‘”“’7“ *—s(»zu,.
" b
bt xS Mol 68 = dss ) el 4

120

L\""‘ ; 0\{4:7 S:\ \\ <-2 5\../\(’0}’2.(05(’05 | ”HT l{ j"lﬂ o o semicinle

C)L ra)\\n 2

T
30 Yaar 3t 4 eos®O ){7 S -Z /l-r\(ﬂ)—;’}n

NP v
PR L~ EINFT o wdebivd]

Definition 19. We say that the arc length of apsimoothicuive
r(t) = (x(t),y(t), z(t)) from t=a to k=b that is tracedroutIexs

EEEER el gk
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Day 4 Lecture

Daily Announcements & Reminders:

) Hw .6 due bonight
o s fio on Mok il Bliiale]

, D O Warwmup o d — o3 ':';:E';::. s ":'::E=EZE.: :

Goals for Today: Sections 13.3, 13.4

o Compute arc lengths of curves using parameterizations
e Define and compute arc-length parameterizations
e Define, interpret, and compute the curvature of a curve

o Compute the unit tangent and principal unit normal vectors of a curve

Example 20. Set up an integral for the arc length of the curve r(t) = ti+t2j +t3k
from the point (1,1,1) to the point (2,4, 8).

D Cudgomtst  t=a & =Y | = 3‘; ne ol 4t
oe=G, 00
7 B = L2849 ﬂw
2) Sped T RN= Y, 24,3 - STm 1t
W7 O =TT e FBET
JTTaE tal

A k=
k=
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Example 21. Find the distance traveled by a particle moving along
the path

r(t) = (In(t), V2t, %t2>, t>0

fromt=1tot=2.

9@(’? r‘{{-\: <’\T7 E‘) ‘t> /”//

= ’ whents T E)=
Nl Iy <, 2,
L 2

pa= S Ve d Jot= 2

1 2 i ?':_

7 T 4 -

= S\lj‘c’rl:“

- mml}’ozl?{ >
= (\n1 X—Zv"@ﬂ(q ’r\‘z,\ = 2

Sometimes, we care about the distance traveled from a fixed starting time ¢, to an

arbitrary time ¢, which is given by the arc length function.
/\

f | 2L AT
s(t) = ko

We can use this function to produce parameterizations of curves where the parameter
s measures distance along the curve: the points where s = 0 and s = 1 would be
exactly 1 unit of distance apart.

Ay ¢ \’C"‘(ﬁ\" V{AMMM; tu_‘\l\ow 4"‘/) Uu\\&\‘ Sr)t*cJ farot“«c}‘()/(\&anbp)
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Example 22. Find an arc length parameterization of the circle of radius 4 about
the origin in R2, r(t) = (4cos(t),4sin(t)),0 < t < 2.
&N AT

v
Tl sle) = S
> ) L sy hord)

bo

RUH = s des (0D
\\f—fl(h”: ) b sin2(6d U ws’ (8

— L 6 (st () YasCEY)

) gb\\lﬂ '@7(%;4(5) L S= 46 £—\M6\7 e )\Ol/ll. 14 »lve
S

2) Ghathd kA n T @
s
f\}l (s\: ‘Y-f (‘F(bﬂt’/ 7?{%): (L(((b(—f'(,\/q SLV\('Z()>

0O E%télz(

(D Dést ¥
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13.4 - Curvature, Tangents, Normals

The next idea we are going to explore is the curvature of a curve in space along with
two vectors that orient the curve.

» ) 3)

]Qm/\\g (uWMth, Q()W\ M(I§"\‘ “\'0 l'ws‘}' ;,
First, we need the unit tangent vector, denoted T

r ()
e In terms of an arc-length parameter s:

F ) [guol

e In terms of any parameter ¢:

T ]

This lets us define the curvature, k(s) =
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Example 23. Earlier, we found an arc length parameterization of the circle of radius
4 centered at (0,0) in R?:

r(s) = <4cos (Z) ,4sin (Z>> : 0<s<8m.
Use this to find T(s) and &(s).
¢ 352
L 2= LA ), e (00
= 2ol %), @3N
°)<()», “T (s')l]
\( Yoo ), s 25 |l
\ /
I DI S NATaY
~

L by Ptogeeen Thm

Cal

il
x_/t
[ (’_\J‘va c\\vc\(, )'\e& CO\AQ‘“VC\_ (U"VWL.AVC

Question: In which direction is T changing?

Y
1) us'e)

This is the direction of the principal unit normal, N(s) =

N N
In irecton i\’)\\>[ T>w=0
o F

MR
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We said that it is often hard to find arc length parameterizations, so what do we
do if we have a generic parameterization r(t)?

1= O/l T'® )70

. N(t) =

, 3

(loml- oe & T “'.3(5 \'\wr)\

(QW?‘AFC < 4 R
Example 24. Find T, N,  for the hth r(t) = (2cos(t),2sin(t), t — 1).

oo PR~ 250, 201D

12\ Golt@ § 4ot D) +1

e k(t) =

v ; -~ \J§E |
7 |
T (. Tl LTl = w3
i TS oS ¢/ VS
—2_
T E (—% os(E) & sl £), 0D

2
uTols Tt LAt T R

-

S T NTels el (8,0

> \Y’*P;\
MEER G A ) Tr?/ S - 1s
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Day 5

Day 5 - Functions of Multiple Variables

Pre-Lecture
Section 14.1: Functions of Multiple Variables

Definition 25. A QAML‘\:OI/\ of two V‘—'V\“"lﬂlfs
real numbers (z,y)

is a rule that

in a set D a

assigns to each ?a‘m of
wayue reul 0™ denoted by f (x,9). J
(R
name > ¢:. D — R, where D C R? 5
T X X
&owm"{} M
Phe s d—o}/mowuc + Hle ronge ot of o T
ppts b £ gt oue AC{M(AUy ntpul3
ca VIIAOL b{ aw ‘ML:/I/oL l,

( AT 0w ¢ Dowl‘f\ Lavnor .
Coy D 15wt a Jawaln TN
durg Fur o872 s

Example 26. Three examples are
h(z,y) =+emmy) = V4 — 2% — .

9(x,y) = In(z +y),
)

fz,y) = 2% + ¢?,

Example 27. Find the largest possible domains of f, g, and h.

Ll =X ty™, = Aot R = Guoees| g ey, ;%J

L, = (Pt 2755
§lx= In (cty). Domain is §Ceaell” [ty 20317
ovr {Cmﬂ&“ll( 9)‘)‘5
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Day 5 Lecture

Daily Announcements & Reminders:

o Uw 2.6 2150 B bomight

1,
| st B,
. : ' ‘ o eied e e e e
0 @u; z 2 in 5"woll 0 Ywonow "‘“""‘f‘ Ot LI MU D
BPtLATISKS  I8%%a2e IR 1 " Cse " . of 1. 12
- o W R L T
- \.P). -()[ ( y‘ l ( l )7' 1 / Z'O ‘ 6 2'/6({ =’4!I!:?“.'-= :t'- !..!- .q.::::".
N R
RO I O
. DD Wi Q- on EJZ > fedes’ed’ud o, 8 B ge e T ke
e ae e e e attents
§E " it
RA R
Goals for Today: Sections 13.4-14.1

o Compute the unit tangent and principal unit normal vectors of a curve
o Give examples of functions of multiple variables

Find the domain of functions of two variables

Introduce and sketch traces and contours of functions of two variables

Graph functions of two variables

In the pre-lecture video, we discussed the domains of the functions f(z,y) = 22 +

2, 9(z,y) = In(z + ), and h(z,y) = /4 — 22 — 2. '
J \ }
3 l N ] “
3 = "x
X V7% |
L

Definition 28. If f is a function of two variables with domain D, then the graph
of fis the set of all points (z,y, z) in R3 such that z = f(x,y) and (x,y) is in D.

\Here are the graphs of the three functions above.|



https://tinyurl.com/math2551-2var-fns-g1
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Z -~ 1 1
Example 29. Suppose a small hill has height h(x,y) =4 — ZxQ — ZyQ m at each

point (z,y). How could we draw a picture that represents the hill in 2D?
Dowain: 2 20 . X”rt('zé 14

° Dv-w (o veS o‘{ (AH rb i‘« (’Owal‘fl W"”l

T 7
h=0 m 0= Lf-%\zz- g4 T2 X L1:,L
{2 T \'I=HVX’L1L
hlw o = gy = NAIREIOR

In 3D, it looks like this.|

o l t\){( 3433

Definition 30. The lontours (also called e L cuanes ) of a function
f of two variables are the curves with equations e =flq) , where k is a
constant (in the range of f). A plot of Lowkours for various values of z is a
(o oo platlmerp (or __level e oot ).

Some common examples of these are:

. #oeogmf\“.;%\ waps |
. Fiel(k [ nes /%u;r;aleuﬂ'u[ (mes
. L\ucQM /d«‘ct\rxg L 0 Ymﬁk 9
o heak [weather o ps

o elechon Joust V\b&—


https://tinyurl.com/math2551-2var-first-ex-graph
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S € |y €RS = RS

Example 31. Create a contour diagram of f(z,y) = 2% — 42

D= x-y" => X3y D=y

2
l - X -—\17— _D \Yrcvbdla/ K%O

=0 - =]

Lt = \(L-\ \{L -) \\Yr(v\w\o\/ NE Ao

..Lt:: )(L“bll

Example 32. Create a contour diagram of g(z,y) = \/16 — 4x? — 92,
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Definition 33. The of a surface are the curves of

of the surface with planes parallel to the

Example 34. Use the traces and contours of z = f(x,y) = 4 — 22 — y? to sketch
the portion of its graph in the first octant.

Let’s check our work: |https://tinyurl.com/math2551-2var-graph|



https://tinyurl.com/math2551-2var-graph
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Day 6 - Functions of Multiple Variables & Limits

Pre-Lecture
Section 14.1: Traces & Graphs

27(:({,7)
. C
Definition 32. The reles of a surface are the curves of
W‘Lﬁfs‘tl’b"] of the surface with planes parallel to the

Y& / Yz »P‘luu\w

Example 33. Find the traces of the surface z = 22 — y°.

T\/‘a-ét§ Fam’.\el ’*7) '\Hﬂ\’- ‘7%*’0101/\(-,) \(:l<

N -\\Of(\\\
TLy=0, 9ot 22yt dnmued pecddn Sepn

I(: X = k/ ‘jt’k 2= | —YZ)‘ 50{0‘((361\{4\14 ?(Jé g\mﬂ*&
U‘O uwl
1,
1€ x=12, Oex %:q“f ) Saimc famlﬁ)l& £ donds
AN

I(l X‘;‘\l ?Q‘( = 1“\-[1_) 5ah;>’;\;o‘\vvea)

/'I:L\‘ X?——z] (){\\ }c({,_b[l')

e LL’L(LB 90‘”‘/\\.&&”& ro,,mlg()].o SL('FL() u'o ‘Dj LZ

CL(,‘
X =4 .

Vival e[ b xt plane. 7tl¢
T@ \770 ) %% 27XL3 vrwavj bgﬂfu(‘u;)\l:"*u”\

I L7>£\,9et%¢xl-\ A~ Ay=0
Sawse Fav})\ﬂ()lo\ s\mﬂff&\]/ | //\\j pq

— Sy
T4 gst2, g 2o -1 ;
S(Al/v\x Fwa}&&\ 5LH€J \L \ V’il
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Day 6 Lecture

Daily Announcements & Reminders:

s Hw 132 Jue Jo-om'j‘\t

@) 5555 @)
. . ! Teants b 2o se s 8

s Qute | sl bf”ﬁ 9ml"9/ fOS)TJ 5001 T A Rt AR
 Duiz 2 o b s 2 Stitins E I
N S T T e i LT
G pousiie b ke il
Setea®sl™l 0 D 224 e e 1M
o v s fu & wrele adabud, 274 E"],,, S
= Canwes @mupuntgmont 0on w ! Jebeils b L R <

>

* DO \Juﬂ!lwwyo ONn Gz) \_/
Goals for Today: Sections 14.1-14.2

e Introduce and sketch traces and contours of functions of two variables
o Graph functions of two variables
e Find level surfaces of functions of three variables

e Evaluate limits of functions of two variables

Example 34. Create a contour diagram of g(z,y) = 1/16 — 422

D=J (b-Uy - B
. T
W= Yy O
2. 7.
+
| = T
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- - Vi
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. 16 = b ~dyEy
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Example 35. Use the traces and contours of z = f(x,y) = 4 — 2x — y? to sketch
the portion of its graph in the first octant.

T % 20,429, 220 1 *
\)"’\WuHS: -}>k<

AR
\7:0 . &-’/‘“‘{—-2\‘
97\ : 2—7({’2\4"‘1
2 > 3-2
\):?_", Z’/‘L{'—ZY’L‘(
2= "2
N —tuces - =l \Jy
-~
(a0 2 =Y ,_77,
L
X“-‘-l %ZQ’L'ﬂ
%=L
. _ A
K=L =Y

Let’s check our work: https://tinyurl.com/math2551-2var-graph|



https://tinyurl.com/math2551-2var-graph
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Definition 36. A _fundim of Hure vaviableg is a rule that
assigns to each _ Mriple of real numbers (z,y,z) in a set D a
Lx\l\"(!,u\’{ vta! wumlerr  denoted by f(z,v, 2). (3

f:D — R, where D C R3

zAd‘wﬂ"\

We can still think about the domain and range of these functions. Instead of level
curves, we get level surfaces.

1
4—x2—y

Example 37. Describe the domain of the function f(z,y,z) = 5
—z

Dbm‘m; % (y,q(’e){,ll?j \ L{'Xl*‘z‘l*%L?éOB
£ )C’~\~H21 244

Com AN of (R7 excepk 0 sghoe 68 rodlus L cadacd ot e

S >0 oy

( After dass) . 4-2\ >(> K G2 ‘
\,ZW‘V]{‘ = Lz'l”v./iﬂ/g? \4,:3 [q‘l}o)

— Ny T Y A 50 “ Y4 N
< -

N <D L\

Y z 42 Tl< \—3 i :.‘ ‘ UQ/O)
KZ-\—L{H- 4 :%—12 ¢ -5

D-2.28 v D (09,0)

= 2R H o e,((fm;&

e

kO ~Z lelf‘#%
s dutidng
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Section 14.2 Limits & Continuity

Definition 39. What is a limit of a function of two variables?

DEFINITION We say that a function f(x, v) approaches the limit L as (x, ¥)
approaches (xp. yp). and write
lim flx,yv) = L
L, Y115 V)
if, for every number € > 0, there exists a corresponding number & > 0 such
that for all (x, v) in the domain of f,

f(x, ¥) — I,| < € whenever 0 < Vix — lr.l: +(y— \',_,lj << 8. \Y I‘G(y"n- Lz

swell M
[x‘&./) és “']
Civc[C

We won'’t use this definition much: the big idea is that ( )lir(n | f(z,y) = Lif and
z,Y)—(Zo,Y0

only if f(z,y) & Fpre wdys L regardless of how we approach
(705 Yo)-
\ 1 "
LAY X‘M« Uy)
X > ¢
e [ > X "—>
A& —
l\
* ‘((Y)

Definition 40. A function f(x,y) is continuous at (x,y,) if

1. ‘C(Yo.‘ﬁﬂ sk

I )
2. (*‘l:;“')(YJ‘Qﬂ (:(Y/“I\] CYl\)\'S
g“(\ﬂ = L(Yn %)

e
3. _ Dy

Key Fact: Adding, subtracting, multiplying, dividing, or composing two continuous
functions results in another continuous function.

. tag=x L «C(\r.ﬂ«j are c/‘\j
Gty gt = B \z“r\i ot

7“1L

—_—_—_5 ’c (\ﬂgﬂ :\(4'7 .
hlo)= e L R LA Ty

u\'—5€


Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann




Day 6 Graphs, Functions of 3 Vars., Limits Page 37

V2r—y—2
Example 41. Evaluate  lim Ty
(z,y)—(2,0) 2r — Yy — 4

NC)(‘“ 'I;u/\z\(, |

, if it exists.



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann




Day 7 Functions of 2 Vars: Limits & Partial Derivatives Page 37

Day 7 - Limits & Partial Derivatives

Pre-Lecture
Section 14.2: Limits - Algebraic Techniques

22 —y—2

Example 41. Evaluate  lim , if it exists.

(z,y)—(2,0) 20—y — 4

Y
Dowv.a"v\: 2y -y 20 £ zx-y-‘( 40
F 2x -
\(m \)ﬁ:’{ -L) - i -2 _ 0O ‘)]maclevw?ml‘(,
(Y:q\‘a(lloﬁ ){ _7 _.&-( L‘t—"o—% D

“*M \;2: ~Y —'l . \EZX‘:V t 2

(DAY -y -1 U2y ¥ 2

o CM Nabe, We tun (el Zxy A

Tl 3D (gt (B (e By 10 ble poibs whin m s 6
liw \ e ud‘\‘ dowair o £ !
- ()t,\ﬂ “)Ullﬁ @9 YL

S _

\
Jio 2 | T

Ojf\mr Yehoigues & Eadonng, 3\(0&“”3 \47 \\\13\”5{'/,0\*!3“ Y

| ‘ 2 [e ¥
TJU\?DQTI‘Q\JT ' L(l'lo>'>:¥o\\’5 15 uwul\y ot woale Lor ﬁmd"% 22 voug
-/_’—’_/_/—/‘V


Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann




Day 7 Functions of 2 Vars: Limits & Partial Derivatives Page 38

Day 7 Lecture

Daily Announcements & Reminders:

s Hw O3 109 Due bowight

+ Quiz 3 Jowame, B3, 2114 Of=%3%10

- L.0. CD 3 /6"’ :E:;:;E.E:.=E'::=E:.E=:=:E-:==§:E:;E;
75 win, walal Amgh 99 .

» EX“V"\ \ V\(y‘l‘ T\A‘(l

- (w\,as aunOMWammk o “j E;

o Vo W Pol\ " Qcﬁ \_/> @._

Goals for Today: Sections 14.2, 14.3

Evaluate limits of functions of two variables

Show that a limit does not exist using the two-path test
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Sometimes, life is harder in R? and limits can fail to exist in ways that are very
different from what we’ve seen before.

Big Idea: Limits can behave differently along different paths of approach

2
x
Example 42. Evaluate hm ——, if it exists. Here is its graph.
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This idea is called the two-path test:

If we can find two pa“'\S - along
e uh of \L(\C(V)

which takes on two different values, then
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https://tinyurl.com/math2551-two-path-graph
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Example 43. Show that the limit
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14.3 Partial Derivatives

Goal: Describe how a function of two (or three, later) variables is changing at a

point (a,b).

Example 45. Let’s go back to our example of the small hill that has height

1 1
—4—Z 2 .2
meters at each point (x,y). If we are standing on the hill at the point with

(2,1,11/4), and walk due north (the positive y-direction), at what rate will our
height change? What if we walk due east (the positive x-direction)?

Let’s investigate graphically]
Wallery oy G2 219) ‘“

co h(2g= Ho1-3¢= Fgy° "
LTl vabe of ClA(Avﬂ( o Yo slice @ iseae S:

7‘%’ (\”‘\'Mv:\ - WVGK @ \Y - ~—<9 |:-Z %w\
.T\M >\Q{C o‘K‘ *Le \A{\ ‘W\*\ve VQS‘)’:Uf \f(’\‘fdb«n ot Q. ,5) o ..,‘2_
Y idive o W weuk, y ab (20,

T\n‘\} \\> ’\‘\'\t PaY’“M\

® C@\s%‘ (\‘\u\r*\.w\ n‘){\(\l.ra:.tse 0.@—\’\ U.v_'L, X a8 (Zlﬂ>

@A(x 7\\ = { -‘g o \m;‘ (/% ))m: -\\


https://tinyurl.com/math2551-pdev-hill-ex
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Day 8 - Derivatives & Linear Approximation

Pre-Lecture

General Partial Derivatives

Definition 46. If fis a function of two variables x and y, its P“"'*'“\ ‘)w“)“l‘ ves

are the functions f, and f, defined by

e ~ Flry) £y, i\ = £ ()
fola,y) = lim ) fy(@,y) = lim ]
Notations: Example 47. Find the partial deriva-
r »L ( -F) tives f, and f, for
= "6;‘( - DX
IV: Q:C_ - l(_(j> flz,y) = 52° + 2zy + 3y°.
>
37 7 ‘0 mg ,6‘ (Y‘/) ,"W(A Y” a> (wj-wfl—) L )Mue wrl, X
Interpretations
: f(}l,(ﬂ, »—(gx)—} (2*‘._{)“"‘ 3)
N W = 1Dy + Qy 427 0
i ol TN 3502 (% 57
o 4 '.\'\
d N\ . : PR &
LR N e e
:I._”.:/I'I l ";Ill_l \ C_ﬂ _(‘ (\ n - (O-IZ /l’2_ (3 ra‘l-( o‘€ Lazyr 2

0\.\‘ C( )IV\ ‘ﬂn( )(—'courlflov\ LS Tz.

”\e Slofe o@ {'Le ;'hhg{u‘* ‘Me ot (\, ) \®
")'0 “A{ (urw 2-—-ng3\2 ‘\3 n \'\f ‘wey | (5 Q
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Day 8 Lecture

Daily Announcements & Reminders:

. wiqit, N L Vedon/Fadins
0 Mo 140 Jue oy e (@) B EE (@)
doe Tk it B

0 D\w;&‘z \»[l\ LN (’vu}ccp- Lj MOMOaj

b C‘vam \ DU -\\vew()cy ) see (anas

° Do wwrw\ur Vmb]eh o G& /> o0 .': Haed,

Goals for Today: Section 14.3, 14.6

o Learn how to compute partial derivatives of functions of multiple variables
e Learn how to compute higher-order partial derivatives

o Understand Clairaut’s theorem

o Define the total derivative

e Learn how to find a linear approximation of a differentiable function of multiple

variables
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Example 48. Find the partial derivatives of the functions below.

(a) f(z,y) =3z%y + 2 —2y
'(:X(y,a{\: [)X\f &~ l —0

a(:_/ (Yl\(] = 3+ D->

\ 2

(b) glz,y) = oz —y = (5¢-1)
—tz _ £ . e
O»a:n 5)((}((‘{\ = ‘;(gy - ‘1\( . %X (,g)(—:.7> - 2 (l;‘( \1\

\/\/*’
fu o

Az \ 1
37(*’"/\: lz(g\“ﬂ '%—,(%WD: T3 (5 -4)

0~

Question: How would you define the second partial derivatives?

Talee paad Jroaties of Hhe putiul Jiachss

NOlc«*:OV\‘ wale 1 o)
. 5 " e
_— ! ((3 ) N (})-L '3-( 0 Wmale T
'g)( - X/ = ._a:( ox DXL
_ > PLANS BIL
o[ e e T
(), = 2= ¥ |
1/x Iva oy N X Bj
(=€), = 2 b\~
9y 7'y “°‘/( 6‘1



https://edstem.org/us/courses/69959/discussion/?category=Polls
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Example 49. Find f,,, f.,, f,z> and f,, of the function f(z,y) = /52 —y

_R: g(éx»ﬂ -\ _(-‘1_'_12(&[\\{1«“2_
S _\11_ ) - ’) § (1
-%(3( - *xy ’g\/(z(gv—ﬂ )
9 --5/2 _Q— _ ‘3/2.. ’l
- ‘q[g“‘“ﬂ = - (& Y

LA ( 2 - _“27 oy ® %7 [-5(5 ")

5 {z

Qg ) - zt\-tg‘(“‘f'f}/&" (1)

What do you notice about f,, and f,, in the previous example? ‘(‘\‘1"1‘/%

Theorem 50 (Clairaut’s Theorem). Suppose f is defined on a disk D that contains
the point (a,b). If the functions f, f,, fys fuy, fyz are all continuous on D, then

f‘&t.{ :—(‘/Y a)r [GI‘D‘

A 114/ 25N b b portia dob, ave s on D,

£w = ,\t\l = EW% no- iwyt‘[yx\/ji‘fyx
A N
Yo

fu(_\/\ 0\/ 4

Cop LD post for oK - €xuipe,
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Example 51. What about functions of three variables? How many partial deriva-

tives should f(z,y,2) = 2xyz — 22y have? Compute them.
37

_C\jﬁ -:5‘7 (2\«,?7 —22‘1) = ,ZXZ: -
[,z %72 (2\0/% "2271 = 2"7 _29%

s? + 17 «hky)
Example 52. How many rates of change should the function f(s,t) =

2s —t| Yl
st 2(
£ 5 o
have? Compute them.
= =\
¥5J25 e ’ts; 2 ‘C(:-: \(
— -\ 2 B
Y, =2 Je= L >
2 =5 L
Zo= T = Sy
el (0\1

25 \ \ru\v\ -2 7(

0 b
”C-‘ \?\ —”)WL D’(\ = 2 =\ o DY

ns L ow=3 k S vom 7%
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Total Derivatives

How might we organize this information? A MULH:)(

fl (5171, 73371)
For any function f: R™ — R™ having the form f(xq,...,x,) = : ,}‘“""“’5
—)

we have "\ inputs, W outputs and _ "™ partial derivatives, which

we can use to form the total derivative.

This is a "4 40 map from R™ — R™, denoted D f, and we can represent it

\
with an _M¥ " wudrl ¢ , with one column per input and one row per output.
- — S

)
It has the formula Df;; = ﬁ’]‘ (f .‘5
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Example 53. Find the total derivatives of each function:

a)f(z) =a*+1 faps i

Dt = 2]

L) ST A

b)r(t) = (cos(t),sin(t),t) ¥: R IR> Dﬁi v 3|

- aalb)

D?’(Qt oy \| = ‘)((-Q
\

Of@y)=5r—y 7R 1K 2 by
S A _| A,
V4 (\s(;h: [_ x E«/j‘: E ’5_(% ~) " 7 (g‘vkﬂ 1

) f(z,y,2) =2ayz — 2%y 4 \\ﬁ—v i L} wabx

D‘“Y,\(ﬁj - [7.\,2- Iyz- ZZ ?—Y\, —27%]

(. Ij £

e)f(s,t) = (s® +t,2s — t, st) £ 1[Lz 1 Yo

\)f (S,Q?, Ls !
5 =l
s
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Section 14.6: Linear Approximation

What does it mean? In differential calculus, you learned that one in-
terpretation of the derivative is as a slope. Another interpretation is that the

derivative measures how a function transforms a neighborhood around a given point.

(Check it out for yourself.| (credit to samuel.gagnon.nepton, who was inspired by

3BluelBrown!.) “ZQ _7\]2/& . ’D—P(%‘D = S:O( E)] ~21 v ) £ looks
MY Y X

D‘H(,fﬂ: C?:) ‘?3 —2 hear (g a) + Shyekcls \
X \,), 2 / \fu'eby h>~(9

In particular, the (total) derivative of any function f : R™ — R™, evaluated at

a= (ay,...,a,), is the linear function that best approximates f(x)— f(a) at a.

This leads to the familiar linear approximation formula for functions of one variable:

Zﬂ(@ = f(a) + f'(a)(z — a). 4 Wauvp | ,Q:(o\,\;/ nz 27'/; L[ﬂg O} (v ('Q)&_T_b,\

= - (-3

TM’; OU' \‘B{&S (;’0““ 5\‘W)c vayaye w\\(, wanic
Th W Mpwe Siglewnial, denafieg o Wl Jaratics

Definition 54. The linearization or linear approximation of a differentiable

function f: R™ — R™ at the point a = (aq,...,a,) is

s - £(2) + HDG-)

[ Yl'a|

YL‘“L
¢

o


https://www.geogebra.org/m/rftwacsy
https://www.youtube.com/watch?v=CfW845LNObM
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Example 55. Find the linearization of the function f(x,y) = 1/5x — y at the point

(1,1). Use it to approximate f(1.1,1.1). ),(Y‘ )-,.\ _c(q lv) 4 D’f(a [77 gf’ 6\]
— . o 17= ¢ 71‘ b
D +IAQ )"’\'(C(Vl "—a\‘l'I()V\‘ C‘x N
f0,0= NT-1= 2

0669z T3 (™ S5
D4, =f % =]

L= 24 [ 41 []

=28 v -5
L0003 B0 - G 4 00D G-0)

DX 67
DAY \Iiwul—e‘.
rﬂ:;cm,\‘ﬂ LA = 2y 2Q1) = (W)
= 2+ *?';(‘3 ‘qﬁ‘\)
— .

Question: What do you notice about the equation of the linearization?
1,\- (5 ‘7,,,‘ r\/\ :7 o \r\uv{“ Lt Vuve\-l\(%ap/ ‘13‘ b*m»?-(w“’ FIMV{/
Y 2= \Tng/y ax (| 2.
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Day 9 - Chain Rule and Directional Derivatives

Pre-Lecture
Differentiability

Definition 56. We say f : R? — R is differentiable at (a,b) if its linearization

is a good approximation of f near (a,b). ; L(yl% gt [L.‘L) + D\C(D\[% l:i}
v

i T = LEY) j(N ewoe n g LB

(z,y)—(a,b) ||(x,y)—(a, )H U (pov £,

In particular, if f is differentiable at (a,b) if it has a unique tangent plane at (a,b).

1 2zy=0
0 zy+#0
Kb 0.0y Fe(0,0 = 0=%00,0
D£1,a] =Co o)
X~0
| () = 0 1 Dw‘(aaiyj

7 — | t (e 03{;}

= |

Example 57. Determine if f(z,y) = { is differentiable at (0,0).

‘ |
8 '& L:l 'S 0\/«) 0oty .
/>r|;19 pyey i b0 ffl Euey e !
% | ; -a_—:{
Tog gt g for £ v By T £

e Lo grtin
\ * \ (0‘/\ Ofr‘(
T | s wﬂ'\mv\)\" j‘l{:&wv‘éﬂu\n UB’ b
® Duh \ 5” J ’ (Lo\”\ Qu\\ej Gl\,ﬁ,ﬂ{\_/«\ut (W\I me'l(;)r.b’\

(0 90\8

l;z l(‘z/”\(‘“ﬁ =) -2

[ D(fFﬁ/{m (\V‘L\e 3) [c) M(«\AOL{S
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Day 9 Lecture

Daily Announcements & Reminders:

o MW A3 Jue boriged Ol 0

8 Et\(aw\ 3\/0()05 Ya L\c week T e"“’\“"_‘j §_==§;;m.;' _:;:' ;_';:.“ :'"

¢ Do vamnp poll on €
[, Dylang) = s 34 41 E]
5 Dy, Dz (B0 -5
Goals for Today: Sections 14.4-14.5

Learn the definition of differentiability for functions of multiple variables

Learn the Chain Rule for derivatives of functions of multiple variables

Be able to compute implicit partial derivatives

Introduce the directional derivative of a function of multiple variables

Section 14.4 - Chain Rule

Recall the Chain Rule from single variable calculus:
& ( ( 1) )= ﬁc- )
’;(fﬂ")\ m(y(xﬂa%(

Similarly, the Chain Rule for functions of multiple variables says that if f : RP —
R™ and g : R™ — RP are both differentiable functions then

nY P £ D(f(g9(x))) = Df(g(x))Dg(x).
R > R—>R"
A
NI .
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1 1
Example 58. Suppose we are walking on our hill with height h(x,y) = 4—126 —Zy

along the curve r(t) = (t+1,2—t2) in the plane. How fast is our height changing at

time ¢ = 1 if the positions are measured in meters and time is measured in minutes?

Wak o+ WD = D) = DRE DREY e W= W)

—_—

Nedy Dhled) | f(l) D7Ck)

B D\A(\wﬂ [_'“»c 79] SR IX LA [‘\l;j

Wi = Okdl= i’l‘-zf&\0d7‘1ﬂ41k1
[ ﬂi'\: v (=6

Example 59. Use the Chain Rule to compute the rate of change of the composite
function h(t) = g(f(t)) at t = 2, where

T2+ 2t
f(t) = |sin(xt) —t g(z,y,2) = 2%yz —y — 2.
t+1

)3[\”(1) 3’_27“7’3: vz-| 7%7 l}
(=152  DylG2, 3) = (-0 Ft -51)

\
il ya
Dt (= A
{nwsﬁt@ -

{

‘ 7y = Dy (k) DHED)
T.d (D) = Vs .
e {—LO P ‘3‘1 T -\
! De(D)=\ ?

g0 t Ma -1 -5 ‘
~ =5 y M


https://tinyurl.com/math2551-hill-chain-rule-ex
https://edstem.org/us/courses/69959/discussion/?category=Polls
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F (A
Example 60. Suppose that W (s,t) = F(u(s,t),v(s,t)), where F,u, v are differen-

tiable functions and we know the following information.

w(1,0) = 2 v(1,0) = 3
u,(1,0) = —2 v, (1,0) = 5
U uy(1,0) =6 v,(1,0) =4
s> WD p2,3) =1 F,(2,3) = 10
L e \
\R ri—j lR '——37]]2 wlod) p [ L= su(s)} &
u 5(5((71 = .\/(;Q ¢ Q/ 7 i CS’*’zt
v
Find W,(1,0) and W,(1,0). D ( \
» 3 i
=> D\U (,S-\,{?’-‘D = DF(()(‘N{?)>\ 9 (6)= (L)
(07 gl
& 00 u&(s,&)'\
AR m@}\ ) W
(we)= ‘aut") (o ()

> {nod Ran) Y:j (2 lii (:fm]
-2 (124
fixiy ull] = (52 gl
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Application to Implicit Differentiation: If F(z,y,z) = c is used to implicitly

define z as a function of x and y, then the chain rule says: ( ) X
L = — e | =
tefh e Fhl= Flatudze O LZA

Fx + ZxTZCO >
F L 27% =0 DF(} (x(ﬂ) D7 (W\: D

1 O
© 5 @]h;’ - o 6]
0z 0z

Example 61. Compute — and — for the sphere z2 4 y? + 22 = 4.

Ox y
Fleaal= 2
D2 ~ Y _ Y

e — /’ 'Z'

X 2%
Dz 2y ¥
— = )
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Section 14.5 - Directional Derivatives

Example 62. Recall that if z = f(x,y), then f, represents the rate of change of z
in the z-direction and f, represents the rate of change of z in the y-direction. What

about other directions?

