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MATH 2551 D - Dr. Hunter Lehmann

- Dr. Lehmann, Dr. H, Dr. Hunter, as you prefer

Daily Announcements & Reminders:
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Goals for Today: Sections 12.1, 12.3, 12.4

e Set classroom norms
e Describe the big-picture goals of the class
e Review R? and the dot product

e Introduce the cross product and its properties

Class Values/Norms:

Mistakes are a learning opportunity

Mathematics is collaborative

Make sure everyone is included

Criticize ideas, not people

Be respectful of everyone
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Big Idea: Extend differential & integral calculus.

What are some key ideas from these two courses?

Differential Calculus Integral Calculus
Limiks //oa-}'l/wl”j v 2 Awa wfor & wwe.
' Y Vilukey Lo
(Ou‘mh“j l{n\m‘ltwj \/ w«g:wz sfyl‘;? X
OY}‘\M'IMJf:O\/‘ \J T"‘j oo appex. Y
Ut dvele / ()é[w' (00"‘1"*’%1‘5 % Ricmarn gums

Foud- Tha sfldledes / I« Lf)mh'm L ch1|4,(/~<0
rw‘rofw \IAL‘7%() X

Before: we studied single-variable functions f : R — R like f(z) = 222 — 6.

Now: we will study multi-variable functions f : R” — R": each of these functions
is a rule that assigns one output vector with m entries to each input vector with n

entries. 2 R )= 2) =
gy (85,807 = [:f’&t (VT F @)= ER e

2= Ky 9250
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X Ty
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Section 12.1: Three-Dimensional Coordinate
Systems

Ty ji
>
R Cx v, 2) ¢ g

LRI handed

° COOJ'LM[Q f’\‘M‘S
%X=0 (‘[Efflu"‘ef)
y=0 (vz ~fllM&)
=0 LW C*(\/’V]awé

) EZ (jh“f Oc,J(“M(/Ll’S

9
’\_v\ MLL o

——

oW

¥ = constant

=

¥ X = constant (x, v, 0)

Ox

Question: What shape is the set of solutions (z,y, 2) € R3 to the equation 2%+y? =
17

® ( ll.v\l”el/‘
E ‘j >ad 7 ~(0w‘)‘)ned‘ ,M‘!’“‘S

cirde cdw\/(’_ a»waV\

& Circ(e,
~9 0o &—cbwf')“vw‘f‘
fgny ud +'AIC\(“'V*77

Use 20 wdatbion
b (3\)\\]’6 BD
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Section 12.3/4: Dot & Cross Products

Definition 1. The dot product of two vectors u = (uj,us,...,u,) and v =
(1,09, ..., Uy,) is

wy, oy, ¥ oy,

u-v =

This product tells us about 0~"~3}i \’A\”( ™ ‘\f\N v< ‘-140\6

s 1 all g B
3 ; U. v |- 031 - co» ()

g VY
z 1 Z
/ Ul = \m: Rk,

0

In particular, two vectors are orthogonal if and only if their dot product is

Example 2. Are u= (1,1,4) and v = (—3, —1, 1) orthogonal?
2.3 = () DA+ Ry

:/'} ——\‘\'q"—‘—O

So w.d ac Ornwjom\.
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s
Goal: Given two vectors, produce a vector orthogonal to both of them in a “nice”

way.

o 2
N TR SRR (SRR A N S

2. \%(uér Se v <R }463 e (39

Definition 3. The cross product of two vectors u = (uy, us, ug) and v = (vq, vo, v3)
in R3 is

)
P9k
\uu\’;“)

uxv= Vo Yy Vg
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Daily Announcements & Reminders:

e HW 1.2, 12 3 Ave ']r,w\I)AJr a- (0 g

o Do houw will be:
q-w ., M/ uirkaal
-1 R, Sleles 28 ¢
'5"‘“ F/ b;f~lMo\l
or 1’:) aq“aa\m“wc»\&

0 DO H"C whvw uf ?O\l (('Uta}'lb"\

Goals for Today:
e Apply the cross product to solve problems

LI LU B L
* & 8 B & & B & BB

o

" R .1l

. . LI 1] » TR L

LI 1] ke lkaE bl b B

"ERE B BEE B B B ] [ 1T

- e E 8 [ L LI T T O ]
- LU LS L - i

[N 1) LRl 8 8 SRS

] EREEE  BEEE R -

ol dEeEed & Rk 8 @ e
SESE & B BEE & 0 B B T ]

" BEE SR FEE - " TN ]

& & adhded @ - e . ]
R FF T REEE BB L] L2111
[T 1] kB B BE SREEEE B B & B

Bl R B & BREEE & Rk SEERRE B B
W B BB BB REE BERRE . [T 1T

RS BEE B B SRR & SRR AR B B
NI - e il

aEREE B8 & B . _ERE AR BE_ W -

" E R B AE FEE AR -
o bEE Ak B # & Rl diEd
* [ ] e 9 . @

& SRS B & - ok L]

E R e . »

& & BER Ly T T T L]
- - - EEE W

LT L T Tl Ll sl

5 B B 8% A% B @ "8 B8

e B0 BE - - I T

Sections 12.5-12.6

e Learn the equations that describe lines, planes, and quadric surface in R3

e Solve problems involving the equations of lines and planes

e Sketch quadric surfaces in R?