7 A" A
B
(4 e o
_] 4
27%
J

1 1
Let’s go back to our |hill example again, i(:{:, y) =4 — sz — ZyQ. How could we

figure out the rate of change of our height from the point (2,1) if we move in the

direction (—1, 1)7 W(2,0=\Y DAVRE E_"( ’?l, 1

D No\/w\q\lﬁl{ &(\"Cd‘\‘bv\{‘i Uik 'a/y]‘l/t, ﬁ; 5;4 \f‘B
= e £ (0D 45 3D) €
23 D_l \ \(Z,Q—\L ( 4\7"\/)%\ !
e H2mg )l

RN /

12

\

—

- 2%


https://tinyurl.com/math2551-hill-dir-deriv-ex
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Definition 63. The of f: R™ — R at the point

p in the direction of a unit vector u is

D,f(p) =

if this limit exists.

E.g. for our hill example above we have:

Note that D;f = D.f = D.f =



» ,4:(,3 ~H L) )
X “A

l
XA

’(\l(m\} = \

\ E(ﬂa\ > 0=
YD & x- N
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Day 10 - Directional Derivatives, Gradients, Tan-
gent Planes

Pre-Lecture

Section 14.5 - Directional Derivatives

Definition 64. The irechign f*\ L)(WWJ(N' of f: R" — ﬂ%ﬁ% the point
P

p in the direction of a unit vector u is A u R
o &~

i *Hu) f“)] N
D, f(p) = hs 0
if this limit exists.
Note that D;f = 4 Dif= 4 D.f=+z

In practice, we want to avoid using this limit definition!

Note: If f : R™ — R is differentiable at a point p, then f has a directional

derivative at p in the direction of any unit vector u and ram‘n aul AW 5

Lorm a w0 for
DC(

W“ A" 'f’ch)/«a\ d"’\/ﬂhw_g

*“m( wCl“‘ ’ovd)ud‘

Example 65. Compute the rate of change of f(z,y) = €™ at the point (1,2) in

the direction u = (1/\/.57 2/V/5). o ),D: [ (’ b %B(Z’r -Zj\é.) ('.Z

W20

r &CN(/Jr:bnul &w:.}q(’ ve

or. DE=[ye” @] N E(LD) =02 cﬂb/ﬁl
O{:U,Q: [_2@, 61 . )

= H RS \V’?
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Day 10 Lecture

Daily Announcements & Reminders:

Hw |44 dye bonigut g S

‘ (44 due Tony (e e 1‘@

» Quize A Lomoruw on 143 & (11 T RO b 3 oo
Lo, DI B

bade douw y\AJG o £owoww MD”"\"} E:h;.:i':':f:: 5

» C—\(aw\ quyfk
, Foll oud dhedew Sumy (anvas anwoursnsad) @irui o Pt

Ob wavmup 0N Q& \_/

o (B \‘\qus o L2 800400 o w Skley 2B L
£of M*cl—a \,uec[cg

Goals for Today: Sections 14.4-14.6

o Learn to compute the rate of change of a multivariable function in any direction
o Investigate the connection between the gradient vector and level curves/surfaces

o Discuss tangent planes to surfaces, how to find them, and when they exist

Section 14.5: Gradients

&

Definition 66. If f : R™ — R, then the ‘j"“‘l‘ tw
vector function VF (OI‘ 3V‘avl 'F. ) deﬁned by

p) = 4Ly (), 4, ), AP D

= DEY'
We saw: Gor L M;F(Mllf. W \’\M?/

of fat p € R™ is the

2

Dot ()= AR < )T
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Example 67. Find the gradient vector and the directional derivative of each func-

tion at the given point p in the direction of the given vector u
A wm
AV ; 2\/ o
a)f(z,y) =In(z" +y ) p=(—1,1),u= <—_>
VA
0 k= "/ZW_ , )
i)=&, D= €0
i)A—*\* (',>>(/l‘0’. [ =
7) C\\& dive choma Yuis

D. £ \ JEL D - é&g,//> <’\Dé\s‘s— 53

\75’1’\%;7 - |~ 3 ™ l\elI"tL
L———f‘) \S—é " "\ W AIVQ,L\JV]

C\A f(,\(, it \r{éﬂ)\f

\ 4 o<
e

b)g(x,y,2z) = 22 + 4zy? + 22, p = (1,2,1), u the unit vector in the direction of
i+2j—k

\j Vﬁ 42\% {'“{L ‘&¥7le1>
\73(\ ’2(0 — <\g (5 2:>

Ohede vt vedav N2 -0l Jisar=
= L\ 2'3“(5
S B

50 W= -
1
(ovxr)‘uk\'f- . D\i 3[\171‘\1 <\°£,“>,LB° S——Iilcz(’z
. Otvv . %
\ Y= | 2=
- g wr 2 2) =
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Example 68. If h(x,y) = 4 — %ﬁ — in, the contour map is given below. Find
and draw Vh on the diagram at the points (2,0), (0,4), and (—v/2, —v/2). At the
point (2,0), compute D, h for the vectors u; =i,uy = j,ug = (%, é)
U= avae = [
y z

_ 0\'\ (aﬂa) \ G (u, \07
NN

| (o) | €0,

| : '! L e (-521—52) Z 3, ,Q

Ae U0y

DN SR

VA Po‘u\\-s | \V\cvg, AS
° \’)\,\ s \Gm?{,v -Fuy-\'\d.v ‘ﬁovm (D/(h . Al( _Y?'/ 'O:c(?) ;> _\_ 'fo lfuﬂk}c{—
(ontea-g 7,

o Dot =0 = e Bvedian Ml')vl" o \vf s
(r\?’t )mwj{m\' ‘\'63 N )tw\ (uwe. ° \7«5(\‘3\ ‘30\/\'\'3 A HQ’ &‘ CJ"‘ d\[’

U)wc\LLA— \n(1esse st ‘4 0& ;’)
° ‘UH\?’B FO;I&“\V\Q’Y i Al U{'(F)\] s T ?wuL'i\“ e o o

9\,(“3—14— 5{ wease of £ ‘Af e Pt
ek vale = OEEY ]

Note that the gradient vector is 0’*\‘035"“( to level curves. of /y,.{>

 Similarly, for f(z,9,2), V f(ab,c)is_obogrd Y leve) curbres
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Section 14.6 - Tangent Planes

Suppose S is a surface with equatio How can we find an equation

of the tangent plane of S at P(xg, yg, 20)"

® YJO‘\\/\:L : C\f.)l'-[diq‘g) ”/?
0 V\()/W%\ | ﬂva\&(\lV\L O{_F 05\* Y)

z? + 1y +2=10,P = (—1,3,0)|

\\NLDML\Qy - bA:Alj sm\c'l(f,f

1 _ =
Flov =¥+ 2 Zrteto —
- Sl =Y Yy 7T
a H& eaw\' E C’" ”2(% FiRY

7;) ?:A% V\Z)va\\: |V F-e 42}‘ '7%\5
grHyee (2,6,

Ll') ?\we Qtw&'\’l‘ov\‘. ~l(\(+0 “'E(\Tdh SV\-[%—(D;O


https://tinyurl.com/math2551-tangent-plane-1
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Example 69. Find the equation of the tangent plane at the point (—2,1,—1) to

the given by 0
ity wh= (2,0 Hed
X -4
O»M uw{,)\lyl(,g ~)rc) sume 3‘\3¢‘. I_(\(M']:—((a;lf)+0f(a(b)[}_£|
{47&2‘/* Df =~ -]
6o Tlyy D= ¥tyre ot = Cd -]
?_‘j %Ix% C"Zl \‘ "\) '%___ 1 s D{ _g ::\’(?:1
owno&\ F <21( I b
%v ‘\) W'OF(’Z 0 — ("*\ |, )> e ~| ‘\\'((X 'UD -(VJD

uvTaujeu\’“ ““eiﬁ*(xki)* C\}-O 3«\(2-\-D>0

Special case: if we have z = f(z,y) and a point (a,b, f(a,b)), the equation of the
tangent plane is
D= Ay, G-

~_—
1=

NUF = (-(y (\c‘q), L%x,@/ ./D
- )+ A M) 6

This should look familiar: it’s lmeJaV""(’(\‘M



https://tinyurl.com/math2551-tangent-plane-2
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Day 11 - Optimization: Local & Global

Pre-Lecture

Section 14.7 - Local Extreme Values

Last time: If f(x,y) is a function of two variables, we said V f(a,b) points in the

direction of greatest change of f.
What does it mean if V f(a,b) = (0,0)?

Definition 70. Let f(x,y) be defined on a region containing the point (a,b). We

ey  ora\ Mumimum ~ &
e f(a,b)isa value of fif f(a,b) = f(x,y) for all

domain points (z,y) in a disk centered at (a,b)

e f(a,b)is a b cal atimum value of fif f(a,b) 2 f(z,y) for all
domain points (z,y) in a disk centered at (a,b)

Y p e Flag) 2 ¥4 bl mia t
SERE e /

lo(,h\ WIAC

In R3, another interesting thing can happen. Let’s look at (a hyperbolic
paraboloid!) near (0,0).
4 21 Jiwetion of Jeree

This is called a 5&0(“{ 1% wh 22 Abfc\w‘bv\ 0'(:“’\[‘”“0 a Poy

Notice that in all of these examples, we have a horizontal tangent plane at the point

in question, i.e. D-C ~(v 4] 0t <O/D>


https://tinyurl.com/math2551-saddle-point-ex
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Definition 71. If f(z,y) is a function of two variables, a point (a, b) in the domain of

fwith Df(a,b) CO Oj or where Df(a,b) UW}EQ.«:

is called a " Kl ?D"‘L} of f.

b I( 1C— hs & lo(al Wil Or [oca\ wax ot (o) ”H'en [a,%) s a cy,}l,,‘ulpo;{

Example 72. Find the critical points of the function f(z,y) = x® + y> — 3zy.

G DI = E&Z—?j 372‘« 3x1 = (o oi

/)-A
211//17750 S § \(1__7 )
%VL-’}\(;’ O \, ;)( \ %2
—> X( ~1)=0
X=0 or Xz |
yoR
0 y=0 v=1
crit poir\k: o £4D


Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann




Day 11 Optimization: Local & Global Page 65

Day 11 Lecture

Daily Announcements & Reminders:

R A
hw s Dechouight (&) 5

i aRERERE liill—i::‘

A . §
’ G A l Vo JCD W(~0 05869 ) i =|:'. ll:l'“l'!::: tﬂ!r‘ 1=EH‘=
o 9 : R T U O My
seavodes open kil Mo vedt W EEMEE D SE 8
- ) RN I £ LR L
PR e
: =.= .E ':‘: '-':',"' ~ i'.-.
@ by Fophnd,
& 7 n==- P A l-'::::

» Do wormuf on E -

Goals for Today: Section 14.7

Define local & global extreme values for functions of two variables

Learn how to find local extreme values for functions of two variables

Learn how to classify critical points for functions of two variables

Learn how to find global extreme values on a closed & bounded domain

Example 73. Which of the following functions have a critical point at (0,0)?
/\(010) w1 dowearn

f(z,y) = 3z+y3+2y%  g(x,y) = cos(x)+sin(y) h(g\;, y) = %—Hﬂ k(z,y) = 224
O Doz -9l (0> Y)L\: -x ',?z_z
D‘c‘ - [ 4 \,—k 3 [_ 7 —B & ”4—..,‘\7' (%l_‘_l’l-)

>( Dlod>L0 1] Dhiod pye

> %
ez (2 24]
0(6H=L0 0
\/



https://edstem.org/us/courses/69959/discussion/?category=Polls
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To classify critical points, we turn to the second derivative test and the Hessian

matrix of f(x,y) at (a,b):

DAla,» Lo lan) foylab)
Hf(a,b) = ’(yX (o, 1) (‘77 W’)

Theorem 74 (2nd Derivative Test). Suppose (a,b) is a critical point of f(x,y) and

f has continuous second partial derivatives. Then we have:

\J
o [fdet(H f(a,b)) >0 and f,,.(a,b) >0, f(a,b) is a local minimum

N
o Ifdet(H f(a,b)) >0 and f,,(a,b) <0, f(a,b) is allocal maximum

o Ifdet(H f(a,b)) <0, f has a saddle point at (a,b) >4

o Ifdet(Hf(a,b)) =0, the test is inconclusive.

[Advanced] More generally, if f: R™ — R has a critical point at p then

o If all eigenvalues of H f(p) are positive, fis concave up in every direction from
p and so has a local minimum at p.

o If all eigenvalues of H f(p) are negative, f is concave down in every direction
from p and so has a local maximum at p.

o If some eigenvalues of H f(p) are positive and some are negative, f is concave
up in some directions from p and concave down in others, so has neither a local
minimum or maximum at p.

o If all eigenvalues of H f(p) are positive or zero, f may have either a local mini-
mum or neither at p.

o If all eigenvalues of H f(p) are negative or zero, f may have either a local
maximum or neither at p.

(v 2.2) - DN Yot A St Y2 = L) = a6,


Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann




Day 11 Optimization: Local & Global Page 67

Example 75. Classify the critical points of |f(z,y) = 2% + v — 32y from Example

iﬁ; A [3 LA

Ax [ 03 \%H\ {2, o}

Jr(HE(00) = O - (5= -1<D
g& ly ’L“b( D-Fl/l\/- T()'\‘/ ’(: L\«) 173 §a<g(1|e PO(A'\' an (0,01

- L -5
Aea: Wb fY !

Der (\4{ L)) —;B,{vz:}?o L 4l,00

gb \97 2 P)%Yld \‘9* (\'LGS 17\ o(on i t&%— C' D


https://tinyurl.com/math2551-critpt-ex-2

    𝑓    (    𝑥    ,    𝑦    )    =      𝑥    3     +      𝑦    3     −    3    𝑥    𝑦  


$f(x,y)=x^3+y^3-3xy$


    𝑓    (    𝑥    ,    𝑦    )  


$f(x,y)$


    ∇    𝑓    (    𝑎    ,    𝑏    )  


$\nabla f(a,b)$


    𝑓  


$f$


    ∇    𝑓    (    𝑎    ,    𝑏    )    =    ⟨    0    ,    0    ⟩  


$\nabla f(a,b)=\langle 0,0\rangle $


$f(x,y)$


    (    𝑎    ,    𝑏    )  


$(a,b)$


    𝑓    (    𝑎    ,    𝑏    )  


$f(a,b)$


$f$


$f(a,b)$


$f(x,y)$


    (    𝑥    ,    𝑦    )  


$(x,y)$


$(a,b)$


$f(a,b)$


$f$


$f(a,b)$


$f(x,y)$


$(x,y)$


$(a,b)$


      ℝ    3   


$\R ^3$


    𝑧    =      𝑥    2     −      𝑦    2   


$z=x^2-y^2$


    (    0    ,    0    )  


$(0,0)$


$f(x,y)$


$(a,b)$


$f$


    𝐷    𝑓    (    𝑎    ,    𝑏    )    =  


$Df(a,b)=$


    𝐷    𝑓    (    𝑎    ,    𝑏    )  


$Df(a,b)$


$f$


$(0,0)$


    𝑓    (    𝑥    ,    𝑦    )    =    3    𝑥    +      𝑦    3     +    2      𝑦    2       𝑔    (    𝑥    ,    𝑦    )    =    cos    (    𝑥    )    +    sin    (    𝑦    )      ℎ    (    𝑥    ,    𝑦    )    =      4        𝑥    2     +      𝑦    2         𝑘    (    𝑥    ,    𝑦    )    =      𝑥    2     +      𝑦    2   


\begin {equation*}f(x,y)=3x+y^3+2y^2 \quad g(x,y)=\cos (x)+\sin (y)\quad h(x,y)=\frac {4}{x^2+y^2}\quad k(x,y)=x^2+y^2\end {equation*}


$f(x,y)$


$(a,b)$


    𝐻    𝑓    (    𝑎    ,    𝑏    )    =        [                𝑓      𝑥    𝑥      (    𝑎    ,    𝑏    )         𝑓      𝑦    𝑥      (    𝑎    ,    𝑏    )            𝑓      𝑥    𝑦      (    𝑎    ,    𝑏    )         𝑓      𝑦    𝑦      (    𝑎    ,    𝑏    )          ]    


\begin {equation*}Hf(a,b)=\phantom {\begin {bmatrix} f_{xx}(a,b) & f_{yx}(a,b) \\ f_{xy}(a,b) & f_{yy}(a,b) \end {bmatrix}}\end {equation*}


$(a,b)$


$f(x,y)$


$f$


    det    (    𝐻    𝑓    (    𝑎    ,    𝑏    )    )    >    0  


$\det (Hf(a,b))>0$


      𝑓      𝑥    𝑥      (    𝑎    ,    𝑏    )    >    0  


$f_{xx}(a,b)>0$


$f(a,b)$


$\det (Hf(a,b))>0$


      𝑓      𝑥    𝑥      (    𝑎    ,    𝑏    )    <    0  


$f_{xx}(a,b)<0$


$f(a,b)$


    det    (    𝐻    𝑓    (    𝑎    ,    𝑏    )    )    <    0  


$\det (Hf(a,b))<0$


$f$


$(a,b)$


    det    (    𝐻    𝑓    (    𝑎    ,    𝑏    )    )    =    0  


$\det (Hf(a,b))=0$


    𝑓    ∶      ℝ    𝑛     →    ℝ  


$f:\R ^n\to \R $


    p  


$\bp $


    𝐻    𝑓    (    p    )  


$Hf(\bp )$


$f$


$\bp $


$\bp $


$Hf(\bp )$


$f$


$\bp $


$\bp $


$Hf(\bp )$


$f$


$\bp $


$\bp $


$Hf(\bp )$


$f$


$\bp $


$Hf(\bp )$


$f$


$\bp $


$f(x,y)=x^3+y^3-3xy$


    𝑓    (    𝑥    ,    𝑦    )    =      𝑥    2     𝑦    +      𝑦    2     +    𝑥    𝑦  


$f(x,y)=x^2y+y^2+xy$


    𝑔    (    𝑥    ,    𝑦    )    =    −    (      𝑥    2     −    1      )    2     −    (      𝑥    2     𝑦    −    𝑥    −    1      )    2     +    2  


$g(x,y)=-(x^2-1)^2-(x^2y-x-1)^2+2$


    (    −    1    ,    0    )  


$(-1,0)$


    (    1    ,    2    )  


$(1,2)$


$f(x,y)$


    𝑓    (    𝑎    ,    𝑏    )    ≥    𝑓    (    𝑥    ,    𝑦    )  


$f(a,b)\geq f(x,y)$


$(x,y)$


$f$


$f(x,y)$


$f(x,y)$


    𝑅  


$R$


$f$


$R$


$f$


$R$


$f$


    𝑓    (    𝑥    ,    𝑦    )    =    4      𝑥    2     −    4    𝑥    𝑦    +    2    𝑦  


$f(x,y)=4x^2-4xy+2y$


$R$


    𝑦    =      𝑥    2   


$y=x^2$


    𝑦    =    4  


$y=4$


    𝑆  


$S$


    𝐹    (    𝑥    ,    𝑦    ,    𝑧    )    =    𝑘  


$F(x,y,z) = k$


$S$


    𝑃    (      𝑥    0     ,      𝑦    0     ,      𝑧    0     )  


$P(x_0,y_0,z_0)$


    −    4  


$\pgfmathresult $


$\pgfmathresult $


$\pgfmathresult $


$\pgfmathresult $


$\pgfmathresult $


$\pgfmathresult $


$\pgfmathresult $


$\pgfmathresult $


$\pgfmathresult $


$\pgfmathresult $


$\pgfmathresult $


      𝑥    2     +      𝑦    2     +    𝑧    =    10    ,    𝑃    =    (    −    1    ,    3    ,    0    )  


$x^2+y^2+z = 10, P=(-1,3,0)$


    (    −    2    ,    1    ,    −    1    )  


$(-2,1,-1)$


    𝑧    =    4    −      𝑥    2     −    𝑦  


\begin {equation*}z= 4-x^2-y\end {equation*}


    𝑧    =    𝑓    (    𝑥    ,    𝑦    )  


$z =f(x,y)$


    (    𝑎    ,    𝑏    ,    𝑓    (    𝑎    ,    𝑏    )    )  


$(a,b,f(a,b))$


$f:\R ^n\to \R $


$f$


    p    ∈      ℝ    𝑛   


$\bp \in \R ^n$


    ∇    𝑓    (    p    )    =    


\begin {equation*}\nabla f(\bp ) = \hspace {6cm}\end {equation*}


$\bp $


    u  


$\textbf {u}$


    𝑓    (    𝑥    ,    𝑦    )    =    ln    (      𝑥    2     +      𝑦    2     )    ,    p    =    (    −    1    ,    1    )    ,    u    =      ⟨        1      5       ,          −    2       5       ⟩   


$f(x,y) = \ln (x^2+y^2), \bp =(-1,1), \textbf {u} = \left \langle \dfrac {1}{\sqrt {5}}, \dfrac {-2}{\sqrt {5}}\right \rangle $


    𝑔    (    𝑥    ,    𝑦    ,    𝑧    )    =      𝑥    2     +    4    𝑥      𝑦    2     +      𝑧    2   


$g(x,y,z) = x^2+4xy^2 +z^2$


    p    =    (    1    ,    2    ,    1    )  


$\bp =(1,2,1)$


$\textbf {u}$


    i    +    2    j    −    k  


$\textbf {i}+2\textbf {j}-\textbf {k}$


    ℎ    (    𝑥    ,    𝑦    )    =    4    −        1    4        𝑥    2     −        1    4        𝑦    2   


$h(x,y) = 4-\dfrac {1}{4}x^2 -\dfrac {1}{4}y^2$


    ∇    ℎ  


$\nabla h$


    (    2    ,    0    )    ,    (    0    ,    4    )  


$(2,0), (0,4)$


    (    −      2     ,    −      2     )  


$(-\sqrt {2},-\sqrt {2})$


    (    2    ,    0    )  


$(2,0)$


      𝐷    u     ℎ  


$D_\bu h$


      u    1     =    i    ,      u    2     =    j    ,      u    3     =    ⟨      1      2      ,      1      2      ⟩  


$\bu _1=\bi , \bu _2=\bj , \bu _3=\langle \frac {1}{\sqrt {2}}, \frac {1}{\sqrt {2}}\rangle $


    𝑓    (    𝑥    ,    𝑦    ,    𝑧    )  


$f(x,y,z)$


    ∇    𝑓    (    𝑎    ,    𝑏    ,    𝑐    )  


$\nabla f(a,b,c)$


$f:\R ^n\to \R $


$\bp $


    u  


$\bu $


      𝐷    u     𝑓    (    p    )    =                           


\begin {equation*}D_\bu f(\bp ) = \phantom {\hspace {1.5cm} \dfrac {\hspace {8cm}}{\hspace {8cm}}}\end {equation*}


      𝐷    i     𝑓    =  


$D_\textbf {i}f =$


      𝐷    j     𝑓    =  


$D_\bj f=$


      𝐷    k     𝑓    =  


$D_\bk f=$


$f:\R ^n\to \R $


$\bp $


$f$


$\bp $


$\bu $


      𝐷    u     𝑓    (    p    )    =    


\begin {equation*}D_\bu f(\bp ) =\hspace {6cm}\end {equation*}


    𝑓    (    𝑥    ,    𝑦    )    =      𝑒      𝑥    𝑦    


$f(x,y)=e^{xy}$


$(1,2)$


    u    =    ⟨    1    /      5     ,    2    /      5     ⟩  


$\bu =\langle 1/\sqrt {5},2/\sqrt {5}\rangle $


    𝑧    =    𝑓    (    𝑥    ,    𝑦    )  


$z=f(x,y)$


      𝑓    𝑥   


$f_x$


    𝑧  


$z$


    𝑥  


$x$


      𝑓    𝑦   


$f_y$


$z$


    𝑦  


$y$


    ℎ    (    𝑥    ,    𝑦    )    =    4    −        1    4        𝑥    2     −        1    4        𝑦    2   


$h(x,y)=4-\dfrac {1}{4}x^2-\dfrac {1}{4}y^2$


    (    2    ,    1    )  


$(2,1)$


    ⟨    −    1    ,    1    ⟩  


$\langle -1,1\rangle $


$f:\R ^n\to \R $


$\bp $


$\bu $


\begin {equation*}D_\bu f(\bp ) = \phantom {\hspace {1.5cm} \dfrac {\hspace {8cm}}{\hspace {8cm}}}\end {equation*}


$D_\textbf {i}f =$


$D_\bj f=$


$D_\bk f=$


    𝑓    ∶      ℝ    𝑝     →      ℝ    𝑚   


$f:\R ^p \to \R ^m$


    𝑔    ∶      ℝ    𝑛     →      ℝ    𝑝   


$g:\R ^n\to \R ^p$


    𝐷    (    𝑓    (    𝑔    (    x    )    )    )    =    𝐷    𝑓    (    𝑔    (    x    )    )    𝐷    𝑔    (    x    )    .  


\begin {equation*}D(f(g(\bx )))=Df(g(\bx ))Dg(\bx ).\end {equation*}


$h(x,y)=4-\dfrac {1}{4}x^2-\dfrac {1}{4}y^2$


    r    (    𝑡    )    =    ⟨    𝑡    +    1    ,    2    −      𝑡    2     ⟩  


$\br (t)=\langle t+1,2-t^2\rangle $


    𝑡    =    1  


$t=1$


    ℎ    (    𝑡    )    =    𝑔    (    𝑓    (    𝑡    )    )  


$h(t)=g(f(t))$


    𝑡    =    2  


$t=2$


    𝑓    (    𝑡    )    =      [                1    4       𝑡    2     +    2    𝑡          sin    (    𝜋    𝑡    )    −    𝑡          𝑡    +    1          ]         𝑔    (    𝑥    ,    𝑦    ,    𝑧    )    =      𝑥    2     𝑦    𝑧    −    𝑦    −    𝑧    .  


\begin {equation*}f(t)=\begin {bmatrix} \frac {1}{4}t^2+2t \\ \sin (\pi t)-t \\ t+1 \end {bmatrix} \qquad g(x,y,z)=x^2yz-y-z.\end {equation*}


    𝑊    (    𝑠    ,    𝑡    )    =    𝐹    (    𝑢    (    𝑠    ,    𝑡    )    ,    𝑣    (    𝑠    ,    𝑡    )    )  


$W(s,t)=F(u(s,t),v(s,t))$


    𝐹    ,    𝑢    ,    𝑣  


$F,u,v$


          𝑢    (    1    ,    0    )         =    2       𝑣    (    1    ,    0    )         =    3            𝑢    𝑠     (    1    ,    0    )         =    −    2         𝑣    𝑠     (    1    ,    0    )         =    5            𝑢    𝑡     (    1    ,    0    )         =    6         𝑣    𝑡     (    1    ,    0    )         =    4            𝐹    𝑢     (    2    ,    3    )         =    −    1         𝐹    𝑣     (    2    ,    3    )         =    10                            


\begin {align*}u(1,0)&=2 &v(1,0) &=3 \\ u_s(1,0)&=-2 &v_s(1,0) &=5 \\ u_t(1,0)&=6 &v_t(1,0) &=4 \\ F_u(2,3)&=-1 &F_v(2,3) &=10 \\\end {align*}


      𝑊    𝑠     (    1    ,    0    )  


$W_s(1,0)$


      𝑊    𝑡     (    1    ,    0    )  


$W_t(1,0)$


    𝐹    (    𝑥    ,    𝑦    ,    𝑧    )    =    𝑐  


$F(x,y,z)=c$


$z$


$x$


$y$


          𝜕    𝑧       𝜕    𝑥     


$\pdev {z}{x}$


          𝜕    𝑧       𝜕    𝑦     


$\pdev {z}{y}$


      𝑥    2     +      𝑦    2     +      𝑧    2     =    4  


$x^2+y^2+z^2=4$


    𝑓    ∶      ℝ    2     →    ℝ  


$f:\R ^2\to \R $


$(a,b)$


$f$


$(a,b)$


      lim      (    𝑥    ,    𝑦    )    →    (    𝑎    ,    𝑏    )            𝑓    (    𝑥    ,    𝑦    )    −    𝐿    (    𝑥    ,    𝑦    )       ‖    (    𝑥    ,    𝑦    )    −    (    𝑎    ,    𝑏    )    ‖      =    0    .  


\begin {equation*}\lim _{(x,y)\to (a,b)} \frac {f(x,y)-L(x,y)}{\|(x,y)-(a,b)\|}=0.\end {equation*}


$f$


$(a,b)$


$(a,b)$


    𝑓    (    𝑥    ,    𝑦    )    =      {            1       𝑥    𝑦    =    0          0       𝑥    𝑦    ≠    0         


$f(x,y)=\begin {cases} 1 & xy=0 \\ 0 & xy\neq 0 \end {cases}$


$(0,0)$


    𝑓    ∶      ℝ    𝑛     →      ℝ    𝑚   


$f:\R ^n\to \R ^m$


    a    =    (      𝑎    1     ,    …    ,      𝑎    𝑛     )  


$\ba =(a_1,\ldots , a_n)$


    𝑓    (    x    )    −    𝑓    (    a    )  


$f(\bx )-f(\ba )$


    a  


$\ba $


    𝑓    (    𝑥    )    =    𝑓    (    𝑎    )    +      𝑓    ′     (    𝑎    )    (    𝑥    −    𝑎    )  


$f(x)=f(a)+f'(a)(x-a)$


$f:\R ^n\to \R ^m$


    a    =    (      𝑎    1     ,    …    ,      𝑎    𝑛     )  


$\ba =(a_1,\ldots ,a_n)$


    𝐿    (    x    )    =        𝑓    (    a    )    +    𝐷    𝑓    (    a    )    (    x    −    a    )    


\begin {equation*}L(\bx )=\phantom {f(\ba )+Df(\ba )(\bx -\ba )}\end {equation*}


    𝑓    (    𝑥    ,    𝑦    )    =        5    𝑥    −    𝑦    


$f(x,y)=\sqrt {5x-y}$


    (    1    ,    1    )  


$(1,1)$


    𝑓    (    1    .    1    ,    1    .    1    )  


$f(1.1,1.1)$


    𝑓    ∶      ℝ    𝑛     →      ℝ    𝑚   


$f: \R ^n\to \R ^m$


    𝑓    (      𝑥    1     ,    …    ,      𝑥    𝑛     )    =      [                𝑓    1     (      𝑥    1     ,    …    ,      𝑥    𝑛     )          ⋮            𝑓    𝑚     (      𝑥    1     ,    …    ,      𝑥    𝑛     )          ]   


$f(x_1,\ldots , x_n)=\begin {bmatrix} f_1(x_1,\ldots , x_n) \\ \vdots \\ f_m(x_1,\ldots , x_n) \end {bmatrix}$


      ℝ    𝑛     →      ℝ    𝑚   


$\R ^n \to \R ^m$


    𝐷    𝑓  


$Df$


    𝐷      𝑓      𝑖    𝑗      =  


$Df_{ij}=$


    𝑓    (    𝑥    )    =      𝑥    2     +    1  


$f(x)=x^2+1$


    r    (    𝑡    )    =    ⟨    cos    (    𝑡    )    ,    sin    (    𝑡    )    ,    𝑡    ⟩  


$\br (t)=\langle \cos (t), \sin (t), t\rangle $


$f(x,y)=\sqrt {5x-y}$


    𝑓    (    𝑥    ,    𝑦    ,    𝑧    )    =    2    𝑥    𝑦    𝑧    −      𝑧    2     𝑦  


$f(x,y,z)=2xyz-z^2y$


    f    (    𝑠    ,    𝑡    )    =    ⟨      𝑠    2     +    𝑡    ,    2    𝑠    −    𝑡    ,    𝑠    𝑡    ⟩  


$\bbf (s,t)=\langle s^2+t,2s-t,st\rangle $


    𝑓    (    𝑥    ,    𝑦    )    =    3      𝑥    2     𝑦    +    𝑥    −    2    𝑦  


$f(x,y)=3x^2y+x-2y$


    𝑔    (    𝑥    ,    𝑦    )    =        5    𝑥    −    𝑦    


$g(x,y) = \sqrt {5x-y}$


      𝑓      𝑥    𝑥    


$f_{xx}$


      𝑓      𝑥    𝑦    


$f_{xy}$


      𝑓      𝑦    𝑥      ,  


$f_{yx},$


      𝑓      𝑦    𝑦    


$f_{yy}$


$f(x,y)=\sqrt {5x-y}$


$f_{xy}$


      𝑓      𝑦    𝑥    


$f_{yx}$


$f$


    𝐷  


$D$


$(a,b)$


    𝑓    ,      𝑓    𝑥     ,      𝑓    𝑦     ,      𝑓      𝑥    𝑦    


$f, f_x, f_y, f_{xy}$


$f_{yx}$


$D$


$f(x,y,z)=2xyz-z^2y$


    𝑓    (    𝑠    ,    𝑡    )    =      [                𝑠    2     +    𝑡          2    𝑠    −    𝑡          𝑠    𝑡          ]   


$f(s,t)=\begin {bmatrix} s^2+t \\ 2s-t \\ st \end {bmatrix}$


$f$


$x$


$y$


$f_x$


$f_y$


      𝑓    𝑥     (    𝑥    ,    𝑦    )    =      lim      ℎ    →    0                             𝑓    𝑦     (    𝑥    ,    𝑦    )    =      lim      ℎ    →    0                       


\begin {equation*}f_x(x,y) = \lim _{h\to 0} \dfrac {\hspace {5cm}}{\ } \qquad f_y(x,y) = \lim _{h\to 0} \dfrac {\hspace {5cm}}{\ }\end {equation*}


$f_x$


$f_y$


    𝑓    (    𝑥    ,    𝑦    )    =    5      𝑥    2     +    2    𝑥    𝑦    +    3      𝑦    3     .  