Goal: Given two vectors, produce a vector orthogonal to both of them in a “nice”

way. 3 2 \i
a3
1

{
]

1. Q33k¥ -'lf\uu()(‘h . .

9 A‘\)&LY[}J( dllj A W’“)VU{\'. ‘€- d‘ ! N
(3 ws =6 ) v Ex)

S s R
. C[ﬁ\(’\_}B’-(CDﬂ“\) - w X ()

e R’ wd cel

CcAND o awl.',ymmeh‘

(\*K\(\TD = — (d*d)
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Definition 5. The cross product of two vectors u = (uy, uz, ug) and v = (vq, va, v3)

in R3is dhe éymlab};(, et ermingnk

g W W3

uXxXv=

» ”6.\( '\';))\ = “dll U\‘;u S;-’\'&' — Qrea (7{‘ Pum“{(-’tj-am 5{““““"‘7 d‘i

—~ -

ATt
\\\ 7{7

] F{OW\ La A'\)', \lo\umo OJ; ?wanz\‘\‘;\f(& wl ;rS,) a,

P V] \AL \1}
Y S 4 V= \ del (Vf Vi vy \\ :\(\‘2 tﬂ-\f)\

W\ \JL \r’%

33 <0

v
Example 6. F\ind (1,2,0) x (3,—1,0).

-

TS SV OF = Ul _col Y %0
” f ~ {('L(o}—(-ﬂhﬁ) /5(‘(\)“}‘6)(@7 '\'ﬁ((n"()’“—7(77)
— 067403 -3k
= (O/ 01‘:}’5
) o O P P Py
X7
61 L\ 19 Q;
/

%\&30\1 AN

/t ,)o-é; vu)‘\"?"”&‘“e/
= 2
p( x bt


Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann




Day 2 Lines, Planes, Quadrics Page 9

Section 12.5 Lines & Planes

Lines in R?, a new perspective:

j /]\ yz= mx-‘b 7—*}0: ”(X"Yo)
\ir\e i> 0-“ q’JD\ﬂH

23 Rudion ved
Q(é) - 6? }({:)V?t oF e_l\we
! Lov £l

? :> a fo;ﬁ.-\— D‘/\’H”L\?*Q
1

v< c\vf e{/w)f«‘dva

Example 7. Find a vector equation for the line that goes through the points P =

(1,0,2) and Q = (—2,1,1).
M ' ' Pplx‘m\bt;@or Q
9 &tvdol\‘m . ‘l‘c\‘(’_w Q?

T ??&;<_1,\/L—O/I‘l>:<~3l\{~(>

k)= 5?”\‘ b'ﬁa = 19D 4—4:4"»“-()
G e

br + el
Paraw\c\-n\c %uo«‘\"\)“&
W= &
%{ vk £ ){7 AU
z(h> -k
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Planes in R?

Conceptually: A plane is determined by either three points in R? or by a single

point and a direction n, called the normal vector. e
inwef ¥
B \L l
) N(fQ) 00 ?— '\/ﬂA‘DvS am(& \ POk o flbw

l;) f]) \70:/45 on (?\“he,

C-) ] P‘y\a~ DV\‘JMVG aV\(l \W(}or‘ n
no«m\ '\fb ‘)\U;Q

Algebraically: A plane in R? has a linear equation (back to Linear Algebra! im-
posing a single restriction on a 3D space leaves a 2D linear space, i.e. a plane)

6K l’\7_7-\-(% & (2 é-u_ Nz ‘)
I’L ?/(?Ko "fd 13 \5 "’\ e\u% O‘“X “ c LM, l@ ah(l [*,Y,Z') -~ flUulc

éDw (e Lx=Yo,f -45, 22> =0

[haxthypraza=0 |

—

) >
ax Hy t 2> d = axorly, ™ 2, = O0Fon
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Example 8. Consider the planes y — z = —2 and x — y = 0. Show that the planes‘/
intersect and find an equation for the line passing through the point P = (-8, 0, 2)
which is parallel to the line of intersection of the planes.

Plawe 70 ~v-yz 0 n_= Q\fllo>

[ :F)h :s V\b‘\‘ “‘)r\w‘\l\e\ (\AJ\'(; y“\pr )\4,..4,\)-) I‘p f_l;

SO ?\Ms we d~

PAHBE 20 () 2 Tl e Yrough (-39, pavalle! o [ine oF ibaseckin,
E‘-‘- 42‘4‘—-57 —_ | | . .
So (Qim{\mvfu r V=n,X"

o T
\

:\o (-\A\
vl-1 o

= Lo - Ba - (@M'('”"’D/ (ot -a0n) )

———

- -\, ~!
= A, =) =D

S = (AN Db+ £-30,2>
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Daily Announcements & Reminders:
0 N OAja.j o{’["te \\our > 8- aw on Zoom

o HW for [2:1,124 Jue douighb
Sudio o;H-euctamo cvedid Leeavl N ./um\&uj

"ee

e Ouiz | oa W5 124109125

. % 8

DO w/a WMAP ()D" a{/
o PLUS Sessioms: 'S\,,Juj Jrl\rauat\ Wedies 47

Goals for Today: Sections 12.6, 13.1

Sketch quadric surfaces in R?

Introduce vector-valued functions

Plot vector-valued functions and construct them from a graph

Compute limits, derivatives, and tangent lines for vector-valued functions
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Section 12.6 Quadric Surfaces

Definition 11. A quadric surface in R? is the set of points that solve a quadratic
equation in z,y, and z.