\begin {equation*}f(x,y)=5x^2+2xy+3y^3.\end {equation*}


$(a,b)$


    ℎ    (    𝑥    ,    𝑦    )    =    4    −      1    4       𝑥    2     −      1    4       𝑦    2   


\begin {equation*}h(x,y) = 4-\dfrac {1}{4}x^2-\dfrac {1}{4}y^2\end {equation*}


$(x,y)$


    (    2    ,    1    ,    11    /    4    )  


$(2,1,11/4)$


$y$


$x$


      ℝ    2   


$\R ^2$


        lim      (    𝑥    ,    𝑦    )    →    (    0    ,    0    )            𝑥    2         𝑥    2     +      𝑦    2      


$\displaystyle \lim _{(x,y)\to (0,0)} \frac {x^2}{x^2+y^2}$


    (      𝑥    0     ,      𝑦    0     )  


$(x_0,y_0)$


      lim      (    𝑥    ,    𝑦    )    →    (    0    ,    0    )            𝑥    𝑦       2      𝑥    2     +      𝑦    2     


\begin {equation*}\lim _{(x,y)\to (0,0)} \frac {xy}{2x^2+y^2}\end {equation*}


      lim      (    𝑥    ,    𝑦    )    →    (    0    ,    0    )              𝑥    2     𝑦         𝑥    4     +      𝑦    2     


\begin {equation*}\lim _{(x,y)\to (0,0)} \frac {x^2y}{x^4+y^2}\end {equation*}


        lim      (    𝑥    ,    𝑦    )    →    (    2    ,    0    )                2    𝑥    −    𝑦      −    2       2    𝑥    −    𝑦    −    4     


$\displaystyle \lim _{(x,y)\to (2,0)} \dfrac {\sqrt {2x-y}-2}{2x-y-4}$


        lim      (    𝑥    ,    𝑦    )    →    (      𝑥    0     ,      𝑦    0     )        𝑓    (    𝑥    ,    𝑦    )    =    𝐿   


$\displaystyle \lim _{(x,y)\to (x_0,y_0)}f(x,y)=L$


$f(x,y)$


$(x_0,y_0)$


$f(x,y)$


$(x_0,y_0)$


    𝑔    (    𝑥    ,    𝑦    )    =        16    −    4      𝑥    2     −      𝑦    2     


$g(x,y) = \sqrt {16-4x^2-y^2}$


    𝑧    =    𝑓    (    𝑥    ,    𝑦    )    =    4    −    2    𝑥    −      𝑦    2   


$z=f(x,y) = 4-2x-y^2$


    (    𝑥    ,    𝑦    ,    𝑧    )  


$(x,y,z)$


$D$


$f(x,y,z)$


    𝑓    ∶    𝐷    →    ℝ    ,     where     𝐷    ⊆      ℝ    3   


\begin {equation*}f: D \to \R , \text { where } D \subseteq \R ^3\end {equation*}


    𝑓    (    𝑥    ,    𝑦    ,    𝑧    )    =        1      4    −      𝑥    2     −      𝑦    2     −      𝑧    2      


$f(x,y,z)=\dfrac {1}{4-x^2-y^2-z^2}$


    𝑔    (    𝑥    ,    𝑦    ,    𝑧    )    =    2      𝑥    2     +      𝑦    2     +      𝑧    2   


$g(x,y,z)=2x^2+y^2+z^2$


$z=x^2-y^2$


$(x,y)$


$D$


$f(x,y)$


    𝑓    ∶    𝐷    →    ℝ    ,     where     𝐷    ⊆      ℝ    2   


\begin {equation*}f: D \to \R , \text { where } D \subseteq \R ^2\end {equation*}


    𝑓    (    𝑥    ,    𝑦    )    =      𝑥    2     +      𝑦    2     ,      𝑔    (    𝑥    ,    𝑦    )    =    ln    (    𝑥    +    𝑦    )    ,      ℎ    (    𝑥    ,    𝑦    )    =    ℎ    (    𝑥    ,    𝑦    )    =        4    −      𝑥    2     −      𝑦    2       .  


\begin {equation*}f(x,y) = x^2+y^2, \qquad g(x,y)=\ln (x+y), \qquad h(x,y)=h(x,y)=\sqrt {4-x^2-y^2}.\end {equation*}


    𝑓    ,    𝑔  


$f, g$


    ℎ  


$h$


    𝑓    (    𝑥    ,    𝑦    )    =      𝑥    2     +      𝑦    2     ,    𝑔    (    𝑥    ,    𝑦    )    =    ln    (    𝑥    +    𝑦    )    ,  


$f(x,y)=x^2+y^2, g(x,y)=\ln (x+y),$


    ℎ    (    𝑥    ,    𝑦    )    =        4    −      𝑥    2     −      𝑦    2     


$h(x,y)=\sqrt {4-x^2-y^2}$


$f$


$D$


$f$


$(x,y,z)$


$\R ^3$


    𝑧    =    𝑓    (    𝑥    ,    𝑦    )  


$z = f(x,y)$


$(x,y)$


$D$


    ℎ    (    𝑥    ,    𝑦    )    =    4    −        1    4        𝑥    2     −        1    4        𝑦    2   


$h(x,y) = 4-\dfrac {1}{4}x^2-\dfrac {1}{4}y^2$


$(x,y)$


$f$


    𝑘  


$k$


$f$


$z$


    𝑓    (    𝑥    ,    𝑦    )    =      𝑥    2     −      𝑦    2   


$f(x,y) = x^2-y^2$


    T  


$\bT $


    𝑠  


$s$


    𝑡  


$t$


    𝜅    (    𝑠    )    =  


$\kappa (s)=$


$(0,0)$


$\R ^2$


    r    (    𝑠    )    =      ⟨    4      cos        (      𝑠    4     )     ,    4      sin        (      𝑠    4     )     ⟩     ,      0    ≤    𝑠    ≤    8    𝜋    .  


\begin {equation*}\br (s)=\left \langle 4\cos \left (\frac {s}{4}\right ),4\sin \left (\frac {s}{4}\right )\right \rangle , \qquad 0\leq s\leq 8\pi .\end {equation*}


    T    (    𝑠    )  


$\bT (s)$


    𝜅    (    𝑠    )  


$\kappa (s)$


$\bT $


    N    (    𝑠    )    =  


$\bN (s)=$


    r    (    𝑡    )  


$\br (t)$


    T    (    𝑡    )    =  


$\bT (t)=$


    𝜅    (    𝑡    )    =  


$\kappa (t)=$


    N    (    𝑡    )    =  


$\bN (t)=$


    T    ,    N    ,    𝜅  


$\bT , \bN , \kappa $


    r    (    𝑡    )    =    ⟨    2      cos    (    𝑡    )    ,    2      sin    (    𝑡    )    ,    𝑡    −    1    ⟩  


$\br (t)=\langle 2\cos (t),2\sin (t),t-1\rangle $


    r    (    𝑡    )    =    𝑡    i    +      𝑡    2     j    +      𝑡    3     k  


$\br (t)=t\bi +t^2\bj +t^3\bk $


    (    1    ,    1    ,    1    )  


$(1,1,1)$


    (    2    ,    4    ,    8    )  


$(2,4,8)$


    r    (    𝑡    )    =    ⟨    ln    (    𝑡    )    ,      2     𝑡    ,      1    2       𝑡    2     ⟩    ,      𝑡    >    0  


\begin {equation*}\br (t)=\langle \ln (t),\sqrt {2}t,\frac {1}{2}t^2\rangle , \qquad t>0\end {equation*}


$t=1$


$t=2$


      𝑡    0   


$t_0$


$t$


    𝑠    (    𝑡    )    =    �  


\begin {equation*}s(t)=\blank {8cm}\end {equation*}


$s$


    𝑠    =    0  


$s=0$


    𝑠    =    1  


$s=1$


    4  


$4$


$\R ^2$


    r    (    𝑡    )    =    ⟨    4      cos    (    𝑡    )    ,    4      sin    (    𝑡    )    ⟩    ,    0    ≤    𝑡    ≤    2    𝜋  


$\br (t)=\langle 4\cos (t),4\sin (t)\rangle , 0\leq t\leq 2\pi $


    r    (    𝑡    )    =    ⟨    𝑥    (    𝑡    )    ,    𝑦    (    𝑡    )    ,    𝑧    (    𝑡    )    ⟩  


$\br (t)=\langle x(t),y(t),z(t)\rangle $


$t$


    r    (    𝑡    )    =    ⟨    2      cos    (    𝑡    )    ,    2      sin    (    𝑡    )    ⟩    ,  


\begin {equation*}\br (t)=\langle 2\cos (t), 2\sin (t) \rangle ,\end {equation*}


    0    ≤    𝑡    ≤    2    𝜋  


$0\leq t \leq 2\pi $


    𝑡    =    0  


$t=0$


    𝑡    =    𝜋  


$t=\pi $


$\br (t)=\langle x(t),y(t),z(t)\rangle $


    𝐿    =    �  


\begin {equation*}L=\blank {8cm}\end {equation*}


        lim      𝑡    →    𝑒      ⟨      𝑡    2     ,    2    ,    ln    (    𝑡    )    ⟩   


$\displaystyle \lim _{t\to e} \langle t^2,2,\ln (t)\rangle $


    r    (    𝑡    )    =    𝑡    i    −        1        𝑡    2     −    4       j    +    sin    (    𝑡    )    k  


$\br (t)=t\bi -\dfrac {1}{t^2-4}\bj +\sin (t)\bk $


    r    (    𝑡    )    =    ⟨    2    𝑡    −      1    2       𝑡    2     +    1    ,    𝑡    −    1    ⟩  


$\br (t)=\langle 2t-\frac {1}{2}t^2+1,t-1\rangle $


      r    ′     (    𝑡    )  


$\br '(t)$


$\br (t)$


$t$


$\br '(t)$


    ‖      r    ′     (    𝑡    )    ‖  


$\|\br '(t)\|$


      r    ″     (    𝑡    )  


$\br ''(t)$


$\br (t)=\langle 2t-\frac {1}{2}t^2+1,t-1\rangle $


$t=2$


        ∫    0    1     ⟨    𝑡    ,      𝑒      2    𝑡      ,      sec    2     (    𝑡    )    ⟩      𝑑    𝑡   


$\displaystyle \int _0^1 \langle t, e^{2t},\sec ^2(t)\rangle \ dt$


    v    (    𝑡    )    =    ⟨    −    200      sin    (    2    𝑡    )    ,    200      cos    (    𝑡    )    ,    400    −      400      1    +    𝑡      ⟩      𝑚    /    𝑠    .  


\begin {equation*}\bv (t)=\langle -200\sin (2t), 200\cos (t), 400-\frac {400}{1+t} \rangle \ m/s.\end {equation*}


    r    (    0    )    =    ⟨    0    ,    0    ,    0    ⟩  


$\br (0)=\langle 0,0,0\rangle $


      r    1     (    𝑡    )    =    ⟨    cos    (    𝑡    )    ,    sin    (    𝑡    )    ,    𝑡    ⟩  


$\br _1(t)=\langle \cos (t),\sin (t),t\rangle $


      r    2     (    𝑡    )    =    ⟨    cos    (    2    𝑡    )    ,    sin    (    2    𝑡    )    ,    2    𝑡    ⟩  


$\br _2(t)=\langle \cos (2t),\sin (2t),2t\rangle $


    [    0    ,    2    𝜋    ]  


$[0,2\pi ]$


    ℓ    (    𝑡    )    =    ⟨    2    𝑡    +    1    ,    3    −    𝑡    ,    𝑡    −    1    ⟩    ,      −    ∞    ≤    𝑡    ≤    ∞  


\begin {equation*}\ell (t)=\langle 2t+1,3-t,t-1\rangle , \quad -\infty \leq t\leq \infty \end {equation*}


$\R ^2$


$\R ^3$


$t$


    𝐶  


$C$


    r  


$\br $


$C$


$C$


$\br $


$C$


$\R ^3$


    𝑥    ,    𝑦    ,  


$x,y,$


$z$


    𝑥    =      𝑧    2     +      𝑦    2   


$x=z^2+y^2$


$\R ^3$


    n  


$\bn $


$\R ^3$


$\R ^3$


    𝑦    −    𝑧    =    −    2  


$y-z=-2$


    𝑥    −    𝑦    =    0  


$x-y=0$


    𝑃    =    (    −    8    ,    0    ,    2    )  


$P=(-8,0,2)$


    (    1    ,    10    ,    100    )  


$(1,10,100)$


    r    (    𝑡    )    =    ⟨    1    ,    4    ,    −    3    ⟩    𝑡    +    ⟨    0    ,    −    1    ,    1    ⟩  


\begin {equation*}\br (t)=\langle 1,4,-3\rangle t +\langle 0,-1,1\rangle \end {equation*}


$\R ^2$


    𝑃    =    (    1    ,    0    ,    2    )  


$P=(1,0,2)$


    𝑄    =    (    −    2    ,    1    ,    1    )  


$Q=(-2,1,1)$


    ⋅  


\begin {equation*}\bu \dotp \bv = \blank {10cm}\end {equation*}


    u    ×    v    =    �  


\begin {equation*}\bu \times \bv = \blank {10cm}\end {equation*}
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Example 76. Find and classify the critical points of |f(z,y) = 2%y + y* + 2.
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Two Local Maxima, No Local Minimum: The function |g(x,y) = —(2? —1)? —|

(z°y —x — 1) 4+ 2 has two critical points, at (—1,0) and (1,2). Both are local

maxima, and the function never has a local minimum!

A global maximum of f(z,y) is like a local maximum, except we must have f(a,b) >

f(x,y) for all (z,y) in the domain of f. A global minimum is defined similarly.

Theorem 77 (Extreme Value Theorem). On a closed & bounded domain, any con-

tinuous function f(x,y) attains a global minimum € mazimum.

Bounded: T\,\e ”’k 'C:'\'szl\ a ]ﬂ\(’ Qudﬁy)" C(\VC(C 2. Ll()sréQ
|k Ve abowe o7 %mugé& LY baeuded

”\\

X

wdtd
v\(ﬁ' \JO\J““) t 9\ M)—


https://tinyurl.com/math2551-2max-only-ex
https://tinyurl.com/math2551-2max-only-ex
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Strategy for finding global min/max of f(x,y) on a closed & bounded

domain R

1. Find all critical points of f inside R.
2. Find all critical points of f on the boundary of R
3. Evaluate f at each critical point as well as at any endpoints on the boundary.

4. The smallest value found is the global minimum; the largest value found is the

global maximum.

Example 78. Find the global minimum and maximum of f(z,y) = 422 — 4y + 2y
on the closed region R bounded by y = 22 and y = 4.
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Day 12 - Optimization: Global & Constrained

Pre-Lecture

Section 14.8 - Constrained Optimization

Goal: Maximize or minimize f(x,y) subject to a constraint, g(x,y) = c.

Example 78. A new hiking trail has been constructed on the hill with height

1

1
h(z,y) =4 — Zx2 — Zy2, above the points y = —0.52% + 3 in the zy-plane. What

is the highest point on the hill on this path?

Objective function: . {
I3
L\(X:'D—k{ ~(\“-(‘1 ﬂ"*

Constraint equation: 7 ' k!

Y + ’;d\cq' = 3 ‘ 5(\1(7\:7 %){l f = X

Goal: Locate points with no rate of r - o | ‘ a

change along the constraint curve A k’ _ x
A A v ofdwwe (s D0 ] ﬂ
/re e vl o change 15 3O

Tl phs e ficdeit ia T Bedkin
Conshaual 15 O Solve : <~%)< (“;‘,73:}<><, D

(=> T L Vh = Vﬁﬁ) 9rix=3
£=> 0 W oa &
/=5 YW VY o Oh=b



https://tinyurl.com/2551-lagrange
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Day 12 Lecture

Daily Announcements & Reminders: \('M(,,}eu\.'ml Bir. Jewis , fj"“‘”“"*, “)"mge”fé Plomec

CHW 146 due %om'ﬁ‘d? &)

By 3
Ot S b, 1452 10 =Nl O
ek e ';.""':3..1’1:?"1
Lo. D2 €03 ey o e

. o 0 i % o

Qui t veson g W
abbr grading 1o done , Iue q‘i.: i o
500 Frased v,
» Do 2 warmyp polbs R W
Goals for Today: Sections 14.7, 14.8

« Find global extreme values of continuous functions of two variables on closed &

bounded domains

o Apply the method of Lagrange multipliers to find extreme values of functions

of two or more variables subject to one or more constraints

o on&: (cﬂai»s (’V\“\\PC lﬂbumgag
%o\m‘)ﬁlz Fik (4 a L[> GMO\?\’\ &i)lg
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14.7 - Applying Extreme Value Theorem

Strategy for finding global min/max of continuous f(x,y) on a closed &
bounded domain R

{
1. Find all critical points of f inside R. —ﬁj/\\.//i
R

2. Find all critical points of f on the boundary of R

3. Evaluate f at each critical point as well as at any endpoints on the boundary.

4. The smallest value found is the global minimum; the largest value found is the
global maximum.

Example 79. Find the global minimum and maximum of |f(z,y) = 42* — 4xy + 2y

on the closed region R consisting of those points with z? <y < 4.

LSy yst

ot x'zy 1>

D Foad end™ ?‘_7 e =
4= EXK— qy ’4**2'} - EO O]

21-‘41’3 (@ D X7
¢ +2=0

\f:?l
ah i 3D dedero R (AT £V
L’) FIJ ik ?4.5 o F rz;\vchr& Yo Bbum»avy b‘F Q

M'_ (YILD 'l—o»r ~1§X§Z

L) Hione 1(_‘(?“\0___ U(%L'-LLL((Q*QH\ ,
o) = Ayt byt 9 o L L2

S0 v x=2 gek oitg
s ot Bx—lbro et (29

Moo 1dvde Louu&wj eub{v""’%i (-2, L L9


https://tinyurl.com/math2551-evt-ex
https://tinyurl.com/math2551-evt-ex
Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann




Day 12 Optimization: Global & Constrained, Lagrange Multipliers Page 73

OV\ y= \ZLZ '?a ra.ww\-(v‘\ re \')Duw«cgavy ; (=

_—,/J

200= {1, D -5k EL
Then e gt Rpre) = 407 - HOE)X2UE)
W= bbt-'H, 2LLel
W= - 14> =0 _
2L(1-h=0 k=0 &

p(D= L00)  FPO=W
5o ik ’rs ou \>ow~3 [O/‘D ( ()
A\so gndide \)Ouhsfﬁvy eu»{;a\/&; =, ©=2
(-2, v) £ sz"f\

’9 Evu\\ml{,

|('>L LS Z( (2"‘0 ('Z,lt(\ (O/ID Ulﬂ
i -9 o1 2

W ('DV‘C\\A on
Lt (.)\:\m\ i ok £ ke -3 “'\"\'uw& (2, D

(9\0\/) \ wax \\g‘c on (> Sé a¥buiaed (—-‘L LO



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann




Day 12 Optimization: Global & Constrained, Lagrange Multipliers Page 74

14.8 - Lagrange Multipliers

Method of Lagrange Multipliers: To find the maximum and minimum values
attained by a function f(x,y, z) subject to a constraint g(x,y, z) = ¢, find all points
where V f(z,y, 2) @g(z,y, z) and g(z,y, z) = ¢ and compute the value of f at

th ints. A L
ese points [/ 1.91”““) . Mw“l\/“ ts,

If we have more than one constraint g¢(z,y,z) = ci,h(z,y,2) = ¢y, then
find all points where Vf(z,y,2) = AVg(z,y,2) + uVh(x,y,z) and g(x,y,z) =
¢, h(zx,y, z) = co.

Example 80. Find the points on the surface z2 = xy + 4 that are closest to the

origin. 2- . :)’\C'[‘:ny-\-sﬂl*& \pa?szas Z(
OViedue :  Jik 4o (6000 WHE smD e 2
Aro wads for  log C )

OMQ aL )

Condvind | 2 —xy="1
\/E/\/

Ss\\:@‘. U(\—: LZX,ZV, 1%5
Vg = £-9, -, 22

o Lodk G Sivu\f:\e C‘{/U“-Hy\g
©) 22(1 Y= 0

0G>5 .

Z O = |
6%@ vy Cﬂ\v(.{\u\ ot A Awt)e \77 D
dit ¥oh

— 0 7
Ted s (2 10 S ©OY
oy % QU


Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann




Po ot class [)M a‘zfmacb + Sblu:h\ﬁ s syshm,
2-)(::)("(7) (D S“‘a\?‘ wlet\z\@l /22“—&\)20

23 -~ )C"X) @ C L///\_—:— '
e | 220 Now our SUSLIM!S

2r=>09 % -
%L_ X‘j:'{— 4 /)iX— "‘}';‘f (9 Ebm @\w see \gb‘\'\/\)(ab‘& y
gz %x Dy oreeot 0o Rt
S
Mz X $o

® (Mr’ @ LP(OMQ

(o = L oF X=-2

_ _d__ :'_1
Y= "z="1 T 75

SD we 9{,{_ ‘:o\\/(\"S C21—2/07 & (-2, 2—/ (D, -
[f):;’;_v: '>\:[ Nawo ouv 5791@,\ IS g
o B (9 ido (B we got™ — AX=x dx=0
%':;’z % aul T ‘(/um @ 7\0
22‘ Xj _/_LI, GD QIAQ @ ;((OW\LS 2 = L{
W t= ;LZ-

Qa wi 36(— ?5\A+§ (O/ 0, / (%, D[’?/> .


Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann




Day 12 Optimization: Global & Constrained, Lagrange Multipliers Page 75

Example 81. Set up the system of equations from the method of Lagrange mul-
tipliers to find the extreme values of the function f(z,y,2) = 22 + y? + 22 on the

curve of intersection of the surfaces 22 +y? — 2z = 3 and x + 2y — 22 = 2.
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Day 13 - Double & Iterated Integrals

Pre-Lecture
Section 15.1: Introduction to Double Integrals

Volumes and Double integrals. Let R be the closed rectangle defined below:

R=[a,b] x [c,d] = {(z,y) eR* |a <z <b,c<y < d}

Let f(x,y) be a function defined on R such that f(z,y) > 0. Let S be the solid
that lies above R and under the graph f.

Question: How can we estimate the volume of S?
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\«A\PQPMHX

/ f(z y ) dA = |1131|m Zf Th Y ) ALy, Ay
Rgon $ 10 S o1 f ¢ b
if this limit exists. ¢ - s, Ligall 3 ﬂ onl
04 b dhy on B £ inbgille &
_ ome ks £ ove wWegalle

. SS,F(N\A »A—; 5;«)\»{& UD\UWQ. \9C)Ml'el/\ Q:R‘{,V\) L \(\{-f,\(mg A\Jb\c 2
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Day 13 Lecture

Daily Announcements & Reminders:

AW AL, LMY Jue bv\{j\at @;;:Elg-_:z
AR

eetle B0 op JJeee, DN

« . -

o Quiz U Ruisin Maggnmead porkedl ) doe 1S pen 3 gt a8t s o
LR R Iy Rk T
A Ol g
N - P+ e « T Pens *
s Lan 2 15 dwo wedos Frm by T DO Tl S
R B S s
- It e T Tt

v Do warmup V”’\’lﬁ” bwn d ——> Ei' et te W2 neliie

Goals for Today: Sections 15.1, 15.2
o Introduce double and iterated integrals for functions of two variables on rectan-

gles
o Use Fubini’s Theorem to change the order of integration of a iterated integral
« Be able to set up & evaluate a double integral over a general region

o Change the order of integration for general regions

W W @’7 “ @\
b >
Question: How can we compute a double integral? — é/i ,{(

Answer: Ile,m,\-e& Inxfjmtg

Suppose that f is a function of two variables that is integrable on the rectangle

R = [a,b] X [e,

[c, d].
What doe fcd f(2,y)dy represent?
AN N

[ Lelpdy e

Cross»sd"’%\ amta o
2 o/ Xhe 5&&9 =2
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What about fcd f(z,y)dy?

Vet X a5 & Ouhgf <D Al = (.wss_st'dlqu) e o sy Sh)ug

-F'ov {’o«cj/\ W“'L X

Let A(x) = j;d f(x,y)dy. Then,

vdume /bA<w>daz Sb(gﬁl “*“J‘&Q&

]

f? y [ (b J
Z (s by

This is called an (\\'("“\“g ""\"’7"‘\ : wonile Dikhewalds

2 r4
Example 83. Evaluate /(/ 622y dy)dx.
1|3

5o

- 31 6 4 \Wq ) > o
! Tz v=3 = S: 'Ly%g \ ) by
~\7 U -2 &x i
\\z K z = 3: 27[3”0%
= Sl &&x 33? Hyﬁy
= ﬂr{’\?(f #(8-1=(44] = 3], = b=

Theorem 84 (Fubini’s Theorem). If f is continuous on the rectangle R = [a, b] X

e, d], then g\, S&(’(Yuv\ @7 DX: 384(\“\ M < SA S:L(Y,QX»Y
a ‘¢ & ¢

More generally, this is true if we assume that f is bounded on R, f is discontinuous

only on a finite number of smooth curves, and the iterated integrals exist.
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Example 85. Compute // ze¢’ dA, where R is the rectangle [—1,1] x [0, 4].
Y

T \< S__\ SO C »7 X)X

NI

>
_ =
- 30 % ¢ ~ 37

Sjo@y
= D

Question: What if the region R we wish to integrate over is not a rectangle?

w I
~ O : Ho‘\’R‘

Answer: Repeat same procedure - it will work if the boundary of R is smooth and

f is continuous.
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Example 86. Compute the volume of the solid whose base is the triangle with

vertices (0,0),(0,1),(1,0) in the zy-plane and whose top is z = 2 — z — .

Vertically simple: R(JC \)\f \/\e\,e On Tm&&:y

Horizontally simple:
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Day 14 - Double Integrals, Area, Average Value

Pre-Lecture

Section 15.2: Double Integrals on General Regions

Example 86. Compute the volume of the solid whose base is the triangle with

vertices (0,0),(0,1),(1,0) in the zy-plane and whose top is z = 2 — z — .

Vertically simple:

Volame = S\ L'X‘j )A’
R

S

Mu »\auQ \)w[dux-j
Oty J({/\(,u/\ Yecime \Oe('/\y \A\‘f?m\ld
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Day 14 Lecture
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Goals for Today: Sections 15.2, 15.3

« Be able to set up & evaluate a double integral over a general region
o Change the order of integration for general regions
« Compute areas of general regions in the plane

o Compute the average value of a function of two variables
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Example 87. Write the two iterated integrals for [ fR 1 dA for the region R which
is bounded by y = /2,y = 0, and z = 9.

43 59 ) ) 5\(5 e
|
)("_0( \7!’2& O E)(._C(Z
= S S | 37 (9)6
%z O -0

Example 88. [Poll] Set up an iterated integral for

/Rf(w,y) dA

where R is the triangle with vertices (0,0),(1,0), and (0, 1), treating the region as

horizontally simple.
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https://edstem.org/us/courses/69959/discussion/?category=Polls
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Example 89. Set up an iterated integral to evaluate the double integral [[, 62%y dA,

where R is the region bounded by z =0,z =1,y = 2, and y = .
Y

1
[§
¢

R 5 wedialy smfe wdk haiz siudle

Ve wly ST arple
2,
SB by k= SO gx b’y dy s
R

Hov(zowl-a\?
Sg 6[7(9,6. = Sj e{‘,M + S\’SL GQYJ)A
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Example 90. [Exam| Sketch the region of integration for the integral expression

/Olfj_jf(a:,y) dydx+/14/x\/:f($,y) dy da.

Then write an equivalent iterated integral expression in the order dx dy.

~J% ¢y SUx -2 Sy L%
DEXE| 1% &Y
2. 9'\-2.
-~ S X f/{\mﬂ LQX 3)4
A7y

L :fh,jn_ N 77~\1—130
Y3>-Jx (7 -N¥=>p
VA
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15.3 - Area and Average Value

Two other applications of double integrals are computing the area of a region in the

plane and finding the average value of a function over some domain.

Area: If R is a region bounded by smooth curves, then

N AA

Y= fta) Area(R) =
A
-b
=AUy b
f»
b 3 () ‘ »7 »/.
" g0¥)
= \*’ IEPRER

Example 91. [Poll] Find the area of the region R bounded by y = v/z,y = 0, and

x =9.
g A VG‘TX AH{A: gg\ ‘,A
@ :.“ e m..: o R
s r,.if.if“:i‘:ﬁ bk j“ S‘R‘lﬁ de or 53 Sq\ ded
;igr: po 1 o o M - Y 4 0 2 4
:, X ;:':u;q .:;”:3;.“; . 6 ‘0 - o Y )
i'i:!i... i DO e

i )
E];:':,.:: !gz:éﬂ; =9 = SS JX JX

- }/&I q o Y
——’Z-— —
_.;—Z/?/ (8

Average Value: The average value of f(x,y) on a region R contained in R? is

1) e cob,q \ (§ Lo IA
(= o= ), Fdx fo = Ara(® R



https://edstem.org/us/courses/69959/discussion/?category=Polls
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Example 92. Find the average temperature on the region R in the previous example

if the temperature at each point is given by T'(z,y) = 4xy?. &
R 0SpElx , 0ExEA

A\da (RW: lg
1= _L/—\ 0 BST(XM&A’

“"3 ANA(IZ,) R

224\ 46y’ C
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Day 15 - Polar Integration & Triple Integrals

Pre-Lecture

Polar Coordinates

Polar Coordinates:

Cartesian coordinates: Give the distances in

Y4 o N N
P : and __? directions from _(0¢®)
Polar coordinates: (f, )
v
J e r = distance from (bl‘B to P "(\l/\-/)
8 ) _
v ™ > o # = angle between the ray L and the
v positive X ) wzasae . LW

Polar to Cartesian: (v &) —> (¥, 9\
x = rcos(0) y = rsin(6)

Cartesian to Polar: (\1, q\ = Wiy P05$-‘31\(. (v, 9) (\(lﬂz ( ]/‘D(
vol= (l,
r? = x% 4 92 tan(@):% L"l:r D) e
T/- \/0\4\ ¢ V‘z 0 048”,71 (vg)—— (]llm , 7
L / Qo obler 1l o Flaghh 24 (-7 ¢07) o (v (=1, M X

Example 92. Find a set of polar coordinates for the point (x,y) = (—1,1). Graph
the set of points (z,y) that satisfy the equation r = 2 and the set of points that
satisfy the equation §# = /4 in the xy-plane.

J.8< - = —| l
Yy v =Yy
2 Yil /\\ F\_o\h‘a_: ‘l
r=Y4 /M Yo,
‘7 >x

2 z 7
7 X 7(7"\ \1" ':U( J \f’:’¥
15 .\—{: fzolon(yyc\- R V‘y
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Day 15

Day 15 Lecture

Daily Announcements & Reminders:

Sections 15.4, 15.5

Goals for Today:

e Introduce the polar coordinate system

o Convert double integrals to iterated polar integrals

o Compute iterated polar integrals

o Define triple integrals and compute basic triple integrals
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Example 94. y=v Sin-g-

2 -~
a)Write the function f(z,y) = v/x2 + y? in polar coordinates. x4y =
LS —‘\ - ﬁ =
VxEt = \lrasd) T = \J 050 b st N,
=\J r‘[M
(l,)/(, we dobe V'g')) X

= r

s )

S—

o ClY vy
\ y ClY m\('s

i e
BT ko 2 ual0)



https://edstem.org/us/courses/69959/discussion/?category=Polls
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15.4: Double Integrals in Polar Coordinates

Goal: Given a region R in the xy-plane described in polar coordinates and a function
f(r,0) on R, compute ffR f(r,0) dA.

-

Example 95. Compute the area of the disk of radius 5 centered at (0, 0). 2S o

A A= U

r v db

Remember: In polar coordinates, the area form dA =
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D

Example 96. Compute [/ e~(@*+¥%) 4 A on the washer-shaped region 1 < z2 4,2 <
1< vied
1 ¢r&?2

Example 97. Compute the area of the smaller region bounded by the circle z? +

(y —1)? = 1 and the line y/: x. :
YZ{' [1/’0171 > =2 &

e > O
V‘g\"«-ﬁﬁ v Lost?
2 1—0&6:,
T o qM )Si\ﬁ'
A»: S S | <y »(”‘9 s L (\-'[bsbeh)
sm D=2
0 J0 o = 3 (1+0s %)

—

(oS
jw* 2 sl n (@'

0
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Example 98 (Poll). Write an integral for the volume under z = z on the region

between the cardioid r = 1 + cos(f) and the circle r = 1, where z > 0.

y,
7‘—1 + cos(6

it

Al resé

jg xdA = casg v bedd
A, Y
T"zs.uh_ \“'(’.0‘)’6’


https://edstem.org/us/courses/69959/discussion/?category=Polls
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15.5 & 15.6 Triple Integrals & Applications

Idea: Suppose D is a solid region in R3. If f(x,y, 2) is a function on D, e.g. mass
density, electric charge density, temperature, etc., we can approximate the total

value of fon D with a Riemann sum.

Z F(@hs Yp> 21 ) AV,

mn
k=1
by breaking D into small rectangular prisms AV,.

Taking the limit gives a

:///Df(a:,y,z) av

Important special case:

///DldV:

Again, we have Fubini’s theorem to evaluate these triple integrals as iterated inte-

grals.

Example 99. Compute / / / dz dy dx and interpret your answer.
0
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Other important spatial applications:

TABLE 15.1 Mass and first moment formulas

THREE-DIMENSIONAL SOLID

Mass: M= /]/5 dV & = 8ix, v, 7) is the density at (x, v, z).
I

First moments about the coordinate planes:

i)

Center of mass:

M\': MIJ: Mxﬁ'
M M M
TWO-DIMENSIONAL PLATE

Mass: M= ﬂﬁ dA & = &{x, v) is the density at (x. v).
I3
First moments: M, = [[ x O dA, M = f/ vodA
R

R

I=

Center of mass: X=

S
TI
2=
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Day 16 - Triple Integrals & More Applications

Pre-Lecture

Section 15.5/6: Triple Integrals and Spatial Applications

Idea: Suppose D is a solid region in R3. If f(x,y, 2) is a function on D, e.g. mass
density, electric charge density, temperature, etc., we can approximate the total

value of f on D with a Riemann sum.

Z f Ly Yy 2 Avlm

k—1
by breaking D into small rectangular prisms AV/,.

Taking the limit as the volume of the prisms goes to zero gives a

Mw
Jr'(pl(_ E./\,"'L"(jl/m\ // Fay,2 /UJ

WJ{:M 0(— MLftijH-)"‘ (:/\ “2})

‘qm{, @1(!/‘4&4{',

Important special case:

/[/mvz volame of D

Again, we have Fubini’s theorem to evaluate these triple integrals as iterated inte-

grals. — TE Ly 1) > o Heen
e b= 0O 0 e (L e
D) o
;gvge (= 4 by bty =
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1 2 /3
Example 99. Compute / / / \ dz dy dx and interpret your answer.
o Jo Jo _
N o +he Vgt om (lmx) AL

~ S: ¢ K dy Ix D% 223 2
— v 0&y¢
= L% 2k o b

- (' l; l A
Sﬁ b =10 ’

Other important spatial applications:

\c(’P

TABLE 15.1 Mass and first moment formulas

THREE-DIMENSIONAL SOLID

Mass: M = /‘ﬂ:‘nﬂ'

i}

First moments about the coordinate planes: » “)-C'A)&“ij"‘o V”*R]C ”‘\9""7[' Mae ""C""‘WC

M, = | {[/ 8V, M_ = ﬁ[ yédv, M, = [[[ zadV

] n
Center of mass:
M., M, M,
77 R s ' & M
TWO-DIMENSIONAL PLATE

Mass: M // & dA
R
First momenis: M = /] & dA, M = /] v b dA

R K

X

Center of mass: T=— - e
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Day 16 Lecture

Daily Announcements & Reminders:

p) Mw 15.4 caue *‘-On“s‘-«éa/ Devis Ledew R =

Y (;‘\w\w\rl on R , st (anves O M

0 Do wavw\ur \oou o é& : > -_;:-:..

Kot
s, &,
g’
o3
Ll

Goals for Today: Sections 15.5, 15.6

e Learn how to write triple integrals as iterated integrals.
o Compute triple iterated integrals
o Change the order of integration in a triple iterated integral.