You know several examples already:
é?"\tves ; 6( DX ‘y 5) + (}”A
Z. x L l

)- ({'Al(,/ [q‘ L‘c\)/ r‘aao"us r
(L\r( /.B (9\\,\ vy 2
We will srede 4y surd el V9 C M XY 9B k2 en
o We uall 91010 urtures betew Aij Oovo\A Rt 0\}\(3/ Y\\[/‘{ , W2 TCm(

The most useful technique for recognizing and working with quadric surfaces is to
examine their cross-sections.

Example 12. Use cross-sections to sketch and identify the quadric surface z =
2 4,2
s ol T

Y
Uoe ool (wos fedious & Fix =0, X7 OQH{Z:) \(:YZ, o
paavaida >y
Fiw 200, >£>—\+77‘ pavea }-_;:{T\
Fix 2=-. *= \*11
-L\ (j(\/‘(vlk\.z 2=\ X= \LlLYL yufol’é\« o?mnﬂ 4o r\'flx‘

" Q\OW(L eAS

. N
\) wk(ux\ (s SCC (\\MS V Fix V“l‘“s °L7 C L

Fix vslueg ofF .
<2

%= " D - Z f\-Y/L Po;,ﬁ'

YCRR 1=
% -\ -\= 24 .{Z‘ o sdtn

= Z,?'—\- \.{L (Lvel e

oy k=2

Xz
\ c\rdq_ o'(' mr&mv \ﬁz
/1

7 Celh o
parabd=id
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Section 13.1 Curves in Space & Their Tangents

The description we gave of a line last week generalizes to produce other one-
dimensional graphs in R? and R? as well. We said that a function r : R — R?
with r(t) =Vt +@ produces a straight line when graphed.

N\ onshmat”
This is an example of a vector-valued function: its input is a real number ¢ and
its output is a vector. We graph a vector-valued function by plotting all of the
terminal points of its output vectors, placing their initial points at the origin.

You have seen several examples already:
o liaes W I

1) Lot
' {/‘\f C\{rb N YL‘\' y - \ W\ lp\

HOERE (9)/ on (> 0 Lo ldg

v Prher (wwes - %:yz =D ANE <-(=(’(,2> 4:;%“7\

Given a fixed curve C' in space, producing a vector-valued function r whose graph is

C' is called \"af‘f«u«olf'/‘i Z "j the curve C, and r is called a Igwamejeﬂ"bmhon of

C.
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Example 13. Consider ry(t) = (cos(t),sin(?),t) and ry(t) = (cos(2¢),sin(2t), 2t),
each with domain [0, 27]. What do you think the graph of each looks like? How are
they similar and how are they different? r s Lok a8 -6

3

_'L/c.lé'_kéo /\}/

0 ( [1\4(}1% N BN
Y (W

e 7f'\\,\7 5 / LC\‘Y /Svl’(h\ gt\-)_, &.{;:xh‘;'(l,%
[lla A &
. —Loonﬂ*n

I\
ZD (V\o‘\— ) %M/lﬂ
XD \)y

0 T/?l &fl VuraMCkv:'bC, »(‘LQW"& (s ;m)f“‘C

Vi rm“\, ks
— \,,()r\/] (5()\}40\‘./\ l\,{} wt 39'

+ spme (amt ,‘)wum((p )(\‘Hwtmily

Check your intuition


https://tinyurl.com/math2551-vvfns-hlx
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Calculus of vector-valued functions

Unifying theme: Do what you already know, componentwise.
This works with limits:
Example 14. Compute }fim(t2,2,ln(t)>.
—e
_ [ L Ko (R I \4{%\5
— < L ] e

He / Loe "]

= et 41D

And with continuity:

Example 15. Determine where the function r(t) = i —
uous.

o), gH 2B we al e on Kl Jownsiss

j +sin(¢)k is contin-

o> (A i dyon (RN (e VU (2, 00) new)

_ g
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And with derivatives:

Example 16. If r(t) = (2t — 1 + 1,¢ — 1), find r'(¢).

Interpretation: If r(t) gives the position of an object at time ¢, then

o 1r'(t) gives

o |r'(t)| gives

o r’(t) gives

Let’s see this graphically

Example 17. Find an equation of the tangent line to r(t) = (2t — 3t + 1,t — 1) at
time ¢ = 2.


https://tinyurl.com/math2551-vvfnx-vel-accel
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Daily Announcements & Reminders:
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Goals for Today: Sections 13.1-13.3

e Compute limits, derivatives, and tangent lines for vector-valued functions
e Compute integrals of vector-valued functions and solve initial value problems
e Compute arc lengths of curves using parameterizations

e Introduce the idea of an arc-length parameterization

Continuing from last time with derivatives:

Example 16. If r(t) = (2t — 1t + 1,¢ — 1), find r'(¢).
sy = oS
r'(@—dﬂ Jc’r\)/ M’( \

2426,V
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Interpretation: If r(¢) gives the position of an object at time ¢, then

velooly sk Linet

691.49\ AL 4;"‘5 b

o 1'(t) gives

. [|r’(t)\}gives

o I‘”(t) giVGS é((%lem :QV\ ae —LNM%-

Let’s see this graphically

Example 17. Find an equation of the tangent line to r(t) = (2t — 31+ 1,t — 1) at

time t = 2.
T4 .I:—“Y’) P 324— 4‘00\79\4}“ e ot x| O~ 24,
7 g D) (=) A Piln= (o2

N YARS N—z»l/ 20
For 7 ’tum?h\l\\iﬁe d =2 s = <50
pw= FOG-DFFO
~ Lo, D> (k- T G

= L3 4-0

-(((/) i/v’\-/’