« Apply our work to find the mass and center of mass of objects in R? and R3

\)JO\!I\M-v owmass — SSDS &[Y,y(ij (9\/
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Example 100. Let’s practice with triple integrals.

2—x 2—x—y
1. Mechanics: Compute / / | dz dy dz.
2 V-

a- [ 1
- S:g ) z\o &j)x ~ = 5& ),(7-»(] A)C

i LN |
=, 5, e by = 0w O]
- S\ (2_07-\&71 z‘% L‘/ - “-‘(”3* '(\;[2\;
= (1 Loy de ~ _,i—

042’5—/2“\"7 2z LN
b Syl Lo =2
o £x &
n \J
x & YSd-x-2

A\
3. Rearrange: Write an equivalent iterated integral in the order dy dz dz.

| (2-x (L¥-2
n< yﬁ'Z*X‘E g & & \ &) b Ax
)

oe X &

o NN

-0 - + SZ S’L’% 324_7{57 gxgq,
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We will think about converting triple integrals to iterated integrals in terms of the

51‘“» $W of D on one of the coordinate planes.

Case 1: z-simple) region. If R is the shadow of D on the zy-plane and D is bounded
above and below by the surfaces z = h(z,y) and z = g(x,y), then

//D f(z,y,2) dV = //R (/g:;y) f(x,y,2) dz) dyo'ilx

3&97

Case 2: y-simple) region. If R is the shadow of D on the xz-plane and D is bounded
right and left by the surfaces y = h(x, z) and y = g(z, 2), then

//Df(as,y,z) dV—//R(/g(Zi;Z)f(xyy,Z) dy) dZD;Zl“

dx Oz

Case 3: z-simple) region. If R is the shadow of D on the yz-plane and D is bounded
front and back by the surfaces © = h(y, z) and = = g(y, z), then

//D f(z,y,z) dV = //R (/g(j:z)f(x,y,z) dx) d;dy

&7 da,
D R

' ')[‘119
¥ 1r\l\fl‘t) j
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Example Nrite an integral for the mass of the isolid D in the first octant with

density §(z,y, 2) = 22y + 0.1 by treating the solid as a)

-simple and b) x-simple. Is the solid also y-simple?

0\) Zoomgle mass= )Sg 5 AV

Dy T T3
':g S S M xywiﬁ%ﬁny
(% & 2y
")\/aw S\A‘,(y()w |
R n Yy~ P(UM Q\EW;A]va\‘C %’fl«)u« (“Q'/qi'lyj
y/I‘ fltj é - Xz‘ya

<k 9H«,’r\ < q

2l
NhE
‘ \ 77’«1L ‘\53“/
l;) \(’S\Wy'\ti Mass = B \ S gt 0L dx &2 &y
'®) 17 O
Jcop\["c \

2= %2 32\:«‘90w m MF Y10 27 2j

N\
>~ - z20



https://tinyurl.com/math2551-3int-order-ex
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Example (cont.)



    𝐷  


$D$


    2    𝑦    ≤    𝑧    ≤    3    −      𝑥    2     −      𝑦    2   


$2y\leq z \leq 3-x^2-y^2$


    𝛿    (    𝑥    ,    𝑦    ,    𝑧    )    =      𝑥    2     𝑦    +    0    .    1  


$\delta (x,y,z)=x^2y+0.1$


    𝑧  


$z$


    𝑥  


$x$


    𝑦  


$y$


      ℝ    2   


$\R ^2$


      ℝ    3   


$\R ^3$


        ∫    0    1       ∫    0      2    −    𝑥        ∫    0      2    −    𝑥    −    𝑦        𝑑    𝑧      𝑑    𝑦      𝑑    𝑥   


$\DS \int _0^1\int _{0}^{2-x}\int _0^{2-x-y}\ dz\ dy\ dx$


    𝑑    𝑦      𝑑    𝑧      𝑑    𝑥  


$dy\ dz\ dx$


$D$


$z$


    𝑅  


$R$


$D$


    𝑥    𝑦  


$xy$


$D$


    𝑧    =    ℎ    (    𝑥    ,    𝑦    )  


$z=h(x,y)$


    𝑧    =    𝑔    (    𝑥    ,    𝑦    )  


$z=g(x,y)$


      ∭    𝐷     𝑓    (    𝑥    ,    𝑦    ,    𝑧    )      𝑑    𝑉    =      ∬    𝑅       (      ∫      𝑔    (    𝑥    ,    𝑦    )       ℎ    (    𝑥    ,    𝑦    )      𝑓    (    𝑥    ,    𝑦    ,    𝑧    )      𝑑    𝑧    )         𝑑    𝑦      𝑑    𝑥  


\begin {equation*}\iiint _D f(x,y,z)\ dV = \iint _R \left (\int _{g(x,y)}^{h(x,y)} f(x,y,z)\ dz\right )\ dy\ dx\end {equation*}


$y$


$R$


$D$


    𝑥    𝑧  


$xz$


$D$


    𝑦    =    ℎ    (    𝑥    ,    𝑧    )  


$y=h(x,z)$


    𝑦    =    𝑔    (    𝑥    ,    𝑧    )  


$y=g(x,z)$


      ∭    𝐷     𝑓    (    𝑥    ,    𝑦    ,    𝑧    )      𝑑    𝑉    =      ∬    𝑅       (      ∫      𝑔    (    𝑥    ,    𝑧    )       ℎ    (    𝑥    ,    𝑧    )      𝑓    (    𝑥    ,    𝑦    ,    𝑧    )      𝑑    𝑦    )         𝑑    𝑧      𝑑    𝑥  


\begin {equation*}\iiint _D f(x,y,z)\ dV = \iint _R \left (\int _{g(x,z)}^{h(x,z)} f(x,y,z)\ dy\right )\ dz\ dx\end {equation*}


$x$


$R$


$D$


    𝑦    𝑧  


$yz$


$D$


    𝑥    =    ℎ    (    𝑦    ,    𝑧    )  


$x=h(y,z)$


    𝑥    =    𝑔    (    𝑦    ,    𝑧    )  


$x=g(y,z)$


      ∭    𝐷     𝑓    (    𝑥    ,    𝑦    ,    𝑧    )      𝑑    𝑉    =      ∬    𝑅       (      ∫      𝑔    (    𝑦    ,    𝑧    )       ℎ    (    𝑦    ,    𝑧    )      𝑓    (    𝑥    ,    𝑦    ,    𝑧    )      𝑑    𝑥    )         𝑑    𝑧      𝑑    𝑦  


\begin {equation*}\iiint _D f(x,y,z)\ dV = \iint _R \left (\int _{g(y,z)}^{h(y,z)} f(x,y,z)\ dx\right )\ dz\ dy\end {equation*}


$D$


    𝑥    +      𝑦    2     ≤    8    ,        𝑦    2     +    2      𝑧    2     ≤    𝑥    ,      𝑦    ≥    0  


\begin {equation*}x+y^2\leq 8,\quad y^2+2z^2\leq x,\quad y\geq 0\end {equation*}


    𝑓    (    𝑥    ,    𝑦    ,    𝑧    )    =      𝑥    3     𝑦  


$f(x,y,z)=x^3y$


$D$


      𝑥    2     +      𝑦    2     =    1    ,      𝑧    =    0    ,      𝑥    +    𝑦    +    𝑧    =    2    .  


\begin {equation*}x^2+y^2=1, \quad z=0, \quad x+y+z=2.\end {equation*}


$D$


$\R ^3$


    𝑓    (    𝑥    ,    𝑦    ,    𝑧    )  


$f(x,y,z)$


$D$


    𝑓  


$f$


$D$


      ∑      𝑘    =    1     𝑛     𝑓    (      𝑥    𝑘     ,      𝑦    𝑘     ,      𝑧    𝑘     )    Δ      𝑉    𝑘     ,  


\begin {equation*}\sum _{k=1}^n f(x_k,y_k,z_k) \Delta V_k,\end {equation*}


$D$


    Δ      𝑉    𝑘   


$\Delta V_k$


    �    ∶      ∭    𝐷     𝑓    (    𝑥    ,    𝑦    ,    𝑧    )      𝑑    𝑉  


\begin {equation*}\blank {8cm}: \iiint _D f(x,y,z)\ dV\end {equation*}


      ∭    𝐷     1      𝑑    𝑉    =    �  


\begin {equation*}\iiint _D 1\ dV = \blank {6cm}\end {equation*}


        ∫    0    1       ∫    0    2       ∫    0    3       𝑑    𝑧      𝑑    𝑦      𝑑    𝑥   


$\DS \int _0^1 \int _0^2\int _0^3\ dz\ dy\ dx$


$x$


$y$


    𝑟  


$r$


    𝜃  


$\theta $


    𝑥    =    𝑟      cos    (    𝜃    )      𝑦    =    𝑟      sin    (    𝜃    )  


\begin {equation*}x=r\cos (\theta )\qquad y=r\sin (\theta )\end {equation*}


      𝑟    2     =      𝑥    2     +      𝑦    2         tan    (    𝜃    )    =      𝑦    𝑥   


\begin {equation*}r^2=x^2+y^2 \qquad \tan (\theta )=\frac {y}{x}\end {equation*}


    (    𝑥    ,    𝑦    )    =    (    −    1    ,    1    )  


$(x,y)=(-1,1)$


    (    𝑥    ,    𝑦    )  


$(x,y)$


    𝑟    =    2  


$r=2$


    𝜃    =    𝜋    /    4  


$\theta =\pi /4$


$xy$


    𝑓    (    𝑥    ,    𝑦    )    =          𝑥    2     +      𝑦    2     


$f(x,y)=\sqrt {x^2+y^2}$


    𝑟    =    2      sin    (    𝜃    )  


$r=2\sin (\theta )$


$R$


$xy$


    𝑓    (    𝑟    ,    𝜃    )  


$f(r,\theta )$


$R$


      ∬    𝑅     𝑓    (    𝑟    ,    𝜃    )      𝑑    𝐴  


$\iint _R f(r,\theta )\ dA$


    (    0    ,    0    )  


$(0,0)$


    𝑑    𝐴    =  


$dA=$


      ∬    𝐷       𝑒      −    (      𝑥    2     +      𝑦    2     )        𝑑    𝐴  


$\iint _D e^{-(x^2+y^2)}\ dA$


    1    ≤      𝑥    2     +      𝑦    2     ≤    4  


$1\leq x^2+y^2\leq 4$


      𝑥    2     +    (    𝑦    −    1      )    2     =    1  


$x^2+(y-1)^2=1$


    𝑦    =    𝑥  


$y=x$


    𝑧    =    𝑥  


$z=x$


    𝑟    =    1    +    cos    (    𝜃    )  


$r=1+\cos (\theta )$


    𝑟    =    1  


$r=1$


    𝑥    ≥    0  


$x\geq 0$


$x$


$y$


$r=1+\cos (\theta )$


$r=1$


    (    0    ,    0    )    ,    (    0    ,    1    )    ,    (    1    ,    0    )  


$(0,0), (0,1), (1,0)$


$xy$


    𝑧    =    2    −    𝑥    −    𝑦  


$z=2-x-y$


      ∬    𝑅     1      𝑑    𝐴  


$\iint _R 1\ dA$


$R$


    𝑦    =      𝑥     ,    𝑦    =    0    ,  


$y=\sqrt {x}, y=0,$


    𝑥    =    9  


$x=9$


      ∬    𝑅     𝑓    (    𝑥    ,    𝑦    )      𝑑    𝐴    ,  


\begin {equation*}\iint _R f(x,y)\ dA,\end {equation*}


$R$


    (    0    ,    0    )    ,    (    1    ,    0    )    ,  


$(0,0), (1,0),$


    (    0    ,    1    )  


$(0,1)$


      ∬    𝑅     6      𝑥    2     𝑦      𝑑    𝐴  


$\iint _R 6x^2y\ dA$


$R$


    𝑥    =    0    ,    𝑥    =    1    ,    𝑦    =    2    ,  


$x=0, x=1, y=2,$


$y=x$


      ∫    0    1       ∫      −      𝑥        𝑥      𝑓    (    𝑥    ,    𝑦    )      𝑑    𝑦      𝑑    𝑥    +      ∫    1    4       ∫      𝑥    −    2       𝑥      𝑓    (    𝑥    ,    𝑦    )      𝑑    𝑦      𝑑    𝑥    .  


\begin {equation*}\int _{0}^1 \int _{-\sqrt {x}}^{\sqrt {x}} f(x,y)\ dy\ dx+\int _{1}^4 \int _{x-2}^{\sqrt {x}} f(x,y)\ dy\ dx.\end {equation*}


    𝑑    𝑥      𝑑    𝑦  


$dx\ dy$


$R$


    Area    (    𝑅    )    =    �  


\begin {equation*}\text {Area}(R)=\blank {5cm}\end {equation*}


$R$


$y=\sqrt {x}, y=0,$


$x=9$


    𝑓    (    𝑥    ,    𝑦    )  


$f(x,y)$


$R$


$\R ^2$


      𝑓      𝑎    𝑣    𝑔      =    �  


\begin {equation*}f_{avg}=\blank {6cm}\end {equation*}


$R$


    𝑇    (    𝑥    ,    𝑦    )    =    4    𝑥      𝑦    2   


$T(x,y)=4xy^2$


$R$


    𝑅    =    [    𝑎    ,    𝑏    ]    ×    [    𝑐    ,    𝑑    ]    =    {    (    𝑥    ,    𝑦    )    ∈      ℝ    2     ∣    𝑎    ≤    𝑥    ≤    𝑏    ,    𝑐    ≤    𝑦    ≤    𝑑    }  


\begin {equation*}R = [a,b]\times [c,d] = \{(x,y) \in \R ^2 \mid a\leq x \leq b, c\leq y \leq d\}\end {equation*}


$f(x,y)$


$R$


    𝑓    (    𝑥    ,    𝑦    )    ≥    0  


$f(x,y)\geq 0$


    𝑆  


$S$


$R$


$f$


$S$


$f(x,y)$


$R$


      ∬    𝑅     𝑓    (    𝑥    ,    𝑦    )      𝑑    𝐴    =      lim      |    𝑃    |    →    0        ∑      𝑘    =    1     𝑛     𝑓    (      𝑥    𝑘     ,      𝑦    𝑘     )    Δ      𝑥    𝑘       Δ      𝑦    𝑘   


\begin {equation*}\iint _R f(x,y)\ dA = \lim _{|P|\to 0} \sum _{k=1}^n f(x_k,y_k) \Delta x_k\ \Delta y_k\end {equation*}


$f$


$R$


    𝑧    =    𝑓    (    𝑥    ,    𝑦    )  


$z=f(x,y)$


    𝑧    =    0  


$z=0$


$R$


$f$


    𝑅    =    [    𝑎    ,    𝑏    ]    ×    [    𝑐    ,    𝑑    ]  


$R =[a,b]\times [c,d]$


      ∫    𝑐    𝑑     𝑓    (    2    ,    𝑦    )    𝑑    𝑦  


$\int _c^d f(2,y) dy$


      ∫    𝑐    𝑑     𝑓    (    𝑥    ,    𝑦    )    𝑑    𝑦  


$\int _c^d f(x,y) dy$


    𝐴    (    𝑥    )    =      ∫    𝑐    𝑑     𝑓    (    𝑥    ,    𝑦    )    𝑑    𝑦  


$A(x) = \int _c^d f(x,y) dy$


    =      ∫    𝑎    𝑏     𝐴    (    𝑥    )    𝑑    𝑥    =  


\begin {equation*}=\int _a^b A(x) dx =\end {equation*}


        ∫    1    2       ∫    3    4     6      𝑥    2     𝑦      𝑑    𝑦      𝑑    𝑥   


$\DS \int _1^2 \int _3^4 6x^2y\ dy\ dx$


$f$


$R =[a,b]\times [c,d]$


$f$


$R$


$f$


        ∬    𝑅     𝑥      𝑒      𝑒      𝑒    𝑦         𝑑    𝐴   


$\DS \iint _R xe^{e^{e^{y}}}\ dA$


$R$


    [    −    1    ,    1    ]    ×    [    0    ,    4    ]  


$[-1,1]\times [0,4]$


$R$


$R$


$f$


$f(x,y,z)$


    𝑔    (    𝑥    ,    𝑦    ,    𝑧    )    =    𝑐  


$g(x,y,z)=c$


    ∇    𝑓    (    𝑥    ,    𝑦    ,    𝑧    )    =    𝜆    ∇    𝑔    (    𝑥    ,    𝑦    ,    𝑧    )  


$\nabla f(x,y,z)=\lambda \nabla g(x,y,z)$


$g(x,y,z)=c$


$f$


    𝑔    (    𝑥    ,    𝑦    ,    𝑧    )    =      𝑐    1     ,    ℎ    (    𝑥    ,    𝑦    ,    𝑧    )    =      𝑐    2   


$g(x,y,z)=c_1, h(x,y,z)=c_2$


    ∇    𝑓    (    𝑥    ,    𝑦    ,    𝑧    )    =    𝜆    ∇    𝑔    (    𝑥    ,    𝑦    ,    𝑧    )    +    𝜇    ∇    ℎ    (    𝑥    ,    𝑦    ,    𝑧    )  


$\nabla f(x,y,z)=\lambda \nabla g(x,y,z) + \mu \nabla h(x,y,z)$


$g(x,y,z)=c_1, h(x,y,z)=c_2$


      𝑧    2     =    𝑥    𝑦    +    4  


$z^2=xy+4$


    𝑓    (    𝑥    ,    𝑦    ,    𝑧    )    =      𝑥    2     +      𝑦    2     +      𝑧    2   


$f(x,y,z)=x^2+y^2+z^2$


      𝑥    2     +      𝑦    2     −    𝑧    =    3  


$x^2+y^2-z=3$


    𝑥    +    2    𝑦    −    2    𝑧    =    2  


$x+2y-2z=2$


$f(x,y)$


$R$


$f$


$R$


$f$


$R$


$f$


    𝑓    (    𝑥    ,    𝑦    )    =    4      𝑥    2     −    4    𝑥    𝑦    +    2    𝑦  


$f(x,y)=4x^2-4xy+2y$


$R$


      𝑥    2     ≤    𝑦    ≤    4  


$x^2\leq y \leq 4$


$f(x,y)$


    𝑔    (    𝑥    ,    𝑦    )    =    𝑐  


$g(x,y)=c$


    ℎ    (    𝑥    ,    𝑦    )    =    4    −        1    4        𝑥    2     −        1    4        𝑦    2   


$h(x,y)=4-\dfrac {1}{4}x^2-\dfrac {1}{4}y^2$


    𝑦    =    −    0    .    5      𝑥    2     +    3  


$y=-0.5x^2+3$


$xy$


$f(x,y)$


    ∇    𝑓    (    𝑎    ,    𝑏    )  


$\nabla f(a,b)$


$f$


    ∇    𝑓    (    𝑎    ,    𝑏    )    =    ⟨    0    ,    0    ⟩  


$\nabla f(a,b)=\langle 0,0\rangle $


$f(x,y)$


    (    𝑎    ,    𝑏    )  


$(a,b)$


    𝑓    (    𝑎    ,    𝑏    )  


$f(a,b)$


$f$


$f(a,b)$


$f(x,y)$


$(x,y)$


$(a,b)$


$f(a,b)$


$f$


$f(a,b)$


$f(x,y)$


$(x,y)$


$(a,b)$


$\R ^3$


    𝑧    =      𝑥    2     −      𝑦    2   


$z=x^2-y^2$


$(0,0)$


$f(x,y)$


$(a,b)$


$f$


    𝐷    𝑓    (    𝑎    ,    𝑏    )    =  


$Df(a,b)=$


    𝐷    𝑓    (    𝑎    ,    𝑏    )  


$Df(a,b)$


$f$


    𝑓    (    𝑥    ,    𝑦    )    =      𝑥    3     +      𝑦    3     −    3    𝑥    𝑦  


$f(x,y)=x^3+y^3-3xy$


$(0,0)$


    𝑓    (    𝑥    ,    𝑦    )    =    3    𝑥    +      𝑦    3     +    2      𝑦    2       𝑔    (    𝑥    ,    𝑦    )    =    cos    (    𝑥    )    +    sin    (    𝑦    )      ℎ    (    𝑥    ,    𝑦    )    =      4        𝑥    2     +      𝑦    2         𝑘    (    𝑥    ,    𝑦    )    =      𝑥    2     +      𝑦    2   


\begin {equation*}f(x,y)=3x+y^3+2y^2 \quad g(x,y)=\cos (x)+\sin (y)\quad h(x,y)=\frac {4}{x^2+y^2}\quad k(x,y)=x^2+y^2\end {equation*}


$f(x,y)$


$(a,b)$


    𝐻    𝑓    (    𝑎    ,    𝑏    )    =        [                𝑓      𝑥    𝑥      (    𝑎    ,    𝑏    )         𝑓      𝑦    𝑥      (    𝑎    ,    𝑏    )            𝑓      𝑥    𝑦      (    𝑎    ,    𝑏    )         𝑓      𝑦    𝑦      (    𝑎    ,    𝑏    )          ]    


\begin {equation*}Hf(a,b)=\phantom {\begin {bmatrix} f_{xx}(a,b) & f_{yx}(a,b) \\ f_{xy}(a,b) & f_{yy}(a,b) \end {bmatrix}}\end {equation*}


$(a,b)$


$f(x,y)$


$f$


    det    (    𝐻    𝑓    (    𝑎    ,    𝑏    )    )    >    0  


$\det (Hf(a,b))>0$


      𝑓      𝑥    𝑥      (    𝑎    ,    𝑏    )    >    0  


$f_{xx}(a,b)>0$


$f(a,b)$


$\det (Hf(a,b))>0$


      𝑓      𝑥    𝑥      (    𝑎    ,    𝑏    )    <    0  


$f_{xx}(a,b)<0$


$f(a,b)$


    det    (    𝐻    𝑓    (    𝑎    ,    𝑏    )    )    <    0  


$\det (Hf(a,b))<0$


$f$


$(a,b)$


    det    (    𝐻    𝑓    (    𝑎    ,    𝑏    )    )    =    0  


$\det (Hf(a,b))=0$


    𝑓    ∶      ℝ    𝑛     →    ℝ  


$f:\R ^n\to \R $


    p  


$\bp $


    𝐻    𝑓    (    p    )  


$Hf(\bp )$


$f$


$\bp $


$\bp $


$Hf(\bp )$


$f$


$\bp $


$\bp $


$Hf(\bp )$


$f$


$\bp $


$\bp $


$Hf(\bp )$


$f$


$\bp $


$Hf(\bp )$


$f$


$\bp $


$f(x,y)=x^3+y^3-3xy$


    𝑓    (    𝑥    ,    𝑦    )    =      𝑥    2     𝑦    +      𝑦    2     +    𝑥    𝑦  


$f(x,y)=x^2y+y^2+xy$


    𝑔    (    𝑥    ,    𝑦    )    =    −    (      𝑥    2     −    1      )    2     −    (      𝑥    2     𝑦    −    𝑥    −    1      )    2     +    2  


$g(x,y)=-(x^2-1)^2-(x^2y-x-1)^2+2$


    (    −    1    ,    0    )  


$(-1,0)$


    (    1    ,    2    )  


$(1,2)$


$f(x,y)$


    𝑓    (    𝑎    ,    𝑏    )    ≥    𝑓    (    𝑥    ,    𝑦    )  


$f(a,b)\geq f(x,y)$


$(x,y)$


$f$


$f(x,y)$


$S$


    𝐹    (    𝑥    ,    𝑦    ,    𝑧    )    =    𝑘  


$F(x,y,z) = k$


$S$


    𝑃    (      𝑥    0     ,      𝑦    0     ,      𝑧    0     )  


$P(x_0,y_0,z_0)$


    −    4  


$\pgfmathresult $


$\pgfmathresult $


$\pgfmathresult $


$\pgfmathresult $


$\pgfmathresult $


$\pgfmathresult $


$\pgfmathresult $


$\pgfmathresult $


$\pgfmathresult $


$\pgfmathresult $


$\pgfmathresult $


      𝑥    2     +      𝑦    2     +    𝑧    =    10    ,    𝑃    =    (    −    1    ,    3    ,    0    )  


$x^2+y^2+z = 10, P=(-1,3,0)$


    (    −    2    ,    1    ,    −    1    )  


$(-2,1,-1)$


    𝑧    =    4    −      𝑥    2     −    𝑦  


\begin {equation*}z= 4-x^2-y\end {equation*}


    𝑧    =    𝑓    (    𝑥    ,    𝑦    )  


$z =f(x,y)$


    (    𝑎    ,    𝑏    ,    𝑓    (    𝑎    ,    𝑏    )    )  


$(a,b,f(a,b))$


$f:\R ^n\to \R $


$f$


    p    ∈      ℝ    𝑛   


$\bp \in \R ^n$


    ∇    𝑓    (    p    )    =    


\begin {equation*}\nabla f(\bp ) = \hspace {6cm}\end {equation*}


$\bp $


    u  


$\textbf {u}$


    𝑓    (    𝑥    ,    𝑦    )    =    ln    (      𝑥    2     +      𝑦    2     )    ,    p    =    (    −    1    ,    1    )    ,    u    =      ⟨        1      5       ,          −    2       5       ⟩   


$f(x,y) = \ln (x^2+y^2), \bp =(-1,1), \textbf {u} = \left \langle \dfrac {1}{\sqrt {5}}, \dfrac {-2}{\sqrt {5}}\right \rangle $


    𝑔    (    𝑥    ,    𝑦    ,    𝑧    )    =      𝑥    2     +    4    𝑥      𝑦    2     +      𝑧    2   


$g(x,y,z) = x^2+4xy^2 +z^2$


    p    =    (    1    ,    2    ,    1    )  


$\bp =(1,2,1)$


$\textbf {u}$


    i    +    2    j    −    k  


$\textbf {i}+2\textbf {j}-\textbf {k}$


    ℎ    (    𝑥    ,    𝑦    )    =    4    −        1    4        𝑥    2     −        1    4        𝑦    2   


$h(x,y) = 4-\dfrac {1}{4}x^2 -\dfrac {1}{4}y^2$


    ∇    ℎ  


$\nabla h$


    (    2    ,    0    )    ,    (    0    ,    4    )  


$(2,0), (0,4)$


    (    −      2     ,    −      2     )  


$(-\sqrt {2},-\sqrt {2})$


    (    2    ,    0    )  


$(2,0)$


      𝐷    u     ℎ  


$D_\bu h$


      u    1     =    i    ,      u    2     =    j    ,      u    3     =    ⟨      1      2      ,      1      2      ⟩  


$\bu _1=\bi , \bu _2=\bj , \bu _3=\langle \frac {1}{\sqrt {2}}, \frac {1}{\sqrt {2}}\rangle $


$f(x,y,z)$


    ∇    𝑓    (    𝑎    ,    𝑏    ,    𝑐    )  


$\nabla f(a,b,c)$


$f:\R ^n\to \R $


$\bp $


    u  


$\bu $


      𝐷    u     𝑓    (    p    )    =                           


\begin {equation*}D_\bu f(\bp ) = \phantom {\hspace {1.5cm} \dfrac {\hspace {8cm}}{\hspace {8cm}}}\end {equation*}


      𝐷    i     𝑓    =  


$D_\textbf {i}f =$


      𝐷    j     𝑓    =  


$D_\bj f=$


      𝐷    k     𝑓    =  


$D_\bk f=$


$f:\R ^n\to \R $


$\bp $


$f$


$\bp $


$\bu $


      𝐷    u     𝑓    (    p    )    =    


\begin {equation*}D_\bu f(\bp ) =\hspace {6cm}\end {equation*}


    𝑓    (    𝑥    ,    𝑦    )    =      𝑒      𝑥    𝑦    


$f(x,y)=e^{xy}$


$(1,2)$


    u    =    ⟨    1    /      5     ,    2    /      5     ⟩  


$\bu =\langle 1/\sqrt {5},2/\sqrt {5}\rangle $


$z=f(x,y)$


      𝑓    𝑥   


$f_x$


$z$


$x$


      𝑓    𝑦   


$f_y$


$z$


$y$


$h(x,y)=4-\dfrac {1}{4}x^2-\dfrac {1}{4}y^2$


    (    2    ,    1    )  


$(2,1)$


    ⟨    −    1    ,    1    ⟩  


$\langle -1,1\rangle $


$f:\R ^n\to \R $


$\bp $


$\bu $


\begin {equation*}D_\bu f(\bp ) = \phantom {\hspace {1.5cm} \dfrac {\hspace {8cm}}{\hspace {8cm}}}\end {equation*}


$D_\textbf {i}f =$


$D_\bj f=$


$D_\bk f=$


    𝑓    ∶      ℝ    𝑝     →      ℝ    𝑚   


$f:\R ^p \to \R ^m$


    𝑔    ∶      ℝ    𝑛     →      ℝ    𝑝   


$g:\R ^n\to \R ^p$


    𝐷    (    𝑓    (    𝑔    (    x    )    )    )    =    𝐷    𝑓    (    𝑔    (    x    )    )    𝐷    𝑔    (    x    )    .  


\begin {equation*}D(f(g(\bx )))=Df(g(\bx ))Dg(\bx ).\end {equation*}


$h(x,y)=4-\dfrac {1}{4}x^2-\dfrac {1}{4}y^2$


    r    (    𝑡    )    =    ⟨    𝑡    +    1    ,    2    −      𝑡    2     ⟩  


$\br (t)=\langle t+1,2-t^2\rangle $


    𝑡    =    1  


$t=1$


    ℎ    (    𝑡    )    =    𝑔    (    𝑓    (    𝑡    )    )  


$h(t)=g(f(t))$


    𝑡    =    2  


$t=2$


    𝑓    (    𝑡    )    =      [                1    4       𝑡    2     +    2    𝑡          sin    (    𝜋    𝑡    )    −    𝑡          𝑡    +    1          ]         𝑔    (    𝑥    ,    𝑦    ,    𝑧    )    =      𝑥    2     𝑦    𝑧    −    𝑦    −    𝑧    .  


\begin {equation*}f(t)=\begin {bmatrix} \frac {1}{4}t^2+2t \\ \sin (\pi t)-t \\ t+1 \end {bmatrix} \qquad g(x,y,z)=x^2yz-y-z.\end {equation*}


    𝑊    (    𝑠    ,    𝑡    )    =    𝐹    (    𝑢    (    𝑠    ,    𝑡    )    ,    𝑣    (    𝑠    ,    𝑡    )    )  


$W(s,t)=F(u(s,t),v(s,t))$


    𝐹    ,    𝑢    ,    𝑣  


$F,u,v$


          𝑢    (    1    ,    0    )         =    2       𝑣    (    1    ,    0    )         =    3            𝑢    𝑠     (    1    ,    0    )         =    −    2         𝑣    𝑠     (    1    ,    0    )         =    5            𝑢    𝑡     (    1    ,    0    )         =    6         𝑣    𝑡     (    1    ,    0    )         =    4            𝐹    𝑢     (    2    ,    3    )         =    −    1         𝐹    𝑣     (    2    ,    3    )         =    10                            


\begin {align*}u(1,0)&=2 &v(1,0) &=3 \\ u_s(1,0)&=-2 &v_s(1,0) &=5 \\ u_t(1,0)&=6 &v_t(1,0) &=4 \\ F_u(2,3)&=-1 &F_v(2,3) &=10 \\\end {align*}


      𝑊    𝑠     (    1    ,    0    )  


$W_s(1,0)$


      𝑊    𝑡     (    1    ,    0    )  


$W_t(1,0)$


    𝐹    (    𝑥    ,    𝑦    ,    𝑧    )    =    𝑐  


$F(x,y,z)=c$


$z$


$x$


$y$


          𝜕    𝑧       𝜕    𝑥     


$\pdev {z}{x}$


          𝜕    𝑧       𝜕    𝑦     


$\pdev {z}{y}$


      𝑥    2     +      𝑦    2     +      𝑧    2     =    4  


$x^2+y^2+z^2=4$


    𝑓    ∶      ℝ    2     →    ℝ  


$f:\R ^2\to \R $


$(a,b)$


$f$


$(a,b)$


      lim      (    𝑥    ,    𝑦    )    →    (    𝑎    ,    𝑏    )            𝑓    (    𝑥    ,    𝑦    )    −    𝐿    (    𝑥    ,    𝑦    )       ‖    (    𝑥    ,    𝑦    )    −    (    𝑎    ,    𝑏    )    ‖      =    0    .  


\begin {equation*}\lim _{(x,y)\to (a,b)} \frac {f(x,y)-L(x,y)}{\|(x,y)-(a,b)\|}=0.\end {equation*}


$f$


$(a,b)$


$(a,b)$


    𝑓    (    𝑥    ,    𝑦    )    =      {            1       𝑥    𝑦    =    0          0       𝑥    𝑦    ≠    0         


$f(x,y)=\begin {cases} 1 & xy=0 \\ 0 & xy\neq 0 \end {cases}$


$(0,0)$


    𝑓    ∶      ℝ    𝑛     →      ℝ    𝑚   


$f:\R ^n\to \R ^m$


    a    =    (      𝑎    1     ,    …    ,      𝑎    𝑛     )  


$\ba =(a_1,\ldots , a_n)$


    𝑓    (    x    )    −    𝑓    (    a    )  


$f(\bx )-f(\ba )$


    a  


$\ba $


    𝑓    (    𝑥    )    =    𝑓    (    𝑎    )    +      𝑓    ′     (    𝑎    )    (    𝑥    −    𝑎    )  


$f(x)=f(a)+f'(a)(x-a)$


$f:\R ^n\to \R ^m$


    a    =    (      𝑎    1     ,    …    ,      𝑎    𝑛     )  


$\ba =(a_1,\ldots ,a_n)$


    𝐿    (    x    )    =        𝑓    (    a    )    +    𝐷    𝑓    (    a    )    (    x    −    a    )    


\begin {equation*}L(\bx )=\phantom {f(\ba )+Df(\ba )(\bx -\ba )}\end {equation*}


    𝑓    (    𝑥    ,    𝑦    )    =        5    𝑥    −    𝑦    


$f(x,y)=\sqrt {5x-y}$


    (    1    ,    1    )  


$(1,1)$


    𝑓    (    1    .    1    ,    1    .    1    )  


$f(1.1,1.1)$


    𝑓    ∶      ℝ    𝑛     →      ℝ    𝑚   


$f: \R ^n\to \R ^m$


    𝑓    (      𝑥    1     ,    …    ,      𝑥    𝑛     )    =      [                𝑓    1     (      𝑥    1     ,    …    ,      𝑥    𝑛     )          ⋮            𝑓    𝑚     (      𝑥    1     ,    …    ,      𝑥    𝑛     )          ]   


$f(x_1,\ldots , x_n)=\begin {bmatrix} f_1(x_1,\ldots , x_n) \\ \vdots \\ f_m(x_1,\ldots , x_n) \end {bmatrix}$


      ℝ    𝑛     →      ℝ    𝑚   


$\R ^n \to \R ^m$


    𝐷    𝑓  


$Df$


    𝐷      𝑓      𝑖    𝑗      =  


$Df_{ij}=$


    𝑓    (    𝑥    )    =      𝑥    2     +    1  


$f(x)=x^2+1$


    r    (    𝑡    )    =    ⟨    cos    (    𝑡    )    ,    sin    (    𝑡    )    ,    𝑡    ⟩  


$\br (t)=\langle \cos (t), \sin (t), t\rangle $


$f(x,y)=\sqrt {5x-y}$


    𝑓    (    𝑥    ,    𝑦    ,    𝑧    )    =    2    𝑥    𝑦    𝑧    −      𝑧    2     𝑦  


$f(x,y,z)=2xyz-z^2y$


    f    (    𝑠    ,    𝑡    )    =    ⟨      𝑠    2     +    𝑡    ,    2    𝑠    −    𝑡    ,    𝑠    𝑡    ⟩  


$\bbf (s,t)=\langle s^2+t,2s-t,st\rangle $


    𝑓    (    𝑥    ,    𝑦    )    =    3      𝑥    2     𝑦    +    𝑥    −    2    𝑦  


$f(x,y)=3x^2y+x-2y$


    𝑔    (    𝑥    ,    𝑦    )    =        5    𝑥    −    𝑦    


$g(x,y) = \sqrt {5x-y}$


      𝑓      𝑥    𝑥    


$f_{xx}$


      𝑓      𝑥    𝑦    


$f_{xy}$


      𝑓      𝑦    𝑥      ,  


$f_{yx},$


      𝑓      𝑦    𝑦    


$f_{yy}$


$f(x,y)=\sqrt {5x-y}$


$f_{xy}$


      𝑓      𝑦    𝑥    


$f_{yx}$


$f$


$D$


$(a,b)$


    𝑓    ,      𝑓    𝑥     ,      𝑓    𝑦     ,      𝑓      𝑥    𝑦    


$f, f_x, f_y, f_{xy}$


$f_{yx}$


$D$


$f(x,y,z)=2xyz-z^2y$


    𝑓    (    𝑠    ,    𝑡    )    =      [                𝑠    2     +    𝑡          2    𝑠    −    𝑡          𝑠    𝑡          ]   


$f(s,t)=\begin {bmatrix} s^2+t \\ 2s-t \\ st \end {bmatrix}$


$f$


$x$


$y$


$f_x$


$f_y$


      𝑓    𝑥     (    𝑥    ,    𝑦    )    =      lim      ℎ    →    0                             𝑓    𝑦     (    𝑥    ,    𝑦    )    =      lim      ℎ    →    0                       


\begin {equation*}f_x(x,y) = \lim _{h\to 0} \dfrac {\hspace {5cm}}{\ } \qquad f_y(x,y) = \lim _{h\to 0} \dfrac {\hspace {5cm}}{\ }\end {equation*}


$f_x$


$f_y$


    𝑓    (    𝑥    ,    𝑦    )    =    5      𝑥    2     +    2    𝑥    𝑦    +    3      𝑦    3     .  


\begin {equation*}f(x,y)=5x^2+2xy+3y^3.\end {equation*}


$(a,b)$


    ℎ    (    𝑥    ,    𝑦    )    =    4    −      1    4       𝑥    2     −      1    4       𝑦    2   


\begin {equation*}h(x,y) = 4-\dfrac {1}{4}x^2-\dfrac {1}{4}y^2\end {equation*}


$(x,y)$


    (    2    ,    1    ,    11    /    4    )  


$(2,1,11/4)$


$y$


$x$


$\R ^2$


        lim      (    𝑥    ,    𝑦    )    →    (    0    ,    0    )            𝑥    2         𝑥    2     +      𝑦    2      


$\displaystyle \lim _{(x,y)\to (0,0)} \frac {x^2}{x^2+y^2}$


    (      𝑥    0     ,      𝑦    0     )  


$(x_0,y_0)$


      lim      (    𝑥    ,    𝑦    )    →    (    0    ,    0    )            𝑥    𝑦       2      𝑥    2     +      𝑦    2     


\begin {equation*}\lim _{(x,y)\to (0,0)} \frac {xy}{2x^2+y^2}\end {equation*}


      lim      (    𝑥    ,    𝑦    )    →    (    0    ,    0    )              𝑥    2     𝑦         𝑥    4     +      𝑦    2     


\begin {equation*}\lim _{(x,y)\to (0,0)} \frac {x^2y}{x^4+y^2}\end {equation*}


        lim      (    𝑥    ,    𝑦    )    →    (    2    ,    0    )                2    𝑥    −    𝑦      −    2       2    𝑥    −    𝑦    −    4     


$\displaystyle \lim _{(x,y)\to (2,0)} \dfrac {\sqrt {2x-y}-2}{2x-y-4}$


        lim      (    𝑥    ,    𝑦    )    →    (      𝑥    0     ,      𝑦    0     )        𝑓    (    𝑥    ,    𝑦    )    =    𝐿   


$\displaystyle \lim _{(x,y)\to (x_0,y_0)}f(x,y)=L$


$f(x,y)$


$(x_0,y_0)$


$f(x,y)$


$(x_0,y_0)$


    𝑔    (    𝑥    ,    𝑦    )    =        16    −    4      𝑥    2     −      𝑦    2     


$g(x,y) = \sqrt {16-4x^2-y^2}$


    𝑧    =    𝑓    (    𝑥    ,    𝑦    )    =    4    −    2    𝑥    −      𝑦    2   


$z=f(x,y) = 4-2x-y^2$


    (    𝑥    ,    𝑦    ,    𝑧    )  


$(x,y,z)$


$D$


$f(x,y,z)$


    𝑓    ∶    𝐷    →    ℝ    ,     where     𝐷    ⊆      ℝ    3   


\begin {equation*}f: D \to \R , \text { where } D \subseteq \R ^3\end {equation*}


    𝑓    (    𝑥    ,    𝑦    ,    𝑧    )    =        1      4    −      𝑥    2     −      𝑦    2     −      𝑧    2      


$f(x,y,z)=\dfrac {1}{4-x^2-y^2-z^2}$


    𝑔    (    𝑥    ,    𝑦    ,    𝑧    )    =    2      𝑥    2     +      𝑦    2     +      𝑧    2   


$g(x,y,z)=2x^2+y^2+z^2$


$z=x^2-y^2$


$(x,y)$


$D$


$f(x,y)$


    𝑓    ∶    𝐷    →    ℝ    ,     where     𝐷    ⊆      ℝ    2   


\begin {equation*}f: D \to \R , \text { where } D \subseteq \R ^2\end {equation*}


    𝑓    (    𝑥    ,    𝑦    )    =      𝑥    2     +      𝑦    2     ,      𝑔    (    𝑥    ,    𝑦    )    =    ln    (    𝑥    +    𝑦    )    ,      ℎ    (    𝑥    ,    𝑦    )    =    ℎ    (    𝑥    ,    𝑦    )    =        4    −      𝑥    2     −      𝑦    2       .  


\begin {equation*}f(x,y) = x^2+y^2, \qquad g(x,y)=\ln (x+y), \qquad h(x,y)=h(x,y)=\sqrt {4-x^2-y^2}.\end {equation*}


    𝑓    ,    𝑔  


$f, g$


    ℎ  


$h$


    𝑓    (    𝑥    ,    𝑦    )    =      𝑥    2     +      𝑦    2     ,    𝑔    (    𝑥    ,    𝑦    )    =    ln    (    𝑥    +    𝑦    )    ,  


$f(x,y)=x^2+y^2, g(x,y)=\ln (x+y),$


    ℎ    (    𝑥    ,    𝑦    )    =        4    −      𝑥    2     −      𝑦    2     


$h(x,y)=\sqrt {4-x^2-y^2}$


    T  


$\bT $


    𝜅    (    𝑠    )    =  


$\kappa (s)=$


    r    (    𝑠    )    =      ⟨    4      cos        (      𝑠    4     )     ,    4      sin        (      𝑠    4     )     ⟩     ,      0    ≤    𝑠    ≤    8    𝜋    .  


\begin {equation*}\br (s)=\left \langle 4\cos \left (\frac {s}{4}\right ),4\sin \left (\frac {s}{4}\right )\right \rangle , \qquad 0\leq s\leq 8\pi .\end {equation*}


$\bT $


    N    (    𝑠    )    =  


$\bN (s)=$


    r    (    𝑡    )  


$\br (t)$


    𝑠    (    𝑡    )    =    �  


\begin {equation*}s(t)=\blank {8cm}\end {equation*}
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Rules for Triple Integrals for the Sketching Impaired (credit to Wm.
Douglas Withers)

¥ D‘\w Rule 1: Choose a variable appearing exactly twice for the next inte-
gral.

Rule 2: After setting up an integral, cross out any constraints involv-
ing the variable just used.

Rule 3: Create a new constraint by setting the lower limit of the pre-
ceding integral less than the upper limit.

¢

Rule 4: A square variable counts twice.

o
Lo Tooide & a9 vt Ve roeqehve

next step must lie within the
' limits.

Rule 5: The region
domain of any fu

Rule 6: If you do not know which is the upper limit and which is the
lower, take a guess - but be prepared to backtrack.

E o z} Rule 7: When forced to use a variable appearing more than twice,
JX choose the most restrictive pair of constraints.

Rule 8: When unable to determine the most restrictive pair of con-
straints, set up the integral using each possible most restrictive
pair and add the results.

Example 102. Set up an integral for the volume of the region D defined by
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Day 17 - Triple Integrals in Cylindrical & Spherical
Coordinates

Pre-Lecture
Section 15.7: Cylindrical Coordinates

For uniqueness:
Cylindrical Coordinate System 20 / D in an knnmlof lz«g’r‘« 24

eg. (0,27, (-w, ]

2

Example 104.

(r,6,2) @ . o .
a)Find cylindrical coordinates for the
2 point with Cartesian coordinates
(—1,\/5,32.
X 7
4 Ve (0 EEHE bz \-r}—l
0 r = 4

C‘—;Z 9:“%-' 2=73
xr

Cylindrical to Cartesian:

b)Find Cartesian coordinates for the

. point with cylindrical coordinates
r=rcos(f), y=rsin(d), z=z (2,57/4,1).

o, 2
Cartesian to Cylindrical: £ 2 _ _
\(':Qto'r(g"[‘b=_fj—‘z' Jz
r? =% +y% tan(0) :y, z2=2z Y= 2 sin| al) = -2/, =-Jz2
x
2z |

TR
A (Wen'yvr~
v C 1S C

Example 105. In xyz-space sketch the cylindrical box
cy\:qJOV aw)\fwl

4

2 gty with
B={(r0,2)|[1<r<2, 7/6<0<7/3, 0<2<2} e <
T
1 "B=c - WM verh! plane
N

H’Mvcf'/\ -0 1\5

02 s Vovizehl V]‘W}
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Day 17 Lecture

Daily Announcements & Reminders:

o W 1E.§ due "EO(/“(?L\JC
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Goals for Today: Section 15.7
« Be able to convert between Cartesian, cylindrical, and spherical coordinate sys-
tems in R3

o Compute triple integrals expressed in cylindrical coordinates

o Compute triple integrals expressed in spherical coordinates

Triple Integrals in Cylindrical Coordinates
( V“/ ] / q%f) —_ (:;{ “7, Z:i)

We have dV = "J)’}-(p\fjﬁ ’x-;r(osu

o f&r&’;’&e/ K

s &

..;_v'§;vx9
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Example 106. Set up a iterated integral in cylindrical coordinates for the volume
T —m—

of the region D lying below z = £+ 2, above the xy-plane, and between the cylinders
22 +y? =1 and 22 +y? = 4.

reoy b Y

2 (2
\Ji%?}\ld\) - 50 81 &O | vde dr 4B

Shadow -
YA

L

> X

Example 107 (Poll). Suppose the density of the cone defined b@ith
z > 0 is given by §(r, 0, z) = z. Set up an iterated integral in cylindrical coordinates

that gives the mass of the cone.

T
»y

_f*vgﬁwh&Jﬁ

= 9 .

= e ke

N )



https://edstem.org/us/courses/69959/discussion/?category=Polls
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Spherical Coordinate System

2
For uniqueness:
(ﬂ,kf?-_g) c,‘?o Ofccé(_/( -Q ;n \\A*l'lwa\ JF
‘3( -/ gt 2
0 Z (0,7 a¢ G, 7]
Example 108.
; Y a)Find spherical coordinates for the point

with Cartesian coordinates (—2,2, v/8).
E ;= Hrgigale = e 4

Spherical to Cartesian:

¢ Jun €= ,:‘_J_“_‘(:_l ~ < Ty
2

z = psin(p) cos(6) L 0 Ty

y = psin(yp) sin(0) anl = 57 -\ = 6: t

2= peos(p)

Cartesian to Spherical: b)Find Cartesian coordinates for the

point  with  spherical coordinates
0% = a2 4 y2 4 22 (2,7rc/62,7r/3).
AV
tan(g) = 2 C
T = 25030 T2 ]
t ( ) \Y% $2+y2 S u N ?—I \r'g
an(y) = e Y=Zslazs\né5:

Example 109. In zyz-space sketch the |spherical box|

- J

R )
¢ A N/
)?"”"’3"‘l Sp\'f‘&‘ e\ ]N«H‘ —p‘um_&
cadins | of vdws 2L \'\-v()mfh 2 b

B={(p,p,0)|1<p<2, 0<p<n/4 m/6<6<m/3}.


https://tinyurl.com/math2551-spherical-box
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Triple Integrals in Spherical Coordinates

We have dV =

(LSN’C c\)gfgcf DG

Example 110. Write an iterated integral for the volume of the “ice cream cone”

D bounded above by the sphere z2 + y? + 22 = 1 and below by the cone z =

2 2
V322 + 2. Gl =D &) ,_31 )
I\/L_ L3 Y
Zzﬂm Ve xh{:f:?w‘ce

/((Oﬁf:&.f/ﬂ\"'e

Example 111 (Poll). Write an iterated integral for the volume of the region that
lies inside the sphere 22 4 y? + 22 = 2 and outside the éylinder 2 +y? =1

1.« c-:}\\'\J./\\M\‘, \(U( 21—.:2_ ) *‘2;\ <) v=\

u= 170 TR0

| —\]_2._—/,,9.
72 =2~ v
&/\5:0 7= 3 \)Z—r"’—
—|
A, 3
N ordt
‘ [| J V= (=
I/
N
—


https://edstem.org/us/courses/69959/discussion/?category=Polls
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Question: When should we use these coordinate systems?

o Cylindrical coordinates:
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Day 18 - Change of Variables in Multiple Integrals

Pre-Lecture

Section 15.8: Coordinate Transformations

We have seen three examples of changing variables in multiple integrals so far: the

polar, cylindrical, and spherical coordinate systems.

For example, the change of coordinates x = rcos(f), y = rsin(f) transforms the

rectangle 0 < r < 2,0 < 0 < 27 to the disk 22 + y? < 2:

S reost
T(V:"\ - '“Si"ﬁ]
.
l’_/%-__ — //\/>

1 ' S

Goal: Generalize this idea.

Definition 112. A coordinate transformation of a region G C R" is a map

T : G — R™ which is invertible and differentiable in the interior of G.

2 v
Cy - h pllar bt biwahi; T o> &vsiﬁb

) ( lia /ua\ 'vual B e o
) Lo~ (28] e =[]
Toatlle) ) ¢ @ vt
Tawne
%\ )__lmgv '\nm ;{omahavu) (\ DT(Y,.,)

(s {”‘JQE‘BA SRS
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Example 113. Find a coordinate transformation T : R? — R? that maps the

rectangle [0, 6] X [0, 2] to the parallelogram bounded by y = 2z, y = 2x+2,y = —4x,

and y = 6 — 4x. LN
= e ]
‘ Su-Zy
4 1L Pty - 4
v v - PN
S0 ! \L:L U(?L;O
VAR Y=
- v\,’))gf 0
0 J 1 X
! L — -
us o w T ()= [3] |
w= gt ~ {quj
- - “Lvy+
9\“” r3¥ \'\\tA‘ : v Y Ix !

i
T (1= g e L]
r\l/; ‘lz,f;\v« ]
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3
3. Find Jacobian:

= Na Yy v
D-\) Ru‘\“: I‘iu ;v’&i‘ lo L]
| § LRl = \ -0l=2

4. Convert and use theorem:

| {
S‘( \‘/’2-4 Q:::«_?:\y/»x%: SOS

- W °9 &\/&o\ =l

D S
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Example 116.

a) [Poll] Find the Jacobian of the transformation

\ r=u+ (1/2)v, y=n.
> w2V = Al
T(wh—lv | m,[o \z]

At 0T by = 17 0= 1

b) [Poll] Which transformation(s) seem suitable for the integral

2 plyt+4)/2 ,
/ / Y3 (22 — y)e?* V)" dx dy?
0 y/2

iu=z,v=1y KL ow({{ Vel e

ii.u = /22 + y2,v = arctan(y/z) £ PJC"/ uof LC[W G/‘/

lilu=2zr—y,v=y>" , oo
[/\\\’qvav& 1y Wi
ivu=vy,v=2r—y

=Y &+ v=%£t2

2

N-y=Q Y =%

VU =2 —Y,v=1y

. _2\2
viu = e Y7 gy =43

Theorem 117 (Derivative of Inverse Coordinate Transformation). If T(u,v) is a
one-to-one differentiable transformation that maps a region G in the uv-plane to a

region R in the xy-plane and T (ug,vy) = (g, Yy), then we have

1
[ det(DT (0, 30))|

| det (DT (ug, vo))|


https://edstem.org/us/courses/69959/discussion/?category=Polls
https://edstem.org/us/courses/69959/discussion/?category=Polls
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T+
Example 118. Let’s evaluate // u where R is the region in the xy-plane
R

:E3

bounded by y = x,y = 3x,y = 1 — 2, and y = 2 — x. Consider the coordinate

transformatio

1. Find the rectangle G in the uv plane that is mapped to R

~ - = ‘4\/;)‘
y='"% = ¥tys1 o =% W=l 0
\{72">‘- =S %*‘-}57_ = chl

— =1
4=y => ymp=l 7V

Yo i3 =D glx=3 =2 Vv=5

q_:\—v

2. Evaluate f(T(u,v))|det(DT(u,v))| in terms of v and v without directly

solving for T using the theorem above

{
\
) = - * q
Vot b, Wk TGl = i) T oned
L
.y Nty e e ‘) ~ B
(1) = &m TR =

L TR BTGNS Y
G Y
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3. Use the Substitution Theorem to compute the integral.

SS 149 ph o ( £0F o) VDekmtty) | I
3

2 G ; \
_ o)
TR
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Day 19 - Scalar Line Integrals & Vector Fields

Pre-Lecture

Section 16.1: Scalar Line Integrals

Goal: Extend DD integrals to \D/2p objects living in higher-

dimensional space

Example 119. Suppose we build whose base is the straight line from (0, 0)
to (1,1) in the xy-plane and whose height at each point is given by h(x,y) = 2z + 1>

meters. What is the area of this wall? YR

N

A X hi.{ &(X&/Vk,) \bez’f()\{'
i, Mg Nemes 2

" L=l Yl o(s >/
W (xato) g W) 3 ) g HvH\) &N )

/ & }pavalmojﬁ“k (, T({’) = <| >t J}'Q)(D OSESI

£
LhMe o o TR o e
L) ke /\\,“_,3 /Nc%' > TS :%‘fc"*&k‘b

Definition 120. The line integral of a scalar function f(x,y) over a curve C in
Y0z
3

R? is
/cf(xy) ‘LM i(qul \T—J i

TR 1Ol
i uhee T t) pavawelmbrs ( \U,lrL ¢reh

What things can we compute with this?
( v
o If f=1: Sl‘l S FUGIFUE ac‘ms of ¢

=9 —( C* UJ f’tv\s'lly &,
\M \ ! ‘)0
o If f s a density function: S g &s > mopsG 0T 0w 7 9 3

o If fis a height: gﬁés— avei 0{‘\ well Wl e € 2"”‘“3# £


https://tinyurl.com/2551-wall-line-int
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Day 19 Lecture

Daily Announcements & Reminders:

o \-l\A) \S,g &\AL_\—OV\;jL{_
Q ‘\2'. 3 own lS‘%}‘L'\ ;"‘ Slv\»l‘o l'olﬁﬂowow

_1L-0: T3,vl

0 Cyam 2 re3m¢les H’\m?h S‘,M—H.

>

¢ f)l) WO\VW‘UP On G)‘

Goals for Today:

ii.t ':l :rt' - ':

- :’:‘ -
{2,008 3.3.° .:‘:"..i“’!‘:‘*
e s o5*

P *: s v 2
@ ! t l“: - ':-- !g“i .
Jeats i B

Section 16.1, 16.2

 Define a line integral for a scalar function f(z,y) or f(x,y, 2)

o Compute line integrals using parameterizations

e Define and explore vector fields

Unit 4: Vector Calculus

OH, YEAH. IT'S ALL COMING TOGETHER

Goals:

10 12D \D/2D

o Extend integrals to

dimensional space

e Extend the Faud. Thi of (““‘A‘\“5

objects living in higher-

in new ways

We will use tools from everything we have covered so far to do this: parameteriza-

tions, derivatives and gradients, and multiple integrals.
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Strategy for computing line integrals:

1. Parameterize the curve C with some r(t) for a <t <b

2. Compute ds = ||r'(t)]| dt

3. Substitute: [, f(x,y,2) ds = f fe(@)|x’ ()| dt

4. Integrate

Example 121. Compute fC 2r + y2 ds along the curve C pictured below.
D ?amm,‘-tv:bc Cs Uye 5 LJ{, = Sc fﬂg\‘g IJE
L <z

A C P k) = éLb b 4w, bLLC\
TP S 4@ D = &), ylen
[R002 201>, +cud 0%
| AN -
1 ém\- QR Ly, 4D
A D) (orple NELON:

E e e o> (F-'m" Q0> v, (=5

) (& | P (Ol )

[AL2)

) Sbahide: ) He :(f Slzte) 120l e

| b = ), Detyds ’“Siﬂ
= W) Mg X S\(w’rﬁ’\ 5

)+ (2t 3"5

L - W
\J-L"—}’/S"

L

\C
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Example 122. [Poll] Compute fc 2z + 3% ds along the curve C given by r(t) =

10ti + 10tj for 0 <t < %. Y
v N ()\\NMI \
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Example 123 (Poll). Let C be a curve parameterized by r(¢) from a < ¢t < b.

Select all of the true statements below.

a) r(t+4) for a <t < bis also a parameterization
of C' with the same orientation

Fabe, 4o B L e ek Cbg

b) r(2t) for a/2 <t < b/2 is also a parameteriza-
tion of C' with the same orientation

“Tywl

¢) r(—t) for a <t < b is also a parameterization
of C' with the opposite orientation

Tyeo oo vk 4o o)

d) r(—t) for —b < t < —a is also a parameteriza-
tion of C' with the opposite orientation

T}Jet

2 14-W)
e)r(b—t) for 0 <t <b—ais also a parameteri-
zation of C' with the opposite orientation
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Example 124. Find a parameterization of the curve C that consists of the portion of
the curve y = 22 +1 from (1,2) to (0, 1) and use it to write the integral fC % +y? ds

as an integral with respect to your parameter.

N Poonde adon s FiB= (b R 05€S lypuivichby
ava wm v aton . ]

O wwolze d Aale f(ﬂ: r (k)
= (-6, Eri D, -1t £O

-1 £4+E0

73 [ow,«uﬂc 1=t Fleys <-1,26>
o, NFIBl= s

5\ gu\ﬂSHJ‘I J SO(%Z_*({Z+QL> W en

2 ’l) N
S_.
c%{”
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16.2: Vector Fields

Definition 125. A vector field is a function F : R™ — R"™ which associates a vector

to every point in its domain.

Examples:

rar (e ( 1(}95 (i();m%\:] / {Ll (.}YOVM'?!A(J: s‘(b
\)Cbc;\‘j .L[{[D) '(:Df /(:\029)

Gie -C‘,\V.'Q? L - V—(- 1S A yrtue P‘f’l(x

Twml(v\l v J‘W& SN o (unf, N
~ ‘ \ P(\{,\Ab)
610\(,(/ '(\l( (’\&5 Ebf [&\LL(M\\‘J C;Lu%ltow_s Q,(\&“(('é) :)l/

= (v 2=
[ (K4 2 (xy, &2

Graphically: For each point (a, b, ¢) in the domain of F, draw the vector F(a, b, ¢)
with its base at (a, b, c). 3 D (
Blud= bud), QLD

Flugz {y, 9>
ety
e |CalcPlot3d f(\/\q) - < (O&(\j\.*ﬁj 5(\"-1>

o [Field Play

Computer Tools:


https://c3d.libretexts.org/CalcPlot3D/index.html
https://anvaka.github.io/fieldplay/?cx=0.001200000000000312&cy=0&w=8.542200000000001&h=8.542200000000001&dt=0.01&fo=0.998&dp=0.009&cm=1
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Day 20 - Work, Flow, and Flux Line Integrals

Pre-Lecture
Section 16.2: Work Line Integrals

Idea: In many physical processes, we care about the total sum of the strength of
that part of a field that lies either in the direction of a curve or perpendicular to

that curve.

1. The worle done

by a field F on an object moving along a curve

. (ompow&u@ > al%a C <[ F-T

.wof\c&ont: g T d¢ :5 F(‘(H) (&) WJ%

C o
fg E(p(o) ors'(o At
(/]

C'is given by

=y 7|,

Example 126. Work Done by a Field. Suppose we have a force field F(z,y) =
(x,y) N. Find the work done by F on a moving object from (0,1) to (1,0) in a

straight line, where x, y are measured in meters.

D) Panckuize 0 FBLL-DbA LD 0L
N Ty f: TIH=Q-0
) Gobditle:
worke done ! ; 3 k= 3; 14> LD 4
= 80‘ L - (46 ek
SEIAN
= 0
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Day 20 Lecture

Daily Announcements & Reminders:
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Goals for Today: Section 16.2

o Define tangential and normal line integrals for vector fields
o Apply vector line integrals to problems involving work, flow, and flux

o Compute vector line integrals using parameterizations
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1. The ‘C(O‘U along a curve C of a velocity field F for a fluid
. . . . 2 o )
in motion is given by ¥ S {%ff »_5_/_ S f?’.,ﬁr = S?Qk’r Q»y*Réz
— 37 ¢ ¢ C
N)
When C is C(O"& , this is called C\r M\“hom . C is called
2 "‘)"C if it does not intersect itself.

Example 127. Flow of a Velocity Field. Find the circulation of the velocity

field F(z,y) = (—y,x) cm/s around the unit circle, parameterized counterclockwise.
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Example 128. [Poll] What is the circulation of F(x,y) = (x,y) around the unit

circle, parameterized counterclockwise?
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Strategy for computing tangential component line integrals

e.g. work, flow, circulation integrals

1. Find a parameterization r(t), a <t < b for the curve C.

2. Compute r’(t).

3. Substitute: fCF T ds = fCF ~dr = fab F(r(t)) -r'(t) dt

4. Integrate


https://edstem.org/us/courses/69959/discussion/?category=Polls
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Idea: ‘Cl\D‘ across a plane curve of a 2D-vector field measures the flow of

the field across that curve (instead of along it).
N

We compute this with the integral C
by v
7 uatt wowg) ﬁ A C/%}V’D
F -n ds. A N ’\ \
o L—J \ \

Ui

v

v

The sign of the flux integral tells us whether the net flow of the field across the curve

A
is in the direction of __ N or in the opposite direction.

We can choose n to be either of
— ( (
wsd 1 ‘j’”')/ 2 182)) o L~ Uf\)/\( (H>
&' ol W\ F A

Strategy for computing normal component line integrals
e.g. flux integrals

1. Find a parameterization r(t), a < t < b for the curve C.

2. Compute 2’ (t) and y’(¢) and determine which normal to work with.

3. Substitute: [,F-nds =+ j(;b F(r(t)) - (v (t),—x'(t)) dt (sign based on choice

of normal)

4. Integrate
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Example 129. Flux of a Velocity Field. Compute the flux of the velocity field

2 2

v = (3+2y—1vy?/3,0) cm/s across the quarter of the ellipse % + g—G = 1 in the first

quadrant, oriented away from the origin.

D VQVAMQ,\'(V(Z—{,', 3‘ U’-\" C\)u» [‘) (55‘4 H) OLECT’

DB R FRAz LA bl
[ = é L cos (P\) 551n “’D
B u,_t\- [ouve cjf &I cecham

7) Huj (1 .

S\\)\’z\:- %§‘3553 S <}\-\l7\—~“c) 26 s (D)
7 ¢ Lol Yoald 44
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Day 21 - Conservative Vector Fields & the FToLI

Pre-Lecture
Section 16.3: Path Independence

Definition 130. A vector field F is path independent on an open region D if

> 8

' T 'ﬂ*l Sulme
Sc F ds o " for all paths C in the region that have the same

endpoints. e A Cl 0 C)WVH’Z*:DWA\ ‘BV[Q z SFV:Ag \(uw&
’ @*B ‘
t P

When F is path independent, we can use the simplest path from point A to point

B to compute a line integral, and will often denote the line integral with points as

(3,1,1) (c,d)
/ F-Tds or / F - dr.
(0,1,2) (a,b)

Example 131. If C is any closed path and F is path independent on a region

bounds, e.g.

containing C, then

/CF-drz (>

’ [or- LK Sclg NP HD Hor some closed)

Cuwve C;,

S N ‘./_‘i_\‘ PAHA l‘m)\‘?rf“tgfﬂl,

Question: Given F, how do we tell if it is path independent on a particular region?

For example, is F(x,y) = (x,y) a path independent vector field on its domain?

@
DOV”“ ](.Vtow !
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Day 21 Lecture

Daily Announcements & Reminders:

0 HW 162 Houldet e (@)
' : o H J T A
o Quiz 4 dowonww 1627163 LA
LY vl, vz, V3 ‘f:ﬁ_: :"::i::'g:'i:??! ...:fm
1.3 0% T3t ete 0 e " I"Ll.n b
Clo O s See G R
: [l .: .: m : L] . .
e \LM‘MV{’ on Ei _#_//'//,/7 @i':,:' :E":;':;.'.f,:‘;i::i
Goals for Today: Section 16.3

o Define conservative vector fields and recognize examples from physics
o Learn how to check if a field is conservative
o Compute potential functions

o Apply the Fundamental Theorem of Line Integrals to compute line integrals of

conservative vector fields

Example 132 (Poll). Last time, we saw that if C'is the unit circle about the origin,

oriented counterclockwise, then f C<—y, ) - dr = 2. From this, we can conclude:
B 2 aok ot b ded ble

@ "’-i.. 44@ F = [_-'-7[\() oS V}_o_ ?m'\’ W er-ck 2V

' o clazd bt S(,F‘fy") =20 #0



https://edstem.org/us/courses/69959/discussion/?category=Polls
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A different idea: Suppose F is a gradient vector field, i.e. F = Vf for some
function of multiple variables f. fis called a beM'“ul fandioy for F. In

this case we also say that F is conservative.

9
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Theorem 133 (Fundamental Theorem of Line Integrals). If C is a smooth curve

from the point A to the point B in the domain of a function f with continuous

gradient on C, then
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Example 134. Compute fc x,y) - dr for the curve C shown below from (—1,1) to
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Example 135. Find a potential function for (—y, x), if possible.
,fzg_y&x = —~y + (ly)
f=2 )« >o 7 b Gl

uc, ‘Lfvwxﬁ with Eﬁ_& I Zy Al
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/ —

>
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Example 136. Find a potential function for (zy + yz:; 12 + 22 + €Y, zy + 22), if

possible.

~ jfﬁx = Swytye dw= lﬂzj txyz + Gl
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It follows that every conservative field is path independent.

In fact, by carefully constructing a potential function, we can show the converse is
also true: 1‘0‘4*"\'\ Mig(b\((’. => (Oufanwthie,

ey
N

(a,)

This leads to a better way to test for path-independence and a way to apply the
FToLl.

Curl Test for Conservative Fields: Let F = Pi+Qj+ Rk be a vector field defined
on a simply-connected region. If carlF = (R, —~Q,, P,— R,,Q,— P,) = (0,0,0),

P

then F is conservative.

C=0 20

o If F is a 2-d vector field, curl F = < 0, 0, QK'F'{B = (U D S sz\}

o This is also called the mixed-partials test, because

>MfJ‘{~Cc mJM PV; Q.

W no \Olf$[l

y = Ky

oy 10

® W

1_{ \E)—.; 6‘@ : < Ck (C‘YD
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Example 137. Evaluate [,(102* —2zy*) do — 32%y? dy where C'is the part of the
curve z° — 5z2y? — 722 = 0 from (3,—2) to (3,2).