X



https://tinyurl.com/math2551-vvfnx-vel-accel
Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann




Day 4 Calculus of Vector-Valued Functions, Arc Length Page 22

And with integrals:

L
Example 18. Find f01<t,e2t,sec2(t ) dt. § ¥ Ak = Auflu(ﬂuﬂe«ﬁ‘ otz b £2)

Aol ()} ()~ 7 ()
2& \
= £ e (T secto kD
o t .
=) E\ lle}blo) Baalt)]] D
< ‘\3_61_' 12'60 1—-0‘,\(0 ‘+aq(&>

< (c "D ) YD)

At this point we can solve initial-value problems like those we did in single-variable
calculus:

Example 19. Wallace is testing a rocket to fly to the
moon, but he forgot to include instruments to record his

position during the flight. He knows that his velocity dur-
ing the flight was given by

v(t) = (—200sin(2t), 200 cos(t), 400 — ﬂ) m/s.

141
If he also knows that he started at the point r(0) = (0,0, 0),
use calculus to reconstruct his flight path.
)
?)' (ﬂ _ Sd (L) M"\, < 100 (os(ZL)/]_OO 414 U‘) ( %0 b — Y00 la 11417 1 C
= L \BD st ¢, 2 suldGe, “00(b-1- )+ 6

S¢t F (D)= 0,00 aud Solue
£b,8,0) = TW0)= L0 ITRSY (>
(1= 09 420, (zo el T = (-0, 0,

PR

B = 2100 (w09-) (200 (0 Eooll “laTivel) >
L2o
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13.3 Arc length of curves

We have discussed motion in space using by equations like r(t) = (z(t),y(t), 2(¢)).

Our next goal is to be able to measure distance traveled or arc length.

Motivating problem: Suppose the position of a fly at time ¢ is
r(t) = (2cos(t),2sin(t)),
where 0 < ¢ < 2.

a) Sketch the graph of r(¢). What shape is this?

b)How far does the fly travel between ¢t = 0 and t = 77 lfm}“’\ £awe = 10

o-pawﬂ‘-(‘o
“D -2

c) What is the speed)/|v(t)\)of the fly at time t7

M= W= £-2smld, Lol

otlle \Jhargy F Gty = Al Qi) = =2

d)Compute the integral / |[v(¢)|}dt. What do you notice?
0

4 a
— 3019%‘12_‘_’\0:7/\}
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Definition 20. We say that the arc length of a smooth curve
r(t) = (x(t),y(t), 2(t)) from €= u to _&=b that is traced out ex-

actly once is

I — 3\9 L2 ol W - S: N 1A S M

Example 21. Set up an integral for the arc length of the curve r(t) = ti + t%j + £’k
from the point (1,1,1) to the point (2,4,8). &#——_ ¢ ->

S =¢(0; 2=t
n«n a‘m‘\S'. — (\l\ n: '72(“‘) . 1 =4 %) (7—,““\03 ©
_é_[/_‘ el ‘ (=t? oy 44"
l; 63 (.Z) 8;;03
Spd: 2ips T H00; ¥ 6E)E

WAl = \J T+ yez k4t

. . 2.
S olide ) - S Crakttqi Ab
|

Sometimes, we care about the distance traveled from a fixed starting time ¢y to an
arbitrary time ¢, which is given by the arc length function.

o e Il S e
AN 7 u.)fw

We can use this function to produce parameterizations of curves where the parameter
s measures distance along the curve: the points where s = 0 and s = 1 would be
exactly 1 unit of distance apart.

wrc \Quq\'\/\ pUWAV"‘CJWl‘ZpJ-\\m 4:) UMl"\ Sr (t‘& {)“V“"’LC‘L’/:ZQ"\;}W
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Example 22. Find an arc length parameterization of the circle of radius 4 about
the origin in R?, r(t) = (4cos(t), 4sin(t)),0 < t < 2.
T o ane 1“)“‘" ]’oumwdcv;‘z*l‘}"b” AP

b éo‘«qjte_ am\w?\% —fuwdlbvx ° Mit)\A Ye ]Mw}\’]‘“'“')ff“")c
‘t
S0 = Se W YN AT

cheo | )= Lt e (2
WRenl= 4

?_> Iv\u¢¢+ X 9:)\% ib(-é; $ a\v\,a(f$ ro%\“fl O‘u‘tm \na‘/gq
5= 4k Z=> k= —?{7’5[9

7)) Gl W # .
T (= (L) ’«'—?(,é\\: <“\Los (%) ] %5"\(7()5

0c telg e 0S5l
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Daily Announcements & Reminders:
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Goals for Today: Sections 13.3-13.4

e Define, interpret, and compute the curvature of a curve

Compute the unit tangent and principal unit normal vectors of a curve

Give examples of functions of multiple variables

Find the domain of functions of two variables

Graph functions of two variables
13.4 - Curvature, Tangents, Normals

The next idea we are going to explore is the curvature of a curve in space along with
two vectors that orient the curve.

l> //\ 2) 2) /
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First, we need the unit tangent vector, denoted T:

27
e In terms of an arc-length parameter s: ()

AW RG]

e In terms of any parameter t:

13|

This lets us define the curvature, x(s) =

Example 23. Last class we found an arc length parameterization of the circle of
radius 4 centered at (0,0) in R?:

r(s) = <4cos (Z) 4sin G)> 0 < s < 8.
Use this to find T(s) and k(s).
. TV T B ety
CTloy= £l = LR Bl
E(—G;ACE)/ 607(:9())

e

. Uc“.‘* \HCLAf!

,L(Q: “T((ﬂ\\
- “ <-—%{(0)(’§)} _:; Si/\ (%)B]\
| “L((os(fi] , ${A(%{7>|]

\
= \'T«l o5 (7% s ()
|
l

p—

—

= 4 \
o whepednd of posihin dor s e,
6 X = *-\~ 'La»/' awy C;“(\C R(Q: 4‘105(%71‘5“"[‘%)7

e

=2 (
Question: In which direction is T changing? T ()
Bl ({)/II‘T‘M“

This is the direction of the principal unit normal, N(s) =
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We said last time that it is often hard to find arc length parameterizations, so what
do we do if we have a generic parameterization r(t)?

-t 1 = =,
.« T(t)= T A WRIT O] . Nt — WA RNCY

(R (W« & @l
- B ol PR

or

Example 24. Find T, N, « for the helix r(t) = (2 cos(t), 2sin(t),t — 1).
Need  F D= (, A 9Cal‘<)12(0?ﬁ®/ L)

W (ol 2 Coith | & ol ¥) = Jah =95

\
B2 7 2, 209, 1>

bet, ML= T/t (o)
T > & (Lenl@ 25l 2

2
VT B = A el Yl 0 = /\5/9
T

S Nin= -\i<-2w>(lﬂ)”‘l§/«“¢)‘®
» <~ (8),
— (_,(05(‘<\/ i (), 0

wio= T 2SS - 22;*
T2~ 93 5
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14.1 Functions of Multiple Variables

Definition 25. A -(uwxclvi“vx 0(‘ %\W v “\)‘5 is a rule that as-

signs to each raU‘ of real numbers (z,y) in aset D a_4aigye real ey

denoted by f(z,y).

> f:D =R, where D C R?

Bowain

P
§>
)

. X
rane O Pose

wh ok sl \ o b

et
\)“\Js (“(Q\.\) . \ )
\5 \» c\\%l?'t\'tf U‘“V\u\ \/ J "T'”\»{'Lk

Example 26. Three examples are

fleyy)=2"+y*  g(z,y) =n(z+y), h(zy) =

Example 27. Find the largest possible domains of f, g, and h.

Lluy)= \L“ru,
vovunu\ S &l L[R < CY(I\D ] Y.L} 6(?

(36\1‘\{\" <Y “l\
)N U\Hﬂ\ y > 03 < 1l g9

<\

.

\

/3'0‘/\/\0.\/\ \S Né\)ég
)

Oone \J\<\\-(\Ivu.l ¢

Definition 28. If f is a function of two variables with domain D, then the graph
of f is the set of all points (z,y, 2) in R? such that z = f(z,y) and (z,y) is in D.

Here are the graphs of the three functions above.


https://tinyurl.com/math2551-f23-2var-graphs
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1 1
Example 29. Suppose a small hill has height h(z,y) = 4 — Z:L‘Q — ZyQ m at each

point (z,y). How could we draw a picture that represents the hill in 2D?

In 3D, it looks like this.

Definition 30. The (also called ) of a function
f of two variables are the curves with equations , where k is a
constant (in the range of f). A plot of for various values of z is a

(or ).

Some common examples of these are:


https://tinyurl.com/math2551-2var-first-ex-graph

il True or False: The vector-valued function

r(t) = (2t +1,8), teR

b:j

is an arc-length (unit speed) [ 2
parameterization of the parabola ~ Y= Z’b l— /
2y% + 1.
—_ z
W X= 2‘/ TI‘// Z cawgd‘

True

0\,[( ‘j-\/o\,1u€

False

| don't know

TO CJ’\C ClC. avc/l cy‘/l‘(4 ‘.Pamu«".
sl o= <

HOAERAIRY.

20 V\b)f* umH*sfr@J\ / d\fcvlzua}{/\
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Daily Announcements & Reminders:

o Iy 13.2 Jue tonight

o Lyom | ison A/ @3!.55;;;:,;:; -rIE@
o lode ub ol exans bor I’“‘&“’L D wed wnek SRR i g
o Fopeula sheet povide] il e pogoed meunele BPgReL L, Lo o Bt
e o 1
gt e T W
o Do Warimup prblew - O R O
Setea®sl™l 0 D 224 e e 1M
“DAY ¢ \Uavv«uf Rl o €4 R IS T 0 R
% I e % o
/ / I SR
/¥

Goals for Today: Section 14.1

e Introduce and sketch traces and contours of functions of two variables
e [ind level surfaces of functions of three variables

e Graph functions of two variables

Last time, we discussed the domains of the functions f(z,y) = 22+ 2 g(x,y) =

1
In(x 4+ y), and h(z,y) = :
e A/ —'—
A R ’

0
fbor
£

Definition 31. If f is a function of two variables with domain D, then the graph
of f is the set of all points (x,%, 2) in R3 such that z = f(x,y) and (z,y) is in D.