S ety
7. AN 3 Tﬂ: e:? D'S LA ~ \\% o <10(4’2¥?3/ -;XZYZB
(___—

\

: [ I> § c ()wg,vva’r‘.u{,? \,Qs( Jutxcg r.\)c«v‘\'t‘%\T(t'\‘.
\r\ IS QK = Ey ? \-(65\,

L= -6y R0ty S
L) potedidl £ 0 F=9(
5P h = 1 S G
gl sty 60
WO=0 G (=245

S
5o \Ex "xle bl

(] }A( Q()\y (:TO(‘-T_.:

g B ds = £05) 00 (3, 2)
] _ ’\f‘f)rzf = I

(3-D
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Day 22

Day 22 - Div, Curl, & Green’s Theorem

Pre-Lecture

Divergence and Curl

Useful notation: V = 0 99
seful notation: =2 3y’ 92
/(\u\t\s}md'\“"‘é

So if f(x,y, z) is a function of three variables, V f = <8_ax(f)’ gy(”f)’ §z<f>>

If F(x,y,2) = P(z,y,2)i+ Q(x,y, 2)j + R(x,y, 2)k is a vector field:

FEOF Q) 3300 =0,
HY

e V.- F = N

J‘Ldevqfnc{, W 92./1:

0y \ ‘o
twor\cs A ()[M ﬂ/ 'M‘\- I

= LQV—&‘L / N(R}L—’ VE\ > o Ohl)l '14 lz.J

‘@}‘ \CW\QMS/ ‘1 S {VW:HB
= 5 3

Example 138. Find the divergence and curl of F = (:r‘y, 292, 1 + 2).

vaié z P('tQ.)/"('Z(,/: \j+ L%y-\_ )

—

- f;&(/d - ‘;’6[29’“),‘ (5L —%((‘“/))

|

{0 /'(' '&/ 0-x)= <0,-‘,—\<>
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How do we measure the change of a vector field?

1. Curl (in R3)

Tells us _ &/ “‘(“HM‘QM y

' (
Measures ! v«&“’au‘mtm)/ ,"(u ( Cl(/tu.‘u"tbv)

Is a V¢ ko

RYQ ax,of loca! vokahinn

roe of ./d*wh\"‘"

Direction gives

Magnitude gives

curl F = OF\; (0{?3-€

FF=Pi+Qj weuse VxF=Vx(P,Q,0) =<0,0 Q, =%,
QJ (P,Q,0) )

Loech Scalov tav]
If V x F is zero: -

I\ \) (OA.’)I'VU(A\[WQJ I/ N4
ad B \wo\ﬂu»ql

2. Divergence (in any R")

Tells us Q“K b"“;l"j

A} ] (
Measures lota( €xporston / {;)tmf,-ess(om

Is a ol

dvF— VoF = P40, R

\fj‘;w« "

If VF is zero:

159 ' (lﬁioﬁgg‘j_,_. an 1: = V%G) L’”O"‘f
wechw add Q
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Day 22 Lecture

Daily Announcements & Reminders:

Goals for Today: Section 16.4

e Define the divergence and curl of a vector field
o Interpret divergence and curl geometrically

o Apply Green’s Theorem to compute line integrals over the boundary of a simply-

connected region



Day 22 Divergence, Curl, Green’s Theorem Page 137

Example 139. Let F(x,y) = (x,y). Based on the visualization of this vector field
below, what can we say about the sign (+,-,0) of the divergence and scalar curl of

this vector field? Verify by computing the divergence and scalar curl.

. o
div £ = b+, = 14\ = 2
Y ! S s

ML R T Py = 0-9=

! I - _‘ I..__\ ..____‘2._____' S
e e dWE 2 M e ]
7 \\ ¢ e ‘(’v ’f Bev F Lﬁ’j Jetwert Sovc Fk F

O %y

Example 140 (Poll). Let F(z,y) = (—y,x). /Baéez' on the visualization of this

vector field below, what can we say about the sign (+,-,0) of the divergence and

scalar curl of this vector field? Verify by computing the divergence and scalar curl.
PR 5y Y dy Te = y + J 9 = J

el T E s O fy s (- D
RRET TR .,

SN s {
o T B E s ot P fa Fa(f votela

o Sl dob el &f P oy ks



https://edstem.org/us/courses/69959/discussion/?category=Polls
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LY
Question: How is this useful? ,(;\ ﬂxf /{X ':(/.d ) —1 (3)
wde fif
\/ Answer: We can relate Yo ‘[w O’J( (’z“},f/a at( inside a re-

gion to the behavior of the vector field on the boundary of the region.

Theorem 141 (Green’s Theorem). Suppose C' is a piecewise smooth, simple, closed

curve enclosing on its left a region R in the plane with outward oriented unit normal

—

— —_— T~
n. If F = (P,Q) has continuous partial derivatives around R, then

a)Circulation form:

evree e 09,437
/F Tds—/ (VxF)-kdA or /de—i—Qdy—//Q — P, dA
1
- b)Flu:v form: ,.(Q F /@ [x -*Co:)
> B «fé«x th“/

\‘/CF.ndSZ//R(v;_F)dA or Lde—deszPm+@ydA

R
) v
/

J( EdT)E M & ooy § ¥ o
o}
X
Q.I'Yckhﬂ»\
tine) A Yos-

%m'( (o C&’Zf £ =0
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Example 142. Evaluate the line integral fCF - T ds for the vector field F =

(—1y?, zy) where C is the boundary of the square bounded by x = 0,z = 1,y = 0,

- W
]7 “and y = 1 oriented counterclockwise.

\ fo F-T G:; fﬂ (@-1) dA
_9[3 I —> = I(K \9((’Z‘.'))”{A
oy
— [7 JO lv o‘)ﬁﬂ‘j
- ful Ty dy = 72

Example 143. Compute the flux out of the region R which is the portion of the

annulus between the circles of radius 1 and 3 in the ﬁrst}et% for the vector field
F = (123, 143). oW I~

Q a ds Gg jgk Pat &, A4
<,

&7 = /@ ’7f1~vy" M

de (K[
= \,S\ Vs

P ‘...~~.

—

L

\U

) §
o
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Example 144. Let R be the region bounded by the curve r(t) = (sin(2t), sin(t))
for 0 < t < m. Find the area of R, using Green’s Theorem applied to the vector

ﬁeldF:%(x,y). f(/'e %41‘ JA = Qv
e S Qi—w Y
7 (cf nd¢ = f(‘e dy (7> XA
. f
=5 = J

fc f(ﬂ,? — @M

Y:f‘“}“{
y = ol B St Sit |
- o Dos'hf — 'Z(I( Sr2f
[INFIEIRTEVIY O

Yo & 8] : ’ -
oot = 7 d/ J)‘ Citemt AL - 51 <C’M'S“%)/+
)3

/
-

N
J ey 9‘[’ T
\; _ L(wﬁ‘—-/)
— '(O i 9'\1 t /t Cos 055 { Jc«;f
-~ 3 - R /;

Note: This is the idea behind the operation of the measuring instrument known as a

Q
= /5



https://en.wikipedia.org/wiki/Planimeter
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Example 145. Determine which methods we have learned so far that could be

used to compute an answer to the problem below.

Compute the work done by
F(z,y) = (ye™, ze™ + 1)

on a particle moving along y = 22 from (—1,1) to (2,4).

o Parameterize the curve and use the formula fo ds = j{;b flx(@)|lr’ ()| dt
« Parameterize the curve and use the formula [, F dr = [ "F(r(t)) -1'(t) dt

o Parameterize the curve and use the formula fCF - nds = j{;bF(r(t)) :
(y'(t), —='(t)) di

« Find a potential function and use the Fundamental Theorem of Line Integrals
(O= | Y
o Apply the circulation form of Green’s Theorem

o Apply the flux form of Green’s Theorem

o None of these are appropriate methods for this problem.


https://edstem.org/us/courses/69959/discussion/?category=Polls
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Day 23 - Surfaces & Surface Integrals

Pre-Lecture

Section 16.5 Surfaces

Different ways to think about curves and surfaces:

Curves Surfaces
Explicit: y= f(x) z= f(x,y)
Yz sial) 2= Zy\”iy ] Z = X}"‘yz
Implicit: F(x,y)=0 F(x,y,2) =0
VRS I Xty te=q
2, ¢ v
A Xt =0
£ Ay-t=o X YE + J
Parametric Form: r(t) = (x(t),y(t)) @ 20,6 “—(Y(w"‘; gls, 252D
F ) = 2o (), 25a(0D o?w/ G €D CR"
dLLln
Example 146. Give parameteric representations for the surface below. En
L f

a)x:y2+%22—2 €

Si‘“{ k—_—p(\hb‘) , l{‘l’ V:_S ) 2 =G

L
G“FQ’W%?J/S'” j LR

Xz W J‘léu(w ;(u\ﬂ'/ £u J:;”/‘”{")/ Tl sm
2 [} /
= \iu 0> W
u= \{L+;],2L—2 1= o . l) u2-2
_ by ot ORI 0Lviln

bi2= 1 =z oty Lla

| = 4o, 2

uv- 2wt
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Day 23 Lecture

Daily Announcements & Reminders:
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Goals for Today: Sections 16.5/16.6

« Describe surfaces in R? with a parameterization
e Define and compute surface integrals

« Use surface integrals to compute meaningful quantities: surface areas, masses,

flux, etc.

o Interpret the physical significance of flux surface integrals
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Example 147. Give parameteric representations for the surfaces below.

X & O
a) The portion of the surface x = y? + %z2 — 2 which lies behind the yz-plane.
P (907 (FH 5072, 5,40 FLu,0) = Lok o o 0) T s 6D
> 4
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What can we do with this?

If our parameterization is smooth (r,,r, not parallel in the domain), then:

nomal Y0 Ehe yorduce O

eI, XT,1s

(AW(}Y\WA]{ )’
L pal.a.”{ld'{‘vwl

o A rectangle of size Au x Av in the uv-domain is mapped to a reetangle of size

s Wl Ou b on the surface in R3.
YN
Qv i — >
R {qo)
R
S
Js
o
e Thus, Area(S) SS \ e — gg 7+
5/\ K —_
| A ~
SUV‘GA(-C;AL’“J) &M\Al’. 2/\\-(({.,,4) Y, Du

A"fak':- ’\\ f\,\ D\A \‘V‘)uo‘jh
W& (RN 10 v DU

Example 148 (Poll). Find the area of the portion of the cylinder z% + y? = 25

between z = 0 and z = 1. ?“MML,:%

D) F(6,0= (Snb, Sud, 2 0070 0CfzS|

i :Z* ey
@ :.:: 7.’ 1)

)
L -~r£~!;£, 2) Cowpde Wy,

T N e e g ST 5
R R P s S
FR I o o T e f‘ < = — <9 5 S RA) O
P n LR 0T et ) - ws >
PR LR b s’»ﬁ S O T 17
ikt dedd 0 > ?
RS B ] z

fl?:,*fell =S

3 lgmpde:  SB=§>" §, S B2 40> loa


https://edstem.org/us/courses/69959/discussion/?category=Polls
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Strategy for computing surface integrals

e.g. surface area, mass, center of mass

1. Find a parameterization r(u,v) = (z(u,v),y(u,v), 2(u,v)), (u,v) € D for the

surface S.
2. Compute the area scaling factor |r,, x r,||

3. Substitute: [J; f(z,y,2)do = [[, f(r(u,v))|r, x| dA

4. Integrate

Example 149. Suppose the density of a thin plate S in the shape of the portion of
the plane x + y 4+ z = 1 in the first octant is d(z,y, z) = 6xy. Find the mass of the

plate. F;‘J
(Doa] T mMasye d‘(' f‘ule . MasE = Sg 57(747,'0) &J'
— s

D ?alfaht l(lfl‘k S . = \"X'j

Toowo Plsh= 5,6, L) ) pEsO
- 0 Lesl-s
|
Cl)l(lﬂ -
$720
C\(O,d) ‘)5(\ ‘67/0 /
-5 -620 }):6*7
—~ > = O " ')IQ
R LR
O\ -

WA Ny
5 S G ohe s 5080 16001
5

0

2
= (' \‘0’5 bk 03 Dol :i;’ 5
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16.6: Flux through Surfaces (/ (e LCCJ?MQ/

Goal: If F is a vector field in R3, find the total flux of F through a surface S.

Note: If the flux is positive, that means the net movement of the field through S is

in the direction of

If r(u,v) is a smooth parameterization of S with domain R, we have

flux of F through S = //S(F ‘n) do = //RF(r(u, v)) - (r, xXr,) dA.
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\ (AQ_Y’\" ')~;M(’_
\

Example 150 (Poll). Suppose S is a smooth surface in R3 and F is a vector field
in R3. True or False: If ffSF ‘n do > 0, then the angle between F and n is acute

Day 23 Surfaces & Surface Integrals Page 148

at all points on S.

Example 151 (Poll). Based on the plot of the vector field F and the surface S
below, oriented in the positive y-direction, is the flux integral [[,F - n do positive,

negative, or zero?

P et = it St 1 S et S



https://edstem.org/us/courses/69959/discussion/?category=Polls
https://edstem.org/us/courses/69959/discussion/?category=Polls
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16.6: Flux through Surfaces

Goal: If F is a vector field in R3, find the total flux of F through a surface S.

Note: If the flux is positive, that means the net movement of the field through S is
in the direction of the nbvwo\l wclmqo S

If r(u,v) is a smooth parameterization of S with domain R, we have

w\\'\' V\bw‘m\

flux of F through S = //F n da—// (r, xr,) dA.
F— V101v-a. (dugdr reat™ S l#%_’}
A q A 0f Ehs . L
77 D f‘u\\“’) > &
N = f_,_/v~ WO N J
|\ jwki\\
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Day 24 - Flux Integrals & the Generalized FTC
Part 1

Pre-Lecture
Section 16.6: Computing Flux Integrals

Example 152. Find the flux of the

F(z,y,2) = (1,y, 2)

across the portion of the plane x + 2y — z = 4 above the rectangle [0,4] x [0,2] in
the xy-plane, oriented in the (1,2, —1) direction.

Llov= \E Ex e

D?OVahLL(/ZLQ’. Tf‘)(u,u\—;(u/\)/ufl} b!}/ péutd 0luta

Fu.:< ‘/Ol(>

f‘é 7(7‘;: nOI/‘W‘a\‘.
?—) v F\J;(O/(/z) ..
f‘)dx‘)i: <"‘/ —')_/ ]> 0 ouoobul't OPICM’]D l\/\
wse 120 E(j(/u,o\) \(r;fyi)
- 2 ¢ Y4 ]
ﬂ gm\«sjr,“u)'ﬁ‘, SR F’V\) &6‘ = 3 g <}l v, w2~ » L, 2, D) Au)v
S o “’0
2

()

Sﬂ ]‘l’?v—u‘Q\)“'c{ ‘h"‘&”
D Jo

- Sz Soq - 0[0 Dv

0

= 24


https://tinyurl.com/2551-flux-plane-ex
Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann




	00_Title_Page
	01_07_Pre_Lecture_Filled
	01_07_Sections_12_1-4
	01_09_Pre_Lecture_Filled
	01_09_Sections_12_5_6
	01_14_Pre_Lecture_Filled
	01_14_Sections_13.1-13.2
	01_16_Pre_Lecture_Filled
	01_16_Sections_13.3-13.4
	01_21_Pre_Lecture_Filled
	01_21_Sections_13.4-14.1
	01_23_Pre_Lecture_Filled
	01_23_Sections_14.1-2
	01_28_Pre_Lecture_Filled
	01_28_Sections_14.2-3
	01_30_Pre_Lecture_Filled
	01_30_Sections_14.3_14.6
	02_06_Pre_Lecture_Filled
	02_06_Sections_14.4-5
	02_11_Pre_Lecture_Filled
	02_11_Sections_14.5-6
	02_13_Pre_Lecture_Filled
	02_13_Sections_14.7
	02_18_Pre_Lecture_Filled
	02_18_Sections_14.7-8
	02_20_Pre_Lecture_Filled
	02_20_Sections_14.8_15.1-2
	02_25_Pre_Lecture_Filled
	02_25_Sections_15.2-3
	02_27_Pre_Lecture_Filled
	02_27_Section_15.4
	03_04_Pre_Lecture_Filled
	03_04_Sections_15.5-6
	03_11_Pre_Lecture_Filled
	03_11_Sections_15.7
	03_13_Pre_Lecture_Filled
	03_13_Sections_15.8
	03_25_Pre_Lecture_Filled
	03_25_Section_16.1
	03_27_Pre_Lecture_Filled
	03_27_Section_16.2
	04_01_Pre_Lecture_Filled
	04_01_Section_16.3
	04_03_Pre_Lecture_Filled
	04_03_Section_16.4
	04_08_Pre_Lecture_Filled
	04_08_Section_16.5
	04_10a_Pre_Lecture_Filled
	04_10b_Pre_Lecture_Filled


$\langle 1,2,-1\rangle $


    𝑥    +    2    𝑦    −    𝑧    =    4  


\begin {equation*}\bF (x,y,z)= \langle 1,y,z\rangle \end {equation*}


    F  


$R$


$S$


$\bF $


    𝑥    +    𝑦    +    𝑧    =    1  


$S$


$\iint _S f(x,y,z) d\sigma = \iint _D f(\br (u,v))\|\br _u \times \br _v\|\ dA$


    ‖      r    𝑢     ×      r    𝑣     ‖  


    r    (    𝑢    ,    𝑣    )    =    ⟨    𝑥    (    𝑢    ,    𝑣    )    ,    𝑦    (    𝑢    ,    𝑣    )    ,    𝑧    (    𝑢    ,    𝑣    )    ⟩  


      𝑥    2     +      𝑦    2     =    25  


    𝑢    𝑣  


$\Delta u\times \Delta v$


      r    𝑢     ×      r    𝑣   


$x^2+y^2+z^2=9$


    𝑥    =      𝑦    2     +      1    2       𝑧    2     −    2  


$\R ^3$


$S$


      ∬    𝑆     F    ⋅    n      𝑑    𝜎    >    0  


    𝑅  


$S$


$\iint _S\bF \cdot \bn \ d\sigma $


$x=y^2+\frac {1}{2}z^2-2$


    𝑦    =    𝑓    (    𝑥    )  


$\nabla \bF $


$\nabla \dotp \bF =$


$\bF (x,y,z)=P(x,y,z)\bi +Q(x,y,z)\bj +R(x,y,z)\bk $


$\nabla f = \left \langle \pdev {}{x}(f), \pdev {}{y}(f), \pdev {}{z}(f)\right \rangle $


      ℝ    𝑛   


      ℝ    3   


      𝑥    5     −    5      𝑥    2       𝑦    2     −    7      𝑥    2     =    0  


$C$


    curl      F    =  


$\bF $


$\curl \bF = \langle R_y-Q_z, P_z-R_x, Q_x-P_y\rangle =\langle 0,0,0\rangle $


$(-1,1)$


      ∫    𝐶     ⟨    𝑥    ,    𝑦    ⟩    ⋅    𝑑    r  


      ∫    𝐶     ∇    𝑓    ⋅    T      𝑑    𝑠    =    𝑓    (    𝐵    )    −    𝑓    (    𝐴    )  


$f$


$C$


$\bF $


$f$


$\int _C \langle -y, x \rangle \cdot d\br = 2\pi .$


    F    (    𝑥    ,    𝑦    )    =    ⟨    𝑥    ,    𝑦    ⟩  


    F  


      ∫    𝐶     F    ⋅    𝑑    r    =  


$C$


$C$


    𝐵  


$A$


$D$


    v    =    ⟨    3    +    2    𝑦    −      𝑦    2     /    3    ,    0    ⟩  


      ∫    𝐶     F    ⋅    n      𝑑    𝑠    =    ±      ∫    𝑎    𝑏     F    (    r    (    𝑡    )    )    ⋅    ⟨      𝑦    ′     (    𝑡    )    ,    −      𝑥    ′     (    𝑡    )    ⟩      𝑑    𝑡  


    𝐶  


$a\leq t\leq b$


$\int _C \bF \cdot \bT \ ds = \int _C \bF \cdot d\br = \int _a^b \bF (\br (t))\cdot \br '(t)\ dt$


      r    ′     (    𝑡    )  


    F    (    𝑥    ,    𝑦    )    =    ⟨    −    𝑦    ,    𝑥    ⟩  


    F  


    (    1    ,    0    )  


$(0,1)$


$\bF $


    F    (    𝑎    ,    𝑏    ,    𝑐    )  


$\bF $


    F    ∶      ℝ    𝑛     →      ℝ    𝑛   


      ∫    𝐶       𝑥    2     +      𝑦    2       𝑑    𝑠  


$(0,1)$


    𝐶  


$0\leq t\leq \frac {1}{10}$


$\int _C 2x+y^2\ ds$


$C$


    r    (    𝑡    )  


$f(x,y,z)$


    r    (    𝑏    −    𝑡    )  


    r    (    −    𝑡    )  


$\br (-t)$


    𝑎    /    2    ≤    𝑡    ≤    𝑏    /    2  


$\br (2t)$


$a\leq t\leq b$


$a\leq t\leq b$


$C$


    𝑓  


      ℝ    2   


$C$


    ℎ    (    𝑥    ,    𝑦    )    =    2    𝑥    +      𝑦    2   


$xy$


    T  


$v$


    𝑅  


$uv$


    𝑦    =    𝑥    ,    𝑦    =    3    𝑥    ,    𝑦    =    1    −    𝑥    ,  


$xy$


        ∬    𝑅         𝑦    (    𝑥    +    𝑦    )       𝑥    3     


    |    det    (    𝐷    T    (      𝑢    0     ,      𝑣    0     )    )    |    =      1      |    det    (    𝐷      T      −    1      (      𝑥    0     ,      𝑦    0     )    )    |    


$\DS \int _0^4 \int _{y/2}^{y/2+1} \frac {2x-y}{2}\ dx\ dy$


\begin {equation*}\iint _R f(x,y)\ dx\ dy = \iint _G f(\bT (u,v)) |\det (D\bT (u,v))|\ du\
dv.\end {equation*}


$xy$


$uv$


$\bT (u,v)$


    𝑢    =      𝑒      (    2    𝑥    −    𝑦      )    2     


$v=2x-y$


$v=y^3$


$u=x, v=y$


$G \subseteq \R ^n$


      𝑥    2     +      𝑦    2     ≤    2  


$0\leq r\leq 2, 0\leq \theta \leq 2\pi $


    𝑦    =    6    −    4    𝑥  


$y=2x, y=2x+2, y=-4x,$


    𝑧    =      3           𝑥    2     +      𝑦    2     


$x^2+y^2+z^2=1$


    𝑑    𝑉    =    �  


    𝐵    =    {    (    𝜌    ,    𝜑    ,    𝜃    )    ∣    1    ≤    𝜌    ≤    2    ,      0    ≤    𝜑    ≤    𝜋    /    4    ,      𝜋    /    6    ≤    𝜃    ≤    𝜋    /    3    }    .  


$(-2,2,\sqrt {8})$


            𝜌    2          =      𝑥    2     +      𝑦    2     +      𝑧    2           tan    (    𝜃    )         =      𝑦    𝑥           tan    (    𝜑    )         =            𝑥    2     +      𝑦    2       𝑧      


          𝑥         =    𝜌      sin    (    𝜑    )    cos    (    𝜃    )          𝑦         =    𝜌      sin    (    𝜑    )    sin    (    𝜃    )          𝑧         =    𝜌      cos    (    𝜑    )     


      𝑥    2     +      𝑦    2     =    4  


    𝑧    =    𝑥    +    2  


    𝑑    𝑉    =    �  


      ℝ    3   


    𝑧    ≥    0  


$r=1-z$


    𝐵    =    {    (    𝑟    ,    𝜃    ,    𝑧    )    ∣    1    ≤    𝑟    ≤    2    ,      𝜋    /    6    ≤    𝜃    ≤    𝜋    /    3    ,      0    ≤    𝑧    ≤    2    }    .  


$xyz$


$k$


$(x,y)$


$D$


$\R ^3$


$D$


    T    ,    N    ,    𝜅  


$\bN (t)=$


$\bT (t)=$


$\kappa (s)$


$(0,0)$


    𝑡  


    4  


    𝑠    =    1  


$s$


$t=1$


$(1,1,1)$


\begin {equation*}L=\blank {8cm}\end {equation*}


$t=\pi $


    0    ≤    𝑡    ≤    2    𝜋  


\begin {equation*}\br (t)=\langle 2\cos (t), 2\sin (t) \rangle ,\end {equation*}


\begin {equation*}\bv (t)=\langle -200\sin (2t), 200\cos (t), 400-\frac {400}{1+t} \rangle \ m/s.\end {equation*}


$\br (t)=\langle 2t-\frac {1}{2}t^2+1,t-1\rangle $


    ‖      r    ′     (    𝑡    )    ‖  


$t$


$\br (t)=t\bi -\dfrac {1}{t^2-4}\bj +\sin (t)\bk $


        lim      𝑡    →    𝑒      ⟨      𝑡    2     ,    2    ,    ln    (    𝑡    )    ⟩   


$\br _2(t)=\langle \cos (2t),\sin (2t),2t\rangle $


    𝐶  


$C$


$\R ^3$


\begin {equation*}\ell (t)=\langle 2t+1,3-t,t-1\rangle , \quad -\infty \leq t\leq \infty \end {equation*}


$z$


$x-y=0$


$\R ^3$


$\R ^3$


$(1,10,100)$


$\R ^3$


    𝑃    =    (    1    ,    0    ,    2    )  


$\R ^2$


$\bv =\langle v_1,v_2,v_3\rangle $


$\bv =\vecthree {-3}{-1}{1}$


    v    =    ⟨      𝑣    1     ,      𝑣    2     ,    …    ,      𝑣    𝑛     ⟩  


$x$


      𝑥    2     +      𝑦    2     =    1    ?  


$n$


$f:\R ^n \to \R ^m$


    𝑓    ∶    ℝ    →    ℝ  


$\R ^3$


      ∑      𝑘    =    1     𝑛     𝑓    (      𝑥    𝑘     ,      𝑦    𝑘     ,      𝑧    𝑘     )    Δ      𝑉    𝑘     ,  


    𝑓  


      ℝ    3   


        ∫    0    1       ∫    0    2       ∫    0    3       𝑑    𝑧      𝑑    𝑦      𝑑    𝑥   


    𝑥    𝑦  


$\theta =\pi /4$


    (    𝑥    ,    𝑦    )    =    (    −    1    ,    1    )  


$\theta $


    𝑟  


$T(x,y)=4xy^2$


$\R ^2$


    𝑓    (    𝑥    ,    𝑦    )  


$x=9$


$dx\ dy$


$y=x$


$\iint _R 6x^2y\ dA$


$(0,1)$


\begin {equation*}\iint _R f(x,y)\ dA,\end {equation*}


    𝑧    =    2    −    𝑥    −    𝑦  


$xy$


$R$


$[-1,1]\times [0,4]$


        ∬    𝑅     𝑥      𝑒      𝑒      𝑒    𝑦         𝑑    𝐴   


$f$


$f$


$R =[a,b]\times [c,d]$


$A(x) = \int _c^d f(x,y) dy$


    (    0    ,    0    )    ,    (    0    ,    1    )    ,    (    1    ,    0    )  


    𝑓    (    𝑥    ,    𝑦    )  


    𝑓  


$f(x,y)\geq 0$


$f(x,y)$


\begin {equation*}R = [a,b]\times [c,d] = \{(x,y) \in \R ^2 \mid a\leq x \leq b, c\leq y \leq d\}\end {equation*}


$x+2y-2z=2$


$g(x,y,z)=c_1, h(x,y,z)=c_2$


    ∇    𝑓    (    𝑥    ,    𝑦    ,    𝑧    )    =    𝜆    ∇    𝑔    (    𝑥    ,    𝑦    ,    𝑧    )  


$R$


$R$


$g(x,y)=c$


    𝑥    𝑦  


$y=-0.5x^2+3$


    ⟨    1    ,    2    ,    0    ⟩    ×    ⟨    3    ,      −    1     ,    0    ⟩  


$\bu =\langle u_1,u_2,u_3\rangle $


$\bu =\vecthree {1}{1}{4}$


    u    =    ⟨      𝑢    1     ,      𝑢    2     ,    …    ,      𝑢    𝑛     ⟩  


$xy$


\begin {equation*}x^2+y^2=1?\end {equation*}


    𝑚  


$f:\R \to \R $


    𝑓  


$Df(a,b)$


$(a,b)$


$(x,y)$


    𝑓    (    𝑎    ,    𝑏    )  


$(x,y)$


$f(a,b)$


$f(a,b)$


$f(x,y)$


    ∇    𝑓    (    𝑎    ,    𝑏    )  


    (    0    ,    0    )  


$\R ^3$


    𝑧    =      𝑥    2     −      𝑦    2   


    𝑓    (    𝑥    ,    𝑦    ,    𝑧    )  


      𝐷    u     ℎ  


$(2,0)$


    ∇    ℎ  


$h(x,y) = 4-\dfrac {1}{4}x^2 -\dfrac {1}{4}y^2$


    p    =    (    1    ,    2    ,    1    )  


$g(x,y,z) = x^2+4xy^2 +z^2$


    𝑓    (    𝑥    ,    𝑦    )    =    ln    (      𝑥    2     +      𝑦    2     )    ,    p    =    (    −    1    ,    1    )    ,    u    =      ⟨        1      5       ,          −    2       5       ⟩   


    p    ∈      ℝ    𝑛   


$f$


    𝐻    𝑓    (    𝑎    ,    𝑏    )    =        [                𝑓      𝑥    𝑥      (    𝑎    ,    𝑏    )         𝑓      𝑦    𝑥      (    𝑎    ,    𝑏    )            𝑓      𝑥    𝑦      (    𝑎    ,    𝑏    )         𝑓      𝑦    𝑦      (    𝑎    ,    𝑏    )          ]    


    𝑓    (    𝑥    ,    𝑦    )    =        5    𝑥    −    𝑦    


$Q(x,y)$


    𝑄    (    𝑥    ,    𝑦    )    =    𝑓    (    𝑎    ,    𝑏    )    +      [                𝑓    𝑥     (    𝑎    ,    𝑏    )         𝑓    𝑦     (    𝑎    ,    𝑏    )          ]         [              𝑥    −    𝑎          𝑦    −    𝑏          ]     +          1    2       𝑓      𝑥    𝑥      (    𝑎    ,    𝑏    )    (    𝑥    −    𝑎      )    2     +      𝑓      𝑥    𝑦      (    𝑎    ,    𝑏    )    (    𝑥    −    𝑎    )    (    𝑦    −    𝑏    )    +      𝑓      𝑦    𝑥      (    𝑎    ,    𝑏    )    (    𝑥    −    𝑎    )    (    𝑦    −    𝑏    )    +      1    2       𝑓      𝑦    𝑦      (    𝑎    ,    𝑏    )    (    𝑦    −    𝑏      )    2     


$(a,b)$


$(a,b,f(a,b))$


$\pgfmathresult $


$\pgfmathresult $


$\pgfmathresult $


$\pgfmathresult $


$\pgfmathresult $


$P(x_0,y_0,z_0)$


$S$


    (    1    ,    2    )  


$f(x,y)=e^{xy}$


    u  


$\bp $


$f:\R ^n\to \R $


      𝐷    k     𝑓    =  


$D_\bj f=$


\begin {equation*}D_\bu f(\bp ) = \phantom {\hspace {1.5cm} \dfrac {\hspace {8cm}}{\hspace {8cm}}}\end {equation*}


$\bp $


      𝑥    2     +      𝑦    2     +      𝑧    2     =    4  


$\pdev {z}{y}$


$y$


    𝐹    (    𝑥    ,    𝑦    ,    𝑧    )    =    𝑐  


      𝑊    𝑠     (    1    ,    0    )  


\begin {align*}u(1,0)&=2 &v(1,0) &=3 \\ u_s(1,0)&=-2 &v_s(1,0) &=5 \\ u_t(1,0)&=6 &v_t(1,0) &=4 \\ F_u(2,3)&=-1 &F_v(2,3) &=10 \\\end {align*}


    𝑊    (    𝑠    ,    𝑡    )    =    𝐹    (    𝑢    (    𝑠    ,    𝑡    )    ,    𝑣    (    𝑠    ,    𝑡    )    )  


$t=2$


    r    (    𝑡    )    =    ⟨    𝑡    +    1    ,    2    −      𝑡    2     ⟩  


$h(x,y)=4-\dfrac {1}{4}x^2-\dfrac {1}{4}y^2$


    𝐷    (    𝑓    (    𝑔    (    x    )    )    )    =    𝐷    𝑓    (    𝑔    (    x    )    )    𝐷    𝑔    (    x    )    .  


$D_\bk f=$


\begin {equation*}D_\bu f(\bp ) = \phantom {\hspace {1.5cm} \dfrac {\hspace {8cm}}{\hspace {8cm}}}\end {equation*}


    𝑓    ∶      ℝ    𝑛     →    ℝ  


$x$


      𝑓    𝑥   


$z=f(x,y)$


    ⟨    −    1    ,    1    ⟩  


$(2,1)$


$(a,b)$


$f:\R ^2\to \R $


    𝐷  


$f_{yx}$


$D$


$f_{xy}$


      𝑓      𝑦    𝑦    


$f_{yx},$


      𝑓      𝑥    𝑥    


$g(x,y) = \sqrt {5x-y}$


$f(x,y)=3x^2y+x-2y$


    f    (    𝑠    ,    𝑡    )    =    ⟨      𝑠    2     +    𝑡    ,    2    𝑠    −    𝑡    ,    𝑠    𝑡    ⟩  


    𝑓    (      𝑥    1     ,    …    ,      𝑥    𝑛     )    =      [                𝑓    1     (      𝑥    1     ,    …    ,      𝑥    𝑛     )          ⋮            𝑓    𝑚     (      𝑥    1     ,    …    ,      𝑥    𝑛     )          ]   


$f: \R ^n\to \R ^m$


$f(1.1,1.1)$


    𝐿    (    x    )    =        𝑓    (    a    )    +    𝐷    𝑓    (    a    )    (    x    −    a    )    


$f(x)=f(a)+f'(a)(x-a)$


    𝑓    (    x    )    −    𝑓    (    a    )  


$\ba =(a_1,\ldots , a_n)$


    𝑓    (    𝑥    ,    𝑦    )    =    5      𝑥    2     +    2    𝑥    𝑦    +    3      𝑦    3     .  


$f_y$


      𝑓    𝑥     (    𝑥    ,    𝑦    )    =      lim      ℎ    →    0                             𝑓    𝑦     (    𝑥    ,    𝑦    )    =      lim      ℎ    →    0                       


$y$


$D$


    (    𝑎    ,    𝑏    )  


$f_{yx}$


    𝑓    (    𝑥    ,    𝑦    )    =        5    𝑥    −    𝑦    


$f_{yy}$


$f_{xx}$


      𝑓    𝑥     (    1    ,    2    )  


      𝑓    𝑥     (    𝑥    ,    𝑦    )    =      lim      ℎ    →    0                             𝑓    𝑦     (    𝑥    ,    𝑦    )    =      lim      ℎ    →    0                       


      𝑓    𝑥   


$y$


    (    𝑥    ,    𝑦    )  


\begin {equation*}h(x,y) = 4-\dfrac {1}{4}x^2-\dfrac {1}{4}y^2\end {equation*}


\begin {equation*}\lim _{(x,y)\to (0,0)} \frac {x^2y}{x^4+y^2}\end {equation*}


        lim      (    𝑥    ,    𝑦    )    →    (    0    ,    0    )            𝑥    2         𝑥    2     +      𝑦    2      


        lim      (    𝑥    ,    𝑦    )    →    (    2    ,    0    )                2    𝑥    −    𝑦      −    2       2    𝑥    −    𝑦    −    4     


    𝑓    (    𝑥    ,    𝑦    )  


$(x_0,y_0)$


        lim      (    𝑥    ,    𝑦    )    →    (      𝑥    0     ,      𝑦    0     )        𝑓    (    𝑥    ,    𝑦    )    =    𝐿   


    (    𝑥    ,    𝑦    ,    𝑧    )  


$z=x^2-y^2$


    𝑧    =    𝑓    (    𝑥    ,    𝑦    )    =    4    −    2    𝑥    −      𝑦    2   


$f(x,y) = x^2-y^2$


    𝑧  


$f$


    ℎ    (    𝑥    ,    𝑦    )    =    4    −        1    4        𝑥    2     −        1    4        𝑦    2   


$D$


    𝑧    =    𝑓    (    𝑥    ,    𝑦    )  


$\R ^3$


$h(x,y)=\sqrt {4-x^2-y^2}$


\begin {equation*}f: D \to \R , \text { where } D \subseteq \R ^2\end {equation*}


    (    𝑥    ,    𝑦    )  


    r    (    𝑡    )    =    ⟨    4      cos    (    𝑡    )    ,    4      sin    (    𝑡    )    ⟩    ,    0    ≤    𝑡    ≤    2    𝜋  


$\R ^2$


    𝑠  


      𝑡    0   


    r    (    𝑡    )    =    ⟨    ln    (    𝑡    )    ,      2     𝑡    ,      1    2       𝑡    2     ⟩    ,      𝑡    >    0  


    (    2    ,    4    ,    8    )  


$(1,1,1)$


    r    (    𝑠    )    =      ⟨    4      cos        (      𝑠    4     )     ,    4      sin        (      𝑠    4     )     ⟩     ,      0    ≤    𝑠    ≤    8    𝜋    .  


    (    0    ,    0    )  


$t$


$s$


$\bT (t)=$


$\br (t)$


    𝐿    =    �  


$\br (t)=\langle x(t),y(t),z(t)\rangle $


    𝑡    =    0  


    0    ≤    𝑡    ≤    2    𝜋  


    r    (    𝑡    )    =    ⟨    2      cos    (    𝑡    )    ,    2      sin    (    𝑡    )    ⟩    ,  


$t$


$\br (t)=\langle x(t),y(t),z(t)\rangle $


$[0,2\pi ]$


$\br (0)=\langle 0,0,0\rangle $


$\displaystyle \int _0^1 \langle t, e^{2t},\sec ^2(t)\rangle \ dt$


    𝑡    =    2  


$\br (t)=\langle 2t-\frac {1}{2}t^2+1,t-1\rangle $


      r    ″     (    𝑡    )  


    r    (    𝑡    )  


    r    (    𝑡    )    =    𝑡    i    −        1        𝑡    2     −    4       j    +    sin    (    𝑡    )    k  


        lim      𝑡    →    𝑒      ⟨      𝑡    2     ,    2    ,    ln    (    𝑡    )    ⟩   


    𝐶  


$\br $


$C$


$C$


$(1,10,100)$


$\R ^3$


    𝑃    =    (    −    8    ,    0    ,    2    )  


$x-y=0$


$\R ^3$


$\bn $


$z$


$Q=(-2,1,1)$


      ℝ    2   


$\vecthree {1}{2}{0}\times \vecthree {3}{-1}{0}$


$\R ^3$


    𝑥    𝑦  


$(3,2,-2)$


\begin {equation*}x^2+y^2=1?\end {equation*}


    (    𝑥    ,    𝑦    ,    𝑧    )    ∈      ℝ    3   


    𝑛  


$m$


$\bv =\langle v_1,v_2,v_3\rangle $


    u    =    ⟨    1    ,    1    ,    4    ⟩  


    [    0    ,    4    ]    ×    [    0    ,    2    ]  


$x+2y-z=4$


\begin {equation*}\text {flux of $\bF $ through $S$}=\iint _S (\bF \cdot \bn )\ d\sigma = \iint _R \bF (\br (u,v))\cdot (\br _u\times \br _v)\ dA.\end {equation*}


    r    (    𝑢    ,    𝑣    )  


$S$


      ℝ    3   


    𝛿    (    𝑥    ,    𝑦    ,    𝑧    )    =    6    𝑥    𝑦  


$x+y+z=1$


$\|\br _u \times \br _v\|$


    (    𝑢    ,    𝑣    )    ∈    𝐷  


$\br (u,v)=\langle x(u,v), y(u,v),z(u,v)\rangle $


    𝑧    =    0  


$x^2+y^2=25$


      ℝ    3   


$uv$


$\br _u\times \br _v$


    𝑦    𝑧  


$x=y^2+\frac {1}{2}z^2-2$


    F  


$\iint _S \bF \cdot \bn \ d\sigma >0$


$\bF $


$S$


    F  


$R$


    r    (    𝑢    ,    𝑣    )  


$S$


$\R ^3$


$S$


    𝐹    (    𝑥    ,    𝑦    )    =    0  


    𝑧    =    𝑓    (    𝑥    ,    𝑦    )  


$y=f(x)$


    ∇    =      ⟨          𝜕         𝜕    𝑥       ,          𝜕         𝜕    𝑦       ,          𝜕         𝜕    𝑧       ⟩   


$\R ^n$


    ∇    ×    F  


    F    =    𝑃    i    +    𝑄    j  


$\R ^3$


    (    3    ,    −    2    )  


$x^5-5x^2y^2-7x^2=0$


$\curl \bF =$


$\bF $


    ⟨    𝑥    𝑦    +    𝑦    𝑧    ,      𝑥    2     +    𝑥    𝑧    +      𝑒    𝑦     ,    𝑥    𝑦    +      𝑧    2     ⟩  


$(3,2)$


$\int _C \langle x,y\rangle \cdot d\br $


\begin {equation*}\int _C\nabla f\cdot \bT \ ds = f(B)-f(A)\end {equation*}


$C$


    𝐴  


$\bF $


$\bF (x,y)=\langle x,y\rangle $


$\bF $


\begin {equation*}\int _C \bF \cdot d\br =\end {equation*}


      ∫      (    0    ,    1    ,    2    )       (    3    ,    1    ,    1    )      F    ⋅    T      𝑑    𝑠      or        ∫      (    𝑎    ,    𝑏    )       (    𝑐    ,    𝑑    )      F    ⋅    𝑑    r    .  


$B$


$C$


          𝑥    2     9      +          𝑦    2     36      =    1  


$\bv =\langle 3+2y-y^2/3,0\rangle $


$\int _C \bF \cdot \bn \ ds = \pm \int _a^b \bF (\br (t))\cdot \langle y'(t),-x'(t)\rangle \ dt$


      𝑥    ′     (    𝑡    )  


$C$


    n  


$\br '(t)$


$a\leq t\leq b$


$\bF (x,y)=\langle -y, x\rangle $


$C$


$\bF $


    𝑥    ,    𝑦  


$(1,0)$


    F    (    𝑥    ,    𝑦    )    =    ⟨    𝑥    ,    𝑦    ⟩  


    𝐶  


    (    𝑎    ,    𝑏    ,    𝑐    )  


$\bF (a,b,c)$


$\bF :\R ^n\to \R ^n$


$\int _C x^2+y^2\ ds$


    𝑦    =      𝑥    2     +    1  


$C$


$C$


      ∫    𝐶     𝑓    (    𝑥    ,    𝑦    ,    𝑧    )      𝑑    𝑠    =      ∫    𝑎    𝑏     𝑓    (    r    (    𝑡    )    )    ‖      r    ′     (    𝑡    )    ‖      𝑑    𝑡  


    𝑎    ≤    𝑡    ≤    𝑏  


$\br (t)$


    0    ≤    𝑡    ≤    𝑏    −    𝑎  


$\br (b-t)$


    −    𝑏    ≤    𝑡    ≤    −    𝑎  


$\br (-t)$


    𝑎    ≤    𝑡    ≤    𝑏  


$a/2 \leq t\leq b/2$


$f$


    𝑓    =    𝛿  


      ∫    𝐶     𝑓    (    𝑥    ,    𝑦    )      𝑑    𝑠    =          lim      𝑛    →    ∞        ∑      𝑘    =    1     𝑛     𝑓    (      𝑥    𝑘     ,      𝑦    𝑘     )    Δ      𝑠    𝑘     =      ∫    𝑎    𝑏     𝑓    (    r    (    𝑡    )    )      ‖      r    ′     (    𝑡    )    ‖      𝑑    𝑡    


$\R ^2$


$h(x,y)=2x+y^2$


    (    0    ,    0    )  


$\bT $


    𝑓    (    T    (    𝑢    ,    𝑣    )    )    |    det    (    𝐷    T    (    𝑢    ,    𝑣    )    )    |  


$R$


    𝑦    =    2    −    𝑥  


$y=x, y=3x, y=1-x,$


$\DS \iint _R \dfrac {y(x+y)}{x^3}$


\begin {equation*}|\det (D\bT (u_0,v_0))|=\frac {1}{|\det (D\bT ^{-1}(x_0,y_0))|}\end {equation*}


$xy$


$uv$


    T    (    𝑢    ,    𝑣    )  


$G$


$\bT $


        ∫    1      3        1        4    −      𝑥    2          𝑑    𝑥   


    𝑣    =      𝑦    3   


$u=e^{(2x-y)^2}$


    𝑢    =    2    𝑥    −    𝑦  


$\bT : G\to \R ^n$


$x^2+y^2\leq 2$


    𝑥    =    𝑟      cos    (    𝜃    )  


$y=6-4x$


    T    ∶      ℝ    2     →      ℝ    2   


      𝑥    2     +      𝑦    2     +      𝑧    2     =    2  


$z=\sqrt {3}\sqrt {x^2+y^2}$


$dV=\blank {7cm}$


\begin {equation*}B=\{(\rho ,\varphi ,\theta ) \mid 1\leq \rho \leq 2,\ 0\leq \varphi \leq \pi /4,\ \pi /6 \leq \theta \leq \pi /3 \}.\end {equation*}


    𝑥    𝑦    𝑧  


\begin {align*}\rho ^2&=x^2+y^2+z^2\\ \tan (\theta )&=\frac {y}{x}\\ \tan (\varphi )&=\frac {\sqrt {x^2+y^2}}{z}\end {align*}


\begin {align*}x&=\rho \sin (\varphi )\cos (\theta )\\ y&=\rho \sin (\varphi )\sin (\theta )\\ z&=\rho \cos (\varphi )\end {align*}


$x^2+y^2=4$


    𝑥    𝑦  


$z=x+2$


$dV=\blank {5cm}$


$\R ^3$


    𝛿    (    𝑟    ,    𝜃    ,    𝑧    )    =    𝑧  


$z\geq 0$


\begin {equation*}B=\{(r,\theta ,z) \mid 1\leq r\leq 2,\ \pi /6 \leq \theta \leq \pi /3,\ 0\leq z \leq 2 \}.\end {equation*}


    (    2    ,    5    𝜋    /    4    ,    1    )  


$z$


$f$


    ℎ    (    𝑥    ,    𝑦    )    =    4    −        1    4        𝑥    2     −        1    4        𝑦    2   


$(x,y)$


$f$


$\bT , \bN , \kappa $


    𝜅    (    𝑡    )    =  


    T    (    𝑠    )  


$t$


    r    (    𝑡    )    =    ⟨    4      cos    (    𝑡    )    ,    4      sin    (    𝑡    )    ⟩    ,    0    ≤    𝑡    ≤    2    𝜋  


$4$


$s=1$


$t$


    r    (    𝑡    )    =    ⟨    ln    (    𝑡    )    ,      2     𝑡    ,      1    2       𝑡    2     ⟩    ,      𝑡    >    0  


    (    2    ,    4    ,    8    )  


    r    (    𝑡    )    =    𝑡    i    +      𝑡    2     j    +      𝑡    3     k  


    r    (    𝑡    )    =    ⟨    𝑥    (    𝑡    )    ,    𝑦    (    𝑡    )    ,    𝑧    (    𝑡    )    ⟩  


    𝑡    =    0  


$0\leq t \leq 2\pi $


$t$


    r    (    0    )    =    ⟨    0    ,    0    ,    0    ⟩  


$\|\br '(t)\|$


$\br (t)$


$\displaystyle \lim _{t\to e} \langle t^2,2,\ln (t)\rangle $


    [    0    ,    2    𝜋    ]  


      r    1     (    𝑡    )    =    ⟨    cos    (    𝑡    )    ,    sin    (    𝑡    )    ,    𝑡    ⟩  


$C$


$C$


$\R ^2$


    𝑥    ,    𝑦    ,  


    𝑃    =    (    −    8    ,    0    ,    2    )  


    𝑦    −    𝑧    =    −    2  


    r    (    𝑡    )    =    ⟨    1    ,    4    ,    −    3    ⟩    𝑡    +    ⟨    0    ,    −    1    ,    1    ⟩  


$\R ^3$


$P=(1,0,2)$


    u    ×    v    =    �  


    u    =    ⟨      𝑢    1     ,      𝑢    2     ,      𝑢    3     ⟩  


    u    =    ⟨    1    ,    1    ,    4    ⟩  


$\bv =\langle v_1,v_2,\ldots ,v_n\rangle $


$xy$


\begin {equation*}x^2+y^2=1?\end {equation*}


    𝑚  


$f:\R \to \R $


      ∭    𝐷     1      𝑑    𝑉    =    �  


    �    ∶      ∭    𝐷     𝑓    (    𝑥    ,    𝑦    ,    𝑧    )      𝑑    𝑉  


    𝐷  


\begin {equation*}\sum _{k=1}^n f(x_k,y_k,z_k) \Delta V_k,\end {equation*}


$f$


    𝑓    (    𝑥    ,    𝑦    ,    𝑧    )  


$\R ^3$


$\DS \int _0^1 \int _0^2\int _0^3\ dz\ dy\ dx$


$xy$


    (    𝑥    ,    𝑦    )  


$(x,y)=(-1,1)$


$r$


    𝑥  


$f(x,y)$


$R$


    Area    (    𝑅    )    =    �  


$R$


$y=\sqrt {x}, y=0,$


      ∬    𝑅     1      𝑑    𝐴  


$R$


$z=2-x-y$


    𝑅  


$\DS \iint _R xe^{e^{e^{y}}}\ dA$


      ∫    𝑐    𝑑     𝑓    (    2    ,    𝑦    )    𝑑    𝑦  


$R =[a,b]\times [c,d]$


    𝑥    𝑦  


$(0,0), (0,1), (1,0)$


    𝑅  


$f(x,y)$


$f$


$S$


    𝑓    (    𝑥    ,    𝑦    ,    𝑧    )    =      𝑥    2     +      𝑦    2     +      𝑧    2   


    ∇    𝑓    (    𝑥    ,    𝑦    ,    𝑧    )    =    𝜆    ∇    𝑔    (    𝑥    ,    𝑦    ,    𝑧    )    +    𝜇    ∇    ℎ    (    𝑥    ,    𝑦    ,    𝑧    )  


    𝑔    (    𝑥    ,    𝑦    ,    𝑧    )    =    𝑐  


$\nabla f(x,y,z)=\lambda \nabla g(x,y,z)$


    𝑓    (    𝑥    ,    𝑦    ,    𝑧    )  


$f$


    𝑓    (    𝑥    ,    𝑦    )  


$xy$


$\vecthree {1}{2}{0}\times \vecthree {3}{-1}{0}$


    v    =    ⟨      𝑣    1     ,      𝑣    2     ,      𝑣    3     ⟩  


    v    =    ⟨      −    3     ,      −    1     ,    1    ⟩  


$\bu =\langle u_1,u_2,\ldots ,u_n\rangle $


    (    3    ,    2    ,    −    2    )  


    (    𝑥    ,    𝑦    ,    𝑧    )    ∈      ℝ    3   


$m$


    𝑓    (    𝑥    )    =    2      𝑥    2     −    6  


$f$


$f$


$(a,b)$


$f(a,b)$


$f(a,b)$


    ∇    𝑓    (    𝑎    ,    𝑏    )    =    ⟨    0    ,    0    ⟩  


$\nabla f(a,b)$


$(0,0)$


$z=x^2-y^2$


    ∇    𝑓    (    𝑎    ,    𝑏    ,    𝑐    )  


$f(x,y,z)$


      u    1     =    i    ,      u    2     =    j    ,      u    3     =    ⟨      1      2      ,      1      2      ⟩  


$D_\bu h$


    (    2    ,    0    )    ,    (    0    ,    4    )  


$\nabla h$


    u  


$\bp =(1,2,1)$


$f(x,y) = \ln (x^2+y^2), \bp =(-1,1), \textbf {u} = \left \langle \dfrac {1}{\sqrt {5}}, \dfrac {-2}{\sqrt {5}}\right \rangle $


    p  


    ∇    𝑓    (    p    )    =    


$\bp \in \R ^n$


    𝑄    (    𝑥    ,    𝑦    )    =    𝑓    (    𝑎    ,    𝑏    )    +    𝐷    𝑓    (    𝑎    ,    𝑏    )    ⟨    𝑥    −    𝑎    ,    𝑦    −    𝑏    ⟩    +        ⟨    𝑥    −    𝑎    ,    𝑦    −    𝑏      ⟩    𝑇     𝐻    𝑓    (    𝑎    ,    𝑏    )    ⟨    𝑥    −    𝑎    ,    𝑦    −    𝑏    ⟩    


\begin {equation*}Hf(a,b)=\phantom {\begin {bmatrix} f_{xx}(a,b) & f_{yx}(a,b) \\ f_{xy}(a,b) & f_{yy}(a,b) \end {bmatrix}}\end {equation*}


    𝑓    (    𝑥    ,    𝑦    )  


    (    1    ,    1    )  


$f(x,y)=\sqrt {5x-y}$


\begin {equation*}Q(x,y)=f(a,b)+\begin {bmatrix} f_x(a,b) & f_y(a,b)\end {bmatrix}\begin {bmatrix} x-a \\ y-b \end {bmatrix}+\phantom {\frac {1}{2}f_{xx}(a,b)(x-a)^2+f_{xy}(a,b)(x-a)(y-b)+f_{yx}(a,b)(x-a)(y-b)+\frac {1}{2}f_{yy}(a,b)(y-b)^2}\end {equation*}


    −    4  


    𝐹    (    𝑥    ,    𝑦    ,    𝑧    )    =    𝑘  


      𝑥    2     +      𝑦    2     +    𝑧    =    10    ,    𝑃    =    (    −    1    ,    3    ,    0    )  


    u    =    ⟨    1    /      5     ,    2    /      5     ⟩  


$(1,2)$


      𝐷    u     𝑓    (    p    )    =    


$\bu $


$\bp $


$D_\bk f=$


$x^2+y^2+z^2=4$


    𝑧  


$F(x,y,z)=c$


      𝑊    𝑡     (    1    ,    0    )  


$W_s(1,0)$


    𝐹    ,    𝑢    ,    𝑣  


$W(s,t)=F(u(s,t),v(s,t))$


    𝑓    (    𝑡    )    =      [                1    4       𝑡    2     +    2    𝑡          sin    (    𝜋    𝑡    )    −    𝑡          𝑡    +    1          ]         𝑔    (    𝑥    ,    𝑦    ,    𝑧    )    =      𝑥    2     𝑦    𝑧    −    𝑦    −    𝑧    .  


    𝑡    =    1  


$\br (t)=\langle t+1,2-t^2\rangle $


\begin {equation*}D(f(g(\bx )))=Df(g(\bx ))Dg(\bx ).\end {equation*}


    𝑓    ∶      ℝ    𝑝     →      ℝ    𝑚   


      𝐷    i     𝑓    =  


    p  


$f:\R ^n\to \R $


$y$


      𝑓    𝑦   


$f_x$


$\langle -1,1\rangle $


    𝑓    (    𝑥    ,    𝑦    )    =      {            1       𝑥    𝑦    =    0          0       𝑥    𝑦    ≠    0         


    (    𝑎    ,    𝑏    )  


$(a,b)$


$(a,b)$


    𝑓    (    𝑠    ,    𝑡    )    =      [                𝑠    2     +    𝑡          2    𝑠    −    𝑡          𝑠    𝑡          ]   


$D$


    (    𝑎    ,    𝑏    )  


$f_{yx}$


    𝑓    (    𝑥    ,    𝑦    )    =        5    𝑥    −    𝑦    


$f_{yy}$


$f_{xx}$


$\bbf (s,t)=\langle s^2+t,2s-t,st\rangle $


$f(x,y,z)=2xyz-z^2y$


$f(x,y)=\sqrt {5x-y}$


    r    (    𝑡    )    =    ⟨    cos    (    𝑡    )    ,    sin    (    𝑡    )    ,    𝑡    ⟩  


      ℝ    𝑛     →      ℝ    𝑚   


$f(x_1,\ldots , x_n)=\begin {bmatrix} f_1(x_1,\ldots , x_n) \\ \vdots \\ f_m(x_1,\ldots , x_n) \end {bmatrix}$


$f(x,y)=\sqrt {5x-y}$


\begin {equation*}L(\bx )=\phantom {f(\ba )+Df(\ba )(\bx -\ba )}\end {equation*}


    𝑓    ∶      ℝ    𝑛     →      ℝ    𝑚   


    a  


$f(\bx )-f(\ba )$


\begin {equation*}f(x,y)=5x^2+2xy+3y^3.\end {equation*}


\begin {equation*}f_x(x,y) = \lim _{h\to 0} \dfrac {\hspace {5cm}}{\ } \qquad f_y(x,y) = \lim _{h\to 0} \dfrac {\hspace {5cm}}{\ }\end {equation*}


$f_x$


    𝑓  


    𝑓    ,      𝑓    𝑥     ,      𝑓    𝑦     ,      𝑓      𝑥    𝑦    


$(a,b)$


    𝑓  


$f(x,y)=\sqrt {5x-y}$


$f_{xy}$


      𝑓    𝑦     (    1    ,    2    )  


$f_x(1,2)$


\begin {equation*}f_x(x,y) = \lim _{h\to 0} \dfrac {\hspace {5cm}}{\ } \qquad f_y(x,y) = \lim _{h\to 0} \dfrac {\hspace {5cm}}{\ }\end {equation*}


      𝑓    𝑦   


$f_x$


$f$


$x$


    (    2    ,    1    ,    11    /    4    )  


$(x,y)$


    (      𝑥    0     ,      𝑦    0     )  


$\displaystyle \lim _{(x,y)\to (0,0)} \frac {x^2}{x^2+y^2}$


$\displaystyle \lim _{(x,y)\to (2,0)} \dfrac {\sqrt {2x-y}-2}{2x-y-4}$


    (      𝑥    0     ,      𝑦    0     )  


$f(x,y)$


$\displaystyle \lim _{(x,y)\to (x_0,y_0)}f(x,y)=L$


    𝑔    (    𝑥    ,    𝑦    ,    𝑧    )    =    2      𝑥    2     +      𝑦    2     +      𝑧    2   


    𝑓    ∶    𝐷    →    ℝ    ,     where     𝐷    ⊆      ℝ    3   


    𝐷  


$(x,y,z)$


    𝑧    =    𝑓    (    𝑥    ,    𝑦    )    =    4    −    2    𝑥    −      𝑦    2   


$z=f(x,y) = 4-2x-y^2$


$z$


$f$


    (    𝑥    ,    𝑦    )  


$h(x,y) = 4-\dfrac {1}{4}x^2-\dfrac {1}{4}y^2$


$z = f(x,y)$


$f$


$f$


    𝑓    ,    𝑔  


    𝑓    (    𝑥    ,    𝑦    )    =      𝑥    2     +      𝑦    2     ,      𝑔    (    𝑥    ,    𝑦    )    =    ln    (    𝑥    +    𝑦    )    ,      ℎ    (    𝑥    ,    𝑦    )    =    ℎ    (    𝑥    ,    𝑦    )    =        4    −      𝑥    2     −      𝑦    2       .  


    𝐷  


$(x,y)$


    T    ,    N    ,    𝜅  


$\br (t)=\langle 4\cos (t),4\sin (t)\rangle , 0\leq t\leq 2\pi $


    𝑠    =    0  


$s$


    𝑠    (    𝑡    )    =    �  


    𝑡  


$t_0$


    𝑡    =    1  


\begin {equation*}\br (t)=\langle \ln (t),\sqrt {2}t,\frac {1}{2}t^2\rangle , \qquad t>0\end {equation*}


$(2,4,8)$


    T  


    T    (    𝑠    )  


\begin {equation*}\br (s)=\left \langle 4\cos \left (\frac {s}{4}\right ),4\sin \left (\frac {s}{4}\right )\right \rangle , \qquad 0\leq s\leq 8\pi .\end {equation*}


$(0,0)$


$\bT $


    N    (    𝑡    )    =  


\begin {equation*}L=\blank {8cm}\end {equation*}


    𝑡    =    𝜋  


$t=0$


$0\leq t \leq 2\pi $


\begin {equation*}\br (t)=\langle 2\cos (t), 2\sin (t) \rangle ,\end {equation*}


      r    1     (    𝑡    )    =    ⟨    cos    (    𝑡    )    ,    sin    (    𝑡    )    ,    𝑡    ⟩  


$t=2$


$\br ''(t)$


    |      r    ′     (    𝑡    )    |  


    𝑡  


$\br (t)$


$\br (t)=\langle 2t-\frac {1}{2}t^2+1,t-1\rangle $


$\br (t)=t\bi -\dfrac {1}{t^2-4}\bj +\sin (t)\bk $


$\displaystyle \lim _{t\to e} \langle t^2,2,\ln (t)\rangle $


$C$


      ℝ    2   


    ℓ    (    𝑡    )    =    ⟨    2    𝑡    +    1    ,    3    −    𝑡    ,    𝑡    −    1    ⟩    ,      −    ∞    ≤    𝑡    ≤    ∞  


$P=(-8,0,2)$


$\R ^3$


$\R ^2$


    𝑥  


$xy$


$(x,y,z)\in \R ^3$


$n$


    𝑓    ∶    ℝ    →    ℝ  


    u    ×    v    =    �  


    v    =    ⟨      −    3     ,      −    1     ,    1    ⟩  


$\bu =\vecthree {1}{1}{4}$


    u    =    ⟨      𝑢    1     ,      𝑢    2     ,    …    ,      𝑢    𝑛     ⟩  


    𝑥    𝑦  


$[0,4]\times [0,2]$


    𝑆  


$\br (u,v)$


    F  


$\R ^3$


$\delta (x,y,z)=6xy$


$(u,v)\in D$


    𝑧    =    1  


$z=0$


    Area    (    𝑆    )    =  


$\R ^3$


      r    𝑢     ,      r    𝑣   


$yz$


    n  


$\bF $


\begin {equation*}\text {flux of $\bF $ through $S$}=\iint _S (\bF \cdot \bn )\ d\sigma = \iint _R \bF (\br (u,v))\cdot (\br _u\times \br _v)\ dA.\end {equation*}


$\br (u,v)$


    𝑦  


    r    (    𝑡    )    =    ⟨    𝑥    (    𝑡    )    ,    𝑦    (    𝑡    )    ⟩  


    𝐹    (    𝑥    ,    𝑦    ,    𝑧    )    =    0  


$F(x,y)=0$


$z=f(x,y)$


    F    =    ⟨    𝑥    𝑦    ,    2      𝑦    2     ,    𝑥    +    𝑧    ⟩  


    ∇    ×    F    =  


    𝑓    (    𝑥    ,    𝑦    ,    𝑧    )  


$\nabla =\left \langle \pdev {}{x}, \pdev {}{y}, \pdev {}{z}\right \rangle $


    div      F    =  


$\nabla \times \bF $


    ∇    ×    F    =    ∇    ×    ⟨    𝑃    ,    𝑄    ,    0    ⟩  


$\bF = P \bi +Q \bj $


    curl      F    =  


    (    3    ,    2    )  


$(3,-2)$


      ∫    𝐶     (    10      𝑥    4     −    2    𝑥      𝑦    3     )      𝑑    𝑥    −    3      𝑥    2       𝑦    2       𝑑    𝑦  


    F    =    𝑃    i    +    𝑄    j    +    𝑅    k  


$\langle xy+yz, x^2+xz+e^y, xy +z^2\rangle $


    ⟨    −    𝑦    ,    𝑥    ⟩  


$C$


    𝐵  


$A$


$\bF $


$f$


    F    =    ∇    𝑓  


$C$


$\bF $


\begin {equation*}\int _{(0,1,2)}^{(3,1,1)} \bF \cdot \bT \ ds \qquad \text {or}\qquad \int _{(a,b)}^{(c,d)} \bF \cdot d\br .\end {equation*}


$\bF $


$\bF $


$\dfrac {x^2}{9}+\dfrac {y^2}{36}=1$


      𝑦    ′     (    𝑡    )  


$x'(t)$


    r    (    𝑡    )  


$\bn $


      ∫    𝐶     F    ⋅    n      𝑑    𝑠    .  


    F    (    𝑥    ,    𝑦    )    =    ⟨    𝑥    ,    𝑦    ⟩  


$x,y$


    F  


$\bF (x,y)=\langle x, y\rangle $


$C$


$(a,b,c)$


$(a,b,c)$


    (    1    ,    2    )  


$y=x^2+1$


    r    (    𝑡    )    =    10    𝑡    i    +    10    𝑡    j  


$\int _C 2x+y^2\ ds$


$\int _C f(x,y,z)\ ds = \int _a^b f(\br (t))\|\br '(t)\|\
dt$


    𝑑    𝑠    =    ‖      r    ′     (    𝑡    )    ‖      𝑑    𝑡  


$a\leq t\leq b$


    𝑓    (    𝑥    ,    𝑦    )  


$0\leq t\leq b-a$


$-b\leq t\leq -a$


$a\leq t \leq b$


$C$


$C$


    r    (    𝑡    +    4    )  


$\br (t)$


$f=\delta $


    𝑓    =    1  


\begin {equation*}\int _C f(x,y)\ ds = \phantom {\lim _{n\to \infty } \sum _{k=1}^n f(x_k,y_k) \Delta s_k = \int _a^b f(\br (t))\ \|\br '(t)\|\
dt}\end {equation*}


    𝑓    (    𝑥    ,    𝑦    )  


    (    1    ,    1    )  


$(0,0)$


    𝑢  


$f(\bT (u,v))|\det (D\bT (u,v))|$


    𝐺  


    𝑢    =    𝑥    +    𝑦    ,    𝑣    =    𝑦    /    𝑥  


$y=2-x$


$R$


    𝑇    (      𝑢    0     ,      𝑣    0     )    =    (      𝑥    0     ,      𝑦    0     )  


$\bT (u,v)$


    𝑢    =    𝑥    −    𝑦    /    2    ,      𝑣    =    𝑦    /    2    .  


$R$


$G$


$\DS \int _{1}^{\sqrt {3}}\frac {1}{\sqrt {4-x^2}}\ dx$


$v=y^3$


    𝑣    =    𝑦  


$u=2x-y$


    𝑢    =    𝑦  


$u=2x-y$


    𝑢    =          𝑥    2     +      𝑦    2       ,    𝑣    =    arctan    (    𝑦    /    𝑥    )  


      ∫    0    2       ∫      𝑦    /    2       (    𝑦    +    4    )    /    2        𝑦    3     (    2    𝑥    −    𝑦    )      𝑒      (    2    𝑥    −    𝑦      )    2         𝑑    𝑥      𝑑    𝑦    ?  


    𝑥    =    𝑢    +    (    1    /    2    )    𝑣    ,      𝑦    =    𝑣    .  


    𝐺  


    𝑦    =    𝑟      sin    (    𝜃    )  


$x=r\cos (\theta )$


    [    0    ,    6    ]    ×    [    0    ,    2    ]  


$\bT : \R ^2\to \R ^2$


      𝑥    2     +      𝑦    2     =    1  


$x^2+y^2+z^2=2$


    𝐷  


$xyz$


    (    2    ,    𝜋    /    2    ,    𝜋    /    3    )  


$xy$


$\delta (r,\theta ,z)=z$


$(2,5\pi /4,1)$


    (    −    1    ,      3     ,    3    )  


      𝑟    2     =      𝑥    2     +      𝑦    2     ,      tan    (    𝜃    )    =      𝑦    𝑥     ,      𝑧    =    𝑧  


    𝑥    =    𝑟      cos    (    𝜃    )    ,      𝑦    =    𝑟      sin    (    𝜃    )    ,      𝑧    =    𝑧  


    𝑓    (    𝑥    ,    𝑦    )    =      𝑥    2     −      𝑦    2   


$f$


$h(x,y) = 4-\dfrac {1}{4}x^2-\dfrac {1}{4}y^2$


    𝑧    =    𝑓    (    𝑥    ,    𝑦    )  


$(x,y,z)$


    r    (    𝑡    )    =    ⟨    2      cos    (    𝑡    )    ,    2      sin    (    𝑡    )    ,    𝑡    −    1    ⟩  


$\kappa (t)=$


$\bT (s)$


    𝑠  


$\br (t)=\langle 4\cos (t),4\sin (t)\rangle , 0\leq t\leq 2\pi $


    𝑠    =    0  


      𝑡    0   


\begin {equation*}\br (t)=\langle \ln (t),\sqrt {2}t,\frac {1}{2}t^2\rangle , \qquad t>0\end {equation*}


$(2,4,8)$


$\br (t)=t\bi +t^2\bj +t^3\bk $


$\br (t)=\langle x(t),y(t),z(t)\rangle $


$t=0$


$\br (0)=\langle 0,0,0\rangle $


        ∫    0    1     ⟨    𝑡    ,      𝑒      2    𝑡      ,      sec    2     (    𝑡    )    ⟩      𝑑    𝑡   


$t=2$


      r    ″     (    𝑡    )  


      r    ′     (    𝑡    )  


$\br '(t)$


$[0,2\pi ]$


$\br _1(t)=\langle \cos (t),\sin (t),t\rangle $


    r  


$\br $


$t$


    𝑥    =      𝑧    2     +      𝑦    2   


$x,y,$


$P=(-8,0,2)$


$y-z=-2$


    n  


\begin {equation*}\br (t)=\langle 1,4,-3\rangle t +\langle 0,-1,1\rangle \end {equation*}


    𝑄    =    (    −    2    ,    1    ,    1    )  


    ⟨    1    ,    2    ,    0    ⟩    ×    ⟨    3    ,      −    1     ,    0    ⟩  


\begin {equation*}\bu \times \bv = \blank {10cm}\end {equation*}


$\bu =\langle u_1,u_2,u_3\rangle $


$\bu =\vecthree {1}{1}{4}$


    ⋅  


    u    =    ⟨      𝑢    1     ,      𝑢    2     ,    …    ,      𝑢    𝑛     ⟩  


    (    3    ,    2    ,    −    2    )  


    (    𝑥    ,    𝑦    ,    𝑧    )    ∈      ℝ    3   


$m$


    𝑓    (    𝑥    )    =    2      𝑥    2     −    6  


\begin {equation*}\iiint _D 1\ dV = \blank {6cm}\end {equation*}


\begin {equation*}\blank {8cm}: \iiint _D f(x,y,z)\ dV\end {equation*}


    Δ      𝑉    𝑘   


$D$


$D$


$f(x,y,z)$


    𝑟    =    2  


$(x,y)$


      𝑟    2     =      𝑥    2     +      𝑦    2         tan    (    𝜃    )    =      𝑦    𝑥   


    𝑥    =    𝑟      cos    (    𝜃    )      𝑦    =    𝑟      sin    (    𝜃    )  


    𝑦  


$x$


    𝑅  


      𝑓      𝑎    𝑣    𝑔      =    �  


$R$


    𝑦    =      𝑥     ,    𝑦    =    0    ,  


\begin {equation*}\text {Area}(R)=\blank {5cm}\end {equation*}


$R$


      ∫    0    1       ∫      −      𝑥        𝑥      𝑓    (    𝑥    ,    𝑦    )      𝑑    𝑦      𝑑    𝑥    +      ∫    1    4       ∫      𝑥    −    2       𝑥      𝑓    (    𝑥    ,    𝑦    )      𝑑    𝑦      𝑑    𝑥    .  