@-‘j, (l,%/(é) l\)dm Hﬁpjmrl\u‘( “g L)o

Here are the graphs of the three functions above. (.3 s NS S A
awd ()2 Y4 =10



https://tinyurl.com/math2551-f23-2var-graphs
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1 1
Example 32. Suppose a small hill has height h(z,y) = 4 — Zx2 — ZyQ m at each
point (z,y). How could we draw a picture that represents the hill in 2D?

Dowain ¢ § (ed | X 44" £ 13
- qu_w W yned o‘Pa.L\ f'\'3 ;V\ »A\na{a Wc"\:\p‘c«((& \I\fl‘fu.

In 3D, it looks like this.

lov (de 5el—'>7
Definition 33. The COVAOWS

(also called level s
f of two variables are the curves with equations k“”F[““ﬂ

constant (in the range of f). A plot of utours
(,OvA‘OuT Q\o\"waf)

) of a function

, where k is a

for various values of z is a

).

(OI‘ \e\).e\ Coe, 'Ww\! [.fl0¥

Some common examples of these are:

. 3rovo3mp\m‘cu] maf
. Va\( zevo plald

C\tcl‘n‘c \[c'e((ﬂ f/ oJS
o W ather maps

o 6\‘3 c\wh Ov\o;¥ﬂ\ """f §


https://tinyurl.com/math2551-2var-first-ex-graph
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Example 34. Create a contour diagram of f(z,y) = 2% — ¢?

D = 7{1.,_ \{’L

\ = 7(1—- \{’L \1\1‘,{\/\%\0\ L2

= 7(1 :\11' =" 'X:\j oY K‘-——]

f

L > \:\/l-yL )awdﬂ)u\@

~l =y = /
. 2K

~L{¢x—-7 & k

Definition 35. The _\V'“ (£9 of a surface are the curves of
Inbtee hon of the surface with planes parallel to the
& L 4% P\M5 ) CL/:]L ov 7\:\:.)

Example 36. Use the traces and contours of z = f(x,y) = 4 — 2z — y? to sketch
the portion of its graph in the first octant. X2 y20,27p
——— -

=Z% = Oi O:l/\[—’Z}("’u[(

- 1-) 7
v =L 29
%;—\ADD : \<:‘ \{/'2\4 —\12
= Mo s
zZ L1
=0; &= %%y v &

Let’s check our work: https://tinyurl.com/math2551-2var-graph


https://tinyurl.com/math2551-2var-graph
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Daily Announcements & Reminders:
o hw 123, Y Que Loni3\4b
s Quiz 3 Tomowow 5 L(um;nj Oshomes A4, QF, QL @ ;:@

b Evun | oin e weele, Seo Cumvag pamosmenad, 1 i ok terites o5,
L L oLl sl '--:‘:'- :. =- L

Do Doy ? Wormap ol on G —D s

Goals for Today: Sections 14.2, 14.3

Evaluate limits of functions of two variables

Show that a limit does not exist using the two-path test

Determine the set of points where a function is continuous

Start to understand how we can measure how a function of two variables is

[
changing
Definition 41. A ‘C\)»V\A‘\W\ b Hiee vorubleg is a rule that
assigns to each diple of real numbers (z,y,z) in a set D a
Unigue veul mumber denoted by f(z,y, 2). w = g(‘(a‘iu 2)

e (ka J—C w:‘c(\;,yte)
f:D — R, where D C R? les W

We can still think about the domain and range of these functions. Instead of level
curves, we get level surfaces.
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1
Example 42. Describe the domain of the function f(z,y,z) = 5
A 4—x2—y>— =z

\uvgcs’c fossl\h\(,
Dowate b ol Gy 2) sk, Y- o-y-25#0
Y
=D &\\ 0‘{‘ (\Z.Z Q,xcﬂ¥ \turj e >p\kcw ot
mdiws 2 cenled o+ (0,00,

Example 43. Describe the level surfaces of the function g(z,y, 2) = 222 + y? + 22.
0z T+ Pret =D pout (040D

l = 2\(( x‘ Y(J~’Z=2 =D Qi“,Sbfﬁ
ok = 2% \{’L‘«\—Zz =D C“;?so(ll

Q= e =D w wldon
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Section 14.2 Limits & Continuity

Deﬁnition 44. What is a limit of a function of two Variables?

DEFINITION We say that a function f(x, y) approaches the limit L as (x, y) A
approaches (xp, yp), and write '
Lot
lim flx,y) =L Sl
(x, ¥)=*l{xp. o)
if, for every number € > 0, there exists a corresponding number é > 0 such C
that for all (x, v) in the domain of f,
flx,y) — L] <€ whenever 0< Vix—x) + (y— yw)' <8
f | 0 0 "H\H‘P L]

Cvy)

We won’t use this definition much: the big idea is that ( )lir(n | f(z,y) = L if and
,Y)—(Z0,Y0

only if f(x,y) —_eypl oa ches L regardless of how we approach
(0, Yo)- . /T
§ L\:‘ £ \\:(:* x) >\{\ N
=t e
. . o
\\';MA ’C(\’) . — D

Definition 45. A function f(z,y) is continuous at (zg,yo) if

b Fxq) exisre

1 . (\h\p ) (‘“l\'h

A \ ()
Fla gy ek L) w M /wmrs

2.