    𝑥    =    0    ,    𝑥    =    1    ,    𝑦    =    2    ,  


$\iint _R 1\ dA$


    (    0    ,    0    )    ,    (    1    ,    0    )    ,  


    (    0    ,    0    )    ,    (    0    ,    1    )    ,    (    1    ,    0    )  


    𝑓  


$R$


$R$


$R$


$f$


        ∫    1    2       ∫    3    4     6      𝑥    2     𝑦      𝑑    𝑦      𝑑    𝑥   


    =      ∫    𝑎    𝑏     𝐴    (    𝑥    )    𝑑    𝑥    =  


      ∫    𝑐    𝑑     𝑓    (    𝑥    ,    𝑦    )    𝑑    𝑦  


$\int _c^d f(2,y) dy$


    𝑧    =    2    −    𝑥    −    𝑦  


$xy$


      ∬    𝑅     𝑓    (    𝑥    ,    𝑦    )      𝑑    𝐴    =      lim      |    𝑃    |    →    0        ∑      𝑘    =    1     𝑛     𝑓    (      𝑥    𝑘     ,      𝑦    𝑘     )    Δ      𝑥    𝑘       Δ      𝑦    𝑘   


$R$


    𝑆  


$R$


$R$


      𝑥    2     +      𝑦    2     −    𝑧    =    3  


$f(x,y,z)=x^2+y^2+z^2$


      𝑧    2     =    𝑥    𝑦    +    4  


    𝑔    (    𝑥    ,    𝑦    ,    𝑧    )    =      𝑐    1     ,    ℎ    (    𝑥    ,    𝑦    ,    𝑧    )    =      𝑐    2   


$\nabla f(x,y,z)=\lambda \nabla g(x,y,z) + \mu \nabla h(x,y,z)$


    𝑓  


$g(x,y,z)=c$


$f(x,y,z)$


$f$


$f$


$f(x,y)$


      𝑥    2     ≤    𝑦    ≤    4  


    𝑓    (    𝑥    ,    𝑦    )    =    4      𝑥    2     −    4    𝑥    𝑦    +    2    𝑦  


    𝑓    (    𝑥    ,    𝑦    )  


    ℎ    (    𝑥    ,    𝑦    )    =    4    −        1    4        𝑥    2     −        1    4        𝑦    2   


$\R ^3$


$\bv =\langle v_1,v_2,v_3\rangle $


$\bv =\vecthree {-3}{-1}{1}$


    v    =    ⟨      𝑣    1     ,      𝑣    2     ,    …    ,      𝑣    𝑛     ⟩  


$x$


$(3,2,-2)$


$(x,y,z)\in \R ^3$


    𝑛  


    𝑓    ∶      ℝ    𝑛     →      ℝ    𝑚   


$f(x)=2x^2-6$


    𝑓    (    𝑥    ,    𝑦    )    =      𝑥    3     +      𝑦    3     −    3    𝑥    𝑦  


    𝐷    𝑓    (    𝑎    ,    𝑏    )    =  


    𝑓    (    𝑥    ,    𝑦    )  


$f(x,y)$


$(a,b)$


$f(x,y)$


$f$


$(a,b)$


$\nabla f(a,b)=\langle 0,0\rangle $


$f$


$\nabla f(a,b,c)$


$\bu _1=\bi , \bu _2=\bj , \bu _3=\langle \frac {1}{\sqrt {2}}, \frac {1}{\sqrt {2}}\rangle $


    (    −      2     ,    −      2     )  


$(2,0), (0,4)$


    i    +    2    j    −    k  


$\textbf {u}$


$\bp $


\begin {equation*}\nabla f(\bp ) = \hspace {6cm}\end {equation*}


    𝑓    ∶      ℝ    𝑛     →    ℝ  


\begin {equation*}Q(x,y)=f(a,b)+Df(a,b)\langle x-a,y-b\rangle + \phantom {\langle x-a,y-b\rangle ^T Hf(a,b)\langle x-a,y-b\rangle }\end {equation*}


    (    𝑎    ,    𝑏    )  


$f(x,y)$


$(1,1)$


$Q(x,y)$


$f(x,y)$


    𝑧    =    𝑓    (    𝑥    ,    𝑦    )  


$\pgfmathresult $


$\pgfmathresult $


$\pgfmathresult $


$\pgfmathresult $


$\pgfmathresult $


$\pgfmathresult $


    𝑆  


$F(x,y,z) = k$


    𝑧    =    4    −      𝑥    2     −    𝑦  


    (    −    2    ,    1    ,    −    1    )  


$x^2+y^2+z = 10, P=(-1,3,0)$


$\bu =\langle 1/\sqrt {5},2/\sqrt {5}\rangle $


\begin {equation*}D_\bu f(\bp ) =\hspace {6cm}\end {equation*}


    𝑓  


      𝐷    i     𝑓    =  


$\bu $


$f:\R ^n\to \R $


          𝜕    𝑧       𝜕    𝑥     


    𝑥  


$z$


$W_t(1,0)$


$F,u,v$


\begin {equation*}f(t)=\begin {bmatrix} \frac {1}{4}t^2+2t \\ \sin (\pi t)-t \\ t+1 \end {bmatrix} \qquad g(x,y,z)=x^2yz-y-z.\end {equation*}


    ℎ    (    𝑡    )    =    𝑔    (    𝑓    (    𝑡    )    )  


$t=1$


    𝑔    ∶      ℝ    𝑛     →      ℝ    𝑝   


$f:\R ^p \to \R ^m$


      𝐷    j     𝑓    =  


$D_\textbf {i}f =$


    u  


$\bp $


$f_y$


$z$


$h(x,y)=4-\dfrac {1}{4}x^2-\dfrac {1}{4}y^2$


    (    0    ,    0    )  


$f(x,y)=\begin {cases} 1 & xy=0 \\ 0 & xy\neq 0 \end {cases}$


$(a,b)$


    𝑓  


      lim      (    𝑥    ,    𝑦    )    →    (    𝑎    ,    𝑏    )            𝑓    (    𝑥    ,    𝑦    )    −    𝐿    (    𝑥    ,    𝑦    )       ‖    (    𝑥    ,    𝑦    )    −    (    𝑎    ,    𝑏    )    ‖      =    0    .  


$f(s,t)=\begin {bmatrix} s^2+t \\ 2s-t \\ st \end {bmatrix}$


    𝑓    (    𝑥    ,    𝑦    ,    𝑧    )    =    2    𝑥    𝑦    𝑧    −      𝑧    2     𝑦  


    𝑓    ,      𝑓    𝑥     ,      𝑓    𝑦     ,      𝑓      𝑥    𝑦    


$(a,b)$


    𝑓  


$f(x,y)=\sqrt {5x-y}$


$f_{xy}$


$\br (t)=\langle \cos (t), \sin (t), t\rangle $


    𝑓    (    𝑥    )    =      𝑥    2     +    1  


    𝐷      𝑓      𝑖    𝑗      =  


    𝐷    𝑓  


$\R ^n \to \R ^m$


    (    1    ,    1    )  


    a    =    (      𝑎    1     ,    …    ,      𝑎    𝑛     )  


$f:\R ^n\to \R ^m$


$\ba $


$f:\R ^n\to \R ^m$


      𝑓    𝑥   


    𝑥  


$f$


      𝑓      𝑦    𝑥    


$f, f_x, f_y, f_{xy}$


$f$


      𝑓      𝑥    𝑦    


      𝑓      𝑦    𝑥      ,  


    𝑓    (    𝑥    ,    𝑦    )    =    tan    (    𝑥    𝑦    )  


$f_y(1,2)$


$f_y$


    𝑥  


$(2,1,11/4)$


$(a,b)$


      lim      (    𝑥    ,    𝑦    )    →    (    0    ,    0    )            𝑥    𝑦       2      𝑥    2     +      𝑦    2     


$(x_0,y_0)$


      ℝ    2   


$(x_0,y_0)$


$f(x,y)$


$g(x,y,z)=2x^2+y^2+z^2$


    𝑓    (    𝑥    ,    𝑦    ,    𝑧    )    =        1      4    −      𝑥    2     −      𝑦    2     −      𝑧    2      


\begin {equation*}f: D \to \R , \text { where } D \subseteq \R ^3\end {equation*}


    𝑓    (    𝑥    ,    𝑦    ,    𝑧    )  


$D$


$z=f(x,y) = 4-2x-y^2$


    𝑔    (    𝑥    ,    𝑦    )    =        16    −    4      𝑥    2     −      𝑦    2     


    𝑔    (    𝑥    ,    𝑦    )    =        16    −    4      𝑥    2     −      𝑦    2     


    𝑘  


$(x,y)$


$(x,y)$


    (    𝑥    ,    𝑦    ,    𝑧    )  


    𝑓    (    𝑥    ,    𝑦    )    =      𝑥    2     +      𝑦    2     ,    𝑔    (    𝑥    ,    𝑦    )    =    ln    (    𝑥    +    𝑦    )    ,  


    ℎ  


$f, g$


\begin {equation*}f(x,y) = x^2+y^2, \qquad g(x,y)=\ln (x+y), \qquad h(x,y)=h(x,y)=\sqrt {4-x^2-y^2}.\end {equation*}


    𝑓    (    𝑥    ,    𝑦    )  


$D$


    r    (    𝑡    )    =    ⟨    2      cos    (    𝑡    )    ,    2      sin    (    𝑡    )    ,    𝑡    −    1    ⟩  


$\bT , \bN , \kappa $


    4  


    𝑠    =    1  


$s=0$


\begin {equation*}s(t)=\blank {8cm}\end {equation*}


$t$


    𝑡    =    2  


$t=1$


    r    (    𝑡    )    =    𝑡    i    +      𝑡    2     j    +      𝑡    3     k  


    N    (    𝑠    )    =  


$\bT $


    𝜅    (    𝑠    )  


$\bT (s)$


$\R ^2$


    𝜅    (    𝑠    )    =  


$\bN (t)=$


    𝜅    (    𝑡    )    =  


$t=\pi $


      r    2     (    𝑡    )    =    ⟨    cos    (    2    𝑡    )    ,    sin    (    2    𝑡    )    ,    2    𝑡    ⟩  


$\br _1(t)=\langle \cos (t),\sin (t),t\rangle $


    v    (    𝑡    )    =    ⟨    −    200      sin    (    2    𝑡    )    ,    200      cos    (    𝑡    )    ,    400    −      400      1    +    𝑡      ⟩      𝑚    /    𝑠    .  


$|\br '(t)|$


      r    ′     (    𝑡    )  


$t$


$C$


$\br $


    𝑡  


      ℝ    3   


$\R ^2$


\begin {equation*}\ell (t)=\langle 2t+1,3-t,t-1\rangle , \quad -\infty \leq t\leq \infty \end {equation*}


    r    (    𝑡    )    =    ⟨    1    ,    4    ,    −    3    ⟩    𝑡    +    ⟨    0    ,    −    1    ,    1    ⟩  


      ℝ    3   


    𝑦    −    𝑧    =    −    2  


$\R ^3$


$\R ^3$


    𝑥    =      𝑧    2     +      𝑦    2   


    𝑥    ,    𝑦    ,  


    𝑃    =    (    1    ,    0    ,    2    )  


$x$


    𝑓    ∶      ℝ    𝑛     →      ℝ    𝑚   


    𝑓    (    𝑥    )    =    2      𝑥    2     −    6  


$f:\R \to \R $


\begin {equation*}\bu \times \bv = \rule {10cm}{0.15mm}\end {equation*}


    u    =    ⟨      𝑢    1     ,      𝑢    2     ,      𝑢    3     ⟩  


$\bv =\vecthree {-3}{-1}{1}$


    ⋅  


    v    =    ⟨      𝑣    1     ,      𝑣    2     ,    …    ,      𝑣    𝑛     ⟩  


$\bu =\langle u_1,u_2,\ldots ,u_n\rangle $


    ⟨    1    ,    2    ,    −    1    ⟩  


$xy$


    F    (    𝑥    ,    𝑦    ,    𝑧    )    =    ⟨    1    ,    𝑦    ,    𝑧    ⟩  


    𝑅  


$S$


$\bF $


    𝑆  


      ∬    𝑆     𝑓    (    𝑥    ,    𝑦    ,    𝑧    )    𝑑    𝜎    =      ∬    𝐷     𝑓    (    r    (    𝑢    ,    𝑣    )    )    ‖      r    𝑢     ×      r    𝑣     ‖      𝑑    𝐴  


$S$


$z=1$


$\text {Area}(S)=$


    Δ    𝑢    ×    Δ    𝑣  


$\br _u, \br _v$


$x^2+y^2=25$


      𝑥    2     +      𝑦    2     +      𝑧    2     =    9  


$\bn $


$\R ^3$


$\R ^3$


$S$


$\bF $


$\bF $


      ∬    𝑆     F    ⋅    n      𝑑    𝜎  


$y$


$\bF $


    𝑥    =      𝑦    2     +      1    2       𝑧    2     −    2  


$\br (t)=\langle x(t),y(t)\rangle $


$F(x,y,z)=0$


    ∇    F  


$\bF =\langle xy, 2y^2, x+z\rangle $


$\nabla \times \bF =$


    ⋅  


    F    (    𝑥    ,    𝑦    ,    𝑧    )    =    𝑃    (    𝑥    ,    𝑦    ,    𝑧    )    i    +    𝑄    (    𝑥    ,    𝑦    ,    𝑧    )    j    +    𝑅    (    𝑥    ,    𝑦    ,    𝑧    )    k  


    ∇    𝑓    =      ⟨          𝜕         𝜕    𝑥       (    𝑓    )    ,          𝜕         𝜕    𝑦       (    𝑓    )    ,          𝜕         𝜕    𝑧       (    𝑓    )    ⟩   


$f(x,y,z)$


$\Div \bF =$


$\nabla \times \bF = \nabla \times \langle P,Q, 0 \rangle $


$\curl \bF =$


$(3,2)$


    𝐶  


$\int _C (10x^4-2xy^3)\ dx -3x^2y^2\ dy$


    F  


    curl      F    =    ⟨      𝑅    𝑦     −      𝑄    𝑧     ,      𝑃    𝑧     −      𝑅    𝑥     ,      𝑄    𝑥     −      𝑃    𝑦     ⟩    =    ⟨    0    ,    0    ,    0    ⟩  


$\bF = P\bi +Q\bj +R\bk $


$\langle -y,x\rangle $


    (    −    1    ,    1    )  


    𝑓  


$B$


$\bF =\nabla f$


      ∫    𝐶     ⟨    −    𝑦    ,    𝑥    ⟩    ⋅    𝑑    r    =    2    𝜋    .  


    𝐶  


    𝐴  


    𝐷  


$y'(t)$


    𝑎    ≤    𝑡    ≤    𝑏  


$\br (t)$


\begin {equation*}\int _C \bF \cdot \bn \ ds.\end {equation*}


      ∫    𝐶     F    ⋅    T      𝑑    𝑠    =      ∫    𝐶     F    ⋅    𝑑    r    =      ∫    𝑎    𝑏     F    (    r    (    𝑡    )    )    ⋅      r    ′     (    𝑡    )      𝑑    𝑡  


$C$


$\br (t)$


$C$


$C$


$\bF (x,y)=\langle x,y\rangle $


    (    0    ,    1    )  


$\bF $


    F  


    (    0    ,    1    )  


$(1,2)$


    0    ≤    𝑡    ≤      1    10   


$\br (t)=10t\bi +10t\bj $


      ∫    𝐶     2    𝑥    +      𝑦    2       𝑑    𝑠  


$ds=\|\br '(t)\|\ dt$


$C$


    𝑓    (    𝑥    ,    𝑦    ,    𝑧    )  


$f(x,y)$


$C$


$C$


$C$


    r    (    2    𝑡    )  


$\br (t+4)$


$f=1$


    𝐶  


$f(x,y)$


    𝑥    𝑦  


$(1,1)$


    𝑣  


$u$


    𝑢    𝑣  


$G$


$u=x+y, v=y/x$


    𝑥    𝑦  


$T(u_0,v_0)=(x_0,y_0)$


$R$


$G$


\begin {equation*}u=x-y/2, \quad v=y/2.\end {equation*}


        ∫    0    4       ∫      𝑦    /    2       𝑦    /    2    +    1          2    𝑥    −    𝑦     2       𝑑    𝑥      𝑑    𝑦   


      ∬    𝑅     𝑓    (    𝑥    ,    𝑦    )      𝑑    𝑥      𝑑    𝑦    =      ∬    𝐺     𝑓    (    T    (    𝑢    ,    𝑣    )    )    |    det    (    𝐷    T    (    𝑢    ,    𝑣    )    )    |      𝑑    𝑢      𝑑    𝑣    .  


$v=y$


    𝑣    =    2    𝑥    −    𝑦  


$u=y$


$u=\sqrt {x^2+y^2}, v=\arctan (y/x)$


    𝑢    =    𝑥    ,    𝑣    =    𝑦  


\begin {equation*}\int _0^2\int _{y/2}^{(y+4)/2} y^3(2x-y)e^{(2x-y)^2}\
dx\ dy?\end {equation*}


\begin {equation*}x=u+(1/2)v,\ y=v.\end {equation*}


$G$


    𝐺    ⊆      ℝ    𝑛   


    0    ≤    𝑟    ≤    2    ,    0    ≤    𝜃    ≤    2    𝜋  


$y=r\sin (\theta )$


    𝑦    =    2    𝑥    ,    𝑦    =    2    𝑥    +    2    ,    𝑦    =    −    4    𝑥    ,  


$[0,6]\times [0,2]$


$x^2+y^2=1$


      𝑥    2     +      𝑦    2     +      𝑧    2     =    1  


$D$


$(2,\pi /2,\pi /3)$


    (    −    2    ,    2    ,      8     )  


$x^2+y^2=1$


$D$


    𝑟    =    1    −    𝑧  


    𝑥    𝑦    𝑧  


$(-1,\sqrt {3},3)$


\begin {equation*}r^2=x^2+y^2, \quad \tan (\theta )=\frac {y}{x}, \quad z=z\end {equation*}


\begin {equation*}x=r\cos (\theta ),\quad y=r\sin (\theta ), \quad z=z\end {equation*}


$f(x,y) = x^2-y^2$


    𝑘  


$z = f(x,y)$


$f$


$\br (t)=\langle 2\cos (t),2\sin (t),t-1\rangle $


    N    (    𝑡    )    =  


    T    (    𝑡    )    =  


    𝜅    (    𝑠    )  


$\R ^2$


$s$


$\R ^2$


$s=0$


$t_0$


$t=2$


    (    1    ,    1    ,    1    )  


    𝐿    =    �  


    𝑡    =    𝜋  


    r    (    𝑡    )    =    ⟨    2      cos    (    𝑡    )    ,    2      sin    (    𝑡    )    ⟩    ,  


$\br (t)=\langle x(t),y(t),z(t)\rangle $


    v    (    𝑡    )    =    ⟨    −    200      sin    (    2    𝑡    )    ,    200      cos    (    𝑡    )    ,    400    −      400      1    +    𝑡      ⟩      𝑚    /    𝑠    .  


$\displaystyle \int _0^1 \langle t, e^{2t},\sec ^2(t)\rangle \ dt$


    r    (    𝑡    )    =    ⟨    2    𝑡    −      1    2       𝑡    2     +    1    ,    𝑡    −    1    ⟩  


$\br ''(t)$


$\br '(t)$


$\br (t)=\langle 2t-\frac {1}{2}t^2+1,t-1\rangle $


    r    (    𝑡    )    =    𝑡    i    −        1        𝑡    2     −    4       j    +    sin    (    𝑡    )    k  


      r    2     (    𝑡    )    =    ⟨    cos    (    2    𝑡    )    ,    sin    (    2    𝑡    )    ,    2    𝑡    ⟩  


$\br $


$C$


    ℓ    (    𝑡    )    =    ⟨    2    𝑡    +    1    ,    3    −    𝑡    ,    𝑡    −    1    ⟩    ,      −    ∞    ≤    𝑡    ≤    ∞  


$x=z^2+y^2$


$\R ^3$


    𝑥    −    𝑦    =    0  


$\R ^3$


$\bn $


    (    1    ,    10    ,    100    )  


$Q=(-2,1,1)$


$\vecthree {1}{2}{0}\times \vecthree {3}{-1}{0}$


    v    =    ⟨      𝑣    1     ,      𝑣    2     ,      𝑣    3     ⟩  


    v    =    ⟨      −    3     ,      −    1     ,    1    ⟩  


\begin {equation*}\bu \dotp \bv = \blank {10cm}\end {equation*}


$\bu =\langle u_1,u_2,\ldots ,u_n\rangle $


$(3,2,-2)$


$(x,y,z)\in \R ^3$


    𝑛  


    𝑓    ∶      ℝ    𝑛     →      ℝ    𝑚   


$f(x)=2x^2-6$


$\Delta V_k$


$D$


$D$


    𝜃    =    𝜋    /    4  


$r=2$


\begin {equation*}r^2=x^2+y^2 \qquad \tan (\theta )=\frac {y}{x}\end {equation*}


\begin {equation*}x=r\cos (\theta )\qquad y=r\sin (\theta )\end {equation*}


    𝜃  


$y$


    𝑇    (    𝑥    ,    𝑦    )    =    4    𝑥      𝑦    2   


$R$


\begin {equation*}f_{avg}=\blank {6cm}\end {equation*}


      ℝ    2   


    𝑥    =    9  


$y=\sqrt {x}, y=0,$


    𝑑    𝑥      𝑑    𝑦  


\begin {equation*}\int _{0}^1 \int _{-\sqrt {x}}^{\sqrt {x}} f(x,y)\ dy\ dx+\int _{1}^4 \int _{x-2}^{\sqrt {x}} f(x,y)\ dy\ dx.\end {equation*}


    𝑦    =    𝑥  


$x=0, x=1, y=2,$


      ∬    𝑅     6      𝑥    2     𝑦      𝑑    𝐴  


$x=9$


$R$


    (    0    ,    1    )  


$(0,0), (1,0),$


      ∬    𝑅     𝑓    (    𝑥    ,    𝑦    )      𝑑    𝐴    ,  


    𝑥    𝑦  


$(0,0), (0,1), (1,0)$


$f$


    [    −    1    ,    1    ]    ×    [    0    ,    4    ]  


    𝑅    =    [    𝑎    ,    𝑏    ]    ×    [    𝑐    ,    𝑑    ]  


$\DS \int _1^2 \int _3^4 6x^2y\ dy\ dx$


\begin {equation*}=\int _a^b A(x) dx =\end {equation*}


    𝐴    (    𝑥    )    =      ∫    𝑐    𝑑     𝑓    (    𝑥    ,    𝑦    )    𝑑    𝑦  


$\int _c^d f(x,y) dy$


$f$


$z=2-x-y$


\begin {equation*}\iint _R f(x,y)\ dA = \lim _{|P|\to 0} \sum _{k=1}^n f(x_k,y_k) \Delta x_k\ \Delta y_k\end {equation*}


$S$


$R$


    𝑓    (    𝑥    ,    𝑦    )    ≥    0  


    𝑅    =    [    𝑎    ,    𝑏    ]    ×    [    𝑐    ,    𝑑    ]    =    {    (    𝑥    ,    𝑦    )    ∈      ℝ    2     ∣    𝑎    ≤    𝑥    ≤    𝑏    ,    𝑐    ≤    𝑦    ≤    𝑑    }  


    𝑥    +    2    𝑦    −    2    𝑧    =    2  


$x^2+y^2-z=3$


$z^2=xy+4$


$g(x,y,z)=c_1, h(x,y,z)=c_2$


$f$


$g(x,y,z)=c$


    𝑅  


$R$


$R$


$x^2\leq y \leq 4$


$f(x,y)=4x^2-4xy+2y$


    𝑔    (    𝑥    ,    𝑦    )    =    𝑐  


$f(x,y)$


    𝑦    =    −    0    .    5      𝑥    2     +    3  


$h(x,y)=4-\dfrac {1}{4}x^2-\dfrac {1}{4}y^2$


$\R ^3$


    u    =    ⟨      𝑢    1     ,      𝑢    2     ,      𝑢    3     ⟩  


    u    =    ⟨    1    ,    1    ,    4    ⟩  


$\bv =\langle v_1,v_2,\ldots ,v_n\rangle $


    𝑥    𝑦  


      𝑥    2     +      𝑦    2     =    1    ?  


$n$


$f:\R ^n \to \R ^m$


    𝑓    ∶    ℝ    →    ℝ  


$\R ^3$


$f(x,y)=x^3+y^3-3xy$


    𝐷    𝑓    (    𝑎    ,    𝑏    )  


$Df(a,b)=$


    (    𝑎    ,    𝑏    )  


$f(x,y)$


    (    𝑥    ,    𝑦    )  


$f$


$f(x,y)$


      ℝ    3   


    (    2    ,    0    )  


$(-\sqrt {2},-\sqrt {2})$


    ℎ    (    𝑥    ,    𝑦    )    =    4    −        1    4        𝑥    2     −        1    4        𝑦    2   


$\textbf {i}+2\textbf {j}-\textbf {k}$


    𝑔    (    𝑥    ,    𝑦    ,    𝑧    )    =      𝑥    2     +    4    𝑥      𝑦    2     +      𝑧    2   


$\textbf {u}$


    𝑓  


$f:\R ^n\to \R $


$(a,b)$


    𝑄    (    𝑥    ,    𝑦    )  


    (    𝑎    ,    𝑏    ,    𝑓    (    𝑎    ,    𝑏    )    )  


$z =f(x,y)$


    𝑃    (      𝑥    0     ,      𝑦    0     ,      𝑧    0     )  


$S$


\begin {equation*}z= 4-x^2-y\end {equation*}


$(-2,1,-1)$


    𝑓    (    𝑥    ,    𝑦    )    =      𝑒      𝑥    𝑦    


    p  


$f$


    𝑓    ∶      ℝ    𝑛     →    ℝ  


      𝐷    j     𝑓    =  


$D_\textbf {i}f =$


      𝐷    u     𝑓    (    p    )    =                           


          𝜕    𝑧       𝜕    𝑦     


$\pdev {z}{x}$


    𝑦  


$x$


          𝑢    (    1    ,    0    )         =    2       𝑣    (    1    ,    0    )         =    3            𝑢    𝑠     (    1    ,    0    )         =    −    2         𝑣    𝑠     (    1    ,    0    )         =    5            𝑢    𝑡     (    1    ,    0    )         =    6         𝑣    𝑡     (    1    ,    0    )         =    4            𝐹    𝑢     (    2    ,    3    )         =    −    1         𝐹    𝑣     (    2    ,    3    )         =    10                            


    𝑡    =    2  


$h(t)=g(f(t))$


    ℎ    (    𝑥    ,    𝑦    )    =    4    −        1    4        𝑥    2     −        1    4        𝑦    2   


$g:\R ^n\to \R ^p$


      𝐷    k     𝑓    =  


$D_\bj f=$


      𝐷    u     𝑓    (    p    )    =                           


$\bu $


$z$


    𝑧    =    𝑓    (    𝑥    ,    𝑦    )  


    (    2    ,    1    )  


$(0,0)$


$f$


\begin {equation*}\lim _{(x,y)\to (a,b)} \frac {f(x,y)-L(x,y)}{\|(x,y)-(a,b)\|}=0.\end {equation*}


$f$


    𝑓    ∶      ℝ    2     →    ℝ  


$f(x,y,z)=2xyz-z^2y$


      𝑓      𝑦    𝑥    


$f, f_x, f_y, f_{xy}$


$f$


      𝑓      𝑥    𝑦    


      𝑓      𝑦    𝑥      ,  


    𝑔    (    𝑥    ,    𝑦    )    =        5    𝑥    −    𝑦    


    𝑓    (    𝑥    ,    𝑦    )    =    3      𝑥    2     𝑦    +    𝑥    −    2    𝑦  


$f(x)=x^2+1$


$Df_{ij}=$


$Df$


    𝑓    ∶      ℝ    𝑛     →      ℝ    𝑚   


    𝑓    (    1    .    1    ,    1    .    1    )  


$(1,1)$


$\ba =(a_1,\ldots ,a_n)$


    𝑓    (    𝑥    )    =    𝑓    (    𝑎    )    +      𝑓    ′     (    𝑎    )    (    𝑥    −    𝑎    )  


    a    =    (      𝑎    1     ,    …    ,      𝑎    𝑛     )  


      𝑓    𝑦   


$f_x$


$f_y$


    𝑦  


$x$


    𝐷  


$f_{yx}$


$D$


$f_{xy}$


      𝑓      𝑦    𝑦    


$f_{yx},$


      𝑓      𝑥    𝑥    


$f(x,y) = \tan (xy)$


$f(x,y)=\sqrt {5x-y}$


    𝑦  


$x$


$y$


    ℎ    (    𝑥    ,    𝑦    )    =    4    −      1    4       𝑥    2     −      1    4       𝑦    2   


      lim      (    𝑥    ,    𝑦    )    →    (    0    ,    0    )              𝑥    2     𝑦         𝑥    4     +      𝑦    2     


\begin {equation*}\lim _{(x,y)\to (0,0)} \frac {xy}{2x^2+y^2}\end {equation*}


$\R ^2$


$f(x,y,z)=\dfrac {1}{4-x^2-y^2-z^2}$


$f(x,y,z)$


$g(x,y) = \sqrt {16-4x^2-y^2}$


$g(x,y) = \sqrt {16-4x^2-y^2}$


    𝑓    (    𝑥    ,    𝑦    )    =      𝑥    2     −      𝑦    2   


    𝑓  


$k$


    𝐷  


      ℝ    3   


$(x,y,z)$


$D$


    ℎ    (    𝑥    ,    𝑦    )    =        4    −      𝑥    2     −      𝑦    2     


$f(x,y)=x^2+y^2, g(x,y)=\ln (x+y),$


$h$


    𝑓    ∶    𝐷    →    ℝ    ,     where     𝐷    ⊆      ℝ    2   


$f(x,y)$


$\br (t)=\langle 2\cos (t),2\sin (t),t-1\rangle $


      ℝ    2   


$4$


$s=1$


$t=2$


    (    1    ,    1    ,    1    )  


$\br (t)=t\bi +t^2\bj +t^3\bk $


$\bN (s)=$


$\kappa (s)$


$\kappa (s)=$


$\kappa (t)=$


    T    (    𝑡    )    =  


    r    (    𝑡    )  


    r    (    𝑡    )    =    ⟨    𝑥    (    𝑡    )    ,    𝑦    (    𝑡    )    ,    𝑧    (    𝑡    )    ⟩  


    𝑡  


    [    0    ,    2    𝜋    ]  


$\br _2(t)=\langle \cos (2t),\sin (2t),2t\rangle $


    r    (    0    )    =    ⟨    0    ,    0    ,    0    ⟩  


\begin {equation*}\bv (t)=\langle -200\sin (2t), 200\cos (t), 400-\frac {400}{1+t} \rangle \ m/s.\end {equation*}


        ∫    0    1     ⟨    𝑡    ,      𝑒      2    𝑡      ,      sec    2     (    𝑡    )    ⟩      𝑑    𝑡   


    r    (    𝑡    )    =    ⟨    2    𝑡    −      1    2       𝑡    2     +    1    ,    𝑡    −    1    ⟩  


$\br '(t)$


$\br '(t)$


    r  


$t$


$\R ^3$


\begin {equation*}\br (t)=\langle 1,4,-3\rangle t +\langle 0,-1,1\rangle \end {equation*}


    (    1    ,    10    ,    100    )  


$\R ^3$


    𝑥    −    𝑦    =    0  


$y-z=-2$


    n  


$x=z^2+y^2$


    𝑧  


$x,y,$


    𝑄    =    (    −    2    ,    1    ,    1    )  


$P=(1,0,2)$


    ⟨    1    ,    2    ,    0    ⟩    ×    ⟨    3    ,      −    1     ,    0    ⟩  


      ℝ    3   


    (    3    ,    2    ,    −    2    )  


      𝑥    2     +      𝑦    2     =    1    ?  


    𝑚  


$f:\R ^n \to \R ^m$


$f(x)=2x^2-6$


    v    =    ⟨      𝑣    1     ,      𝑣    2     ,      𝑣    3     ⟩  


$\bu =\langle u_1,u_2,u_3\rangle $


\begin {equation*}\bu \dotp \bv = \rule {10cm}{0.15mm}\end {equation*}


$\bv =\langle v_1,v_2,\ldots ,v_n\rangle $