3. Mot vaues o ey

Key Fact: Adding, subtracting, multiplying, dividing, or composing two continuous
functions results in another continuous function.

s £ N=x £ L(Y\ﬂ:‘j ave b
«C(y\ﬂ" %\\’ Otk \ 5(\;\\1\ X + 2x~1 } \,l ts C“S
\\(\,ﬂ’: ez‘.\"{z I (‘\'5 ) (\(cbl\ 317 7&7

L et
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V2r —y —2
Example 46. Evaluate lim Y if it exists.
(wy)—(20) 2x —y —4
D Codue . lim Lg-y =& N%-0 - & _Q_
(. 29D 2{_\1 -4 ¢ -0 ~Y4 9,
A
N o \ — - 47
Mﬁ’“ 2) Si.u,,lrqu: Vs @ . V2
\;M ﬁ_‘j\ﬂ - %r (‘tﬁﬂq(l(u‘] 2X*\)-\{ V?«’v_«;— 2
xou ¥ Y AL T s B
AR RN (™ N ¥ (\57:?) )
— lim \ _ ’\\_\ 2|
Si+2 . () CPEITR) m+l etz ¥

L L D)
\

N \
MAZ’ \\m —

— = "%
A NER T e g2 Y2

Ve NS
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Sometimes, life is harder in R? and limits can fail to exist in ways that are very
different from what we’ve seen before.

Big Idea: Limits can behave differently along different paths of approach

2

Example 47. Evaluate lim SRl
(z,y)—=(0,0) = + Y

if it exists. Here is its graph.
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. 2 . 2
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s t
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(ypoun e (0920@d &y 10 J Y
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This idea is called the two-path test:

If we can find

Awo Pm‘)/\s o‘[‘ c\“)voq(Jn to (CUO;?JO) along

which fhe Vit of g[“"/) takes on two different values, then

Ne N does pot o)



https://tinyurl.com/math2551-two-path-graph
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Example 48. Show that the limit A(“"'i Lot y=o £ ¥=p:
. Y a]
72 liwm __lL, - N >-D
lim y Yy (318 Yo (0,91-3193) O%y
(z.9)—(0,0) T4 + y?
does not exist. /—\\wg Ymx
7 : It un \(Z[Mx) - It W X .0
/\ C\(lmﬂ‘)(O(D ~“ —\-(Mﬂz Y90 L2 _ _(9"\-:2‘:

//W:W‘y

,.._._z____b&——n“)x

SO \17 X).\e Two-?.él\ ’\\1}‘ '\\‘C “‘:"\' »055 ‘k}‘ C)E-;)'
Example 49. [Challenge:] Show that the limit

Tty
lim .
(2.9)—(0,0) T* + y?
does exist using the Squeeze Theorem.
Theorem 50 (Squeeze Theorem). If f(z,y) = g(z,y)h(x,y), where

lim g, ) ap) 9(2,y) = 0 and |h(z,y)| < C for some constant C near (a,b), then
hm(x,y)%(a,b) f(xa y) = 0.

WL L T Voudel)
\() we e ’) Rtmc)n\u, 3\,\ [ 1 0

) Voed b
-, Wy _ox
= % (&p“ e ')
4

K
\\&\\D: g
2) Bowd Wi F20, 0 RN 0 L2 X 20

6 0 \b) —\J\e 67,\«{{2-(, ‘“\c‘nm X 7’ ()

y t«,,s))m,m N x\{
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14.3: Partial Derivatives

Goal: Describe how a function of two (or three, later) variables is changing at a

point (a, b).
Example 51. Let’s go back to our example of the small hill that has height

1 1
h(z,y) =4 - 15’72 - Z?JQ

meters at each point (x,y). If we are standing on the hill at the point with
(2,1,11/4), and walk due north (the positive y-direction), at what rate will our
height change? What if we walk due east (the positive x-direction)?

Let’s investigate graphically.


https://tinyurl.com/math2551-pdev-hill-ex
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Daily Announcements & Reminders:
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Goals for Today:

Understand Clairaut’s theorem

Define the total derivative

Section 14.3

Learn how to compute partial derivatives of functions of multiple variables

Learn how to compute higher-order partial derivatives

14.3: Partial Derivatives

Goal: Describe how a function of two (or three, later) variables is changing at a

point (a, b).
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Example 52. Let’s go back to our example of the small hill that has height

1 1
h :4__2__2

meters at each point (x,y). If we are standing on the hill at the point with
(2,1,11/4), and walk due north (the positive y-direction), at what rate will our
height change? What if we walk due east (the positive z-direction)?

Let’s investigate graphically.
__T/l we, \;/ullé &lke’ V\_Olfﬂ/\‘. a8 )I\AVL, C'\Qb}\ = C,Z-I\")
- \ 1 X
$0 ‘ACQ,@—L{—%{Q\L—:N 5":(%

\‘lb\)\) ’ca.ﬁi‘ E\s \L\‘S C\L‘U“L’tl‘j bs 3 U\CV’Cu)ts?
. - 4 1L ~ 4 . _ 1w
A @O«um\\ o Oy (3 t””‘ﬁ’\ * 8 m

\
—Iw\ﬁ 5‘0?, 0‘“ ’H«Q, )Al\l w '\'\o fojt}h& Lr""fft}u"l ﬂ.\' C‘le ) 1& v,z
(]\\{5 0 ’\'\K @u\r)ﬂ (A.\ ).Qn\/ul\,v{_ ol ‘/\ w-rt. 57

A5 ¥ C\'\UV‘(’{.S (Yar\m\ &vaq\\o{ er \l/\ wur b 7\\
()\ \n (Y; D\] 5 ( \§ . ]le > ~’;~X\x~—z = -\ M\C:\)\a\r/,,,, £

Definition 53. If f is a function of two variables x and vy, its \j"“’xz“\ B{V\‘V‘A‘WS
are the functions f, and f, defined by

Lol — Fhuy) £ (49 - Flxy)

folz,y) = lim . fy(w.y) = lim y



https://tinyurl.com/math2551-pdev-hill-ex
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Notations: _[, 0 _g’ S ¢
x - — ( )
Dx X
(L= 28 _ 2 ()
7 Y 2y
Interpretations: &L
e b Ay wen det
\5 -'ﬂ t‘h\‘ld\
U\(U\v\ 4 . \
W (onta ¥y , (burula-lw"f‘n}/
This tangent line P, vou i, o)) ,C*+ ('\LD M ’
has slope f(xg. yp). eI e This tangent line
ecner -y has slope f,(x;. vp)- vTHQ‘L Uur\\ 'A'L]t {5.) -(-L(A
in the plane x = xp The curve z = flx, yg)

in the plane y = ¥,

= fix, ¥)

e oV wL ﬁ\cm ngbm WALS

\Ur{a ns s awlﬂ

/.C

/)

(g, y0) X=X

y=)

Example 54. Find f,(1,2) and f,(1,2) of the functions below.

-C“’Z :)- (\)/-'—\13 O -1
Y 2 (Se-+)

b) f(z,y) = tan(zy)
£ legl= et < () 5 \ et %)

Iq(\z,\ﬂ: Gect (x) * ?;{M )= % se’la)

4, (2= 2 se*2)
;7 (D= sec (2)
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Question: How would you define the second partial derivatives?
Tal(e, FMKM\ A(y;\/u\:qs \,g— \'Le Va;’lt‘ot\ JCV:JAJ';\A(D
2
Mﬁw\\\"‘j ‘C\(x = (f\l\ = ()’j‘\ :2£ b s
N ¥ s DSl e,
Lol gy = Ry = 3 ()= T
e 4’7x )y = 2&(“\ Z/ ﬁ’a o
1 W Ty Y
e Wly= (%)= .
= M 5] T ey
Example 55. Find f.., fuy, fyz, and f,, of the function below.
12 2\ -l
) f(e.9) = VBT fy= 5l = 2 ()
(P
» (G e — 2 (Gy =)
f® (305D | £ { Al ~;Z, >
~32 —
(e S = 3 G- S
P — \
» ra 1\ [g \~!2
12 _ - -
Ew’%y(giﬁgx-% ) 'S vaZ )
\ -3
= “g( [ G- V) = albd- )
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What do you notice about f,, and f,, in the previous example?

Theorem 56 (Clairaut’s Theorem). Suppose f is defined on a disk D that contains
the point (a,b). If the functions f, fu, fy, foy, fyz are all continuous on D, then

Loy = Ay

s i‘é Q“ \"(r‘ﬂ“l bwb@v fdﬁ‘ﬂ A(_n'us avtd’ﬁ YN 3(\3( heyv [a(l,)
(-'\(xxi" LY\D‘ g 'L‘P‘)‘ 76 i‘f'f?‘: '/xy;'c‘rvy

Example 57. What about functions of three variables? How many partial deriva-

tives should f(z,y, 2) = 2zyz — 2%y have? Compute them.
7
5

) _ . =
£, Qe -2 292 0
fy= vz - s

—CL'; ZXj - 22)0

s2 4] b0
Example 58. How many rates of change should the function f(s,t) = [2s—t| Y09
st 20 %)
( Gr V)
have? Compute them.
= 2s %g = | 26 \ 1
_ £, = £ L= |-
Y =2 = - ° Z s
7 :
Lot &y = 5
Lol G5 ¢ dends
\C 5— ( o\ Bv b Jcﬁ_’;
25 ‘ < \ yosv 'ef )C

4‘)\?— ’\'O‘);k\ &ev:\/m V4 Ts D’c [g;]_,) = 2 -~ | &¢aw ‘Cﬂ//

) N\ v~ fay Z
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L

In the previous example, we computed partial derivatives. How might we

organize this information?

A MvA\r‘\y !

fl(ﬂfl, ce ,xn)

For any function f : R" — R™ having the form f(z1,...,2,) = : ,
f(1, .., 2p)

we have n inputs, i outputs and oM partial derivatives, which

we can use to form the total derivative.

This is a \l\M ar map from R"” — R™, denoted D f, and we can represent it

\
with an __ "™ &dric , with one column per input and one row per output.

It has the formula Df;; = % ( ‘(D
2

LY(AMPL,S néyk %'lm(,.
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Daily Announcements & Reminders:

o Hu 143 Jue Yoni gnb (@)

@)

o Evow gradee bude by W,
0 distaseion ol Then i

[ DO wowmv(‘) Probl{m oA éJ V"‘D

@) e

Goals for Today: Sections 14.4-14.6

@ Dy uss WQ,MAI lf'l‘%*;"@ OW\X1 ];V\MV‘ af(mxfmm(/m

e Learn the Chain Rule for derivatives of functions of multiple variables

e Be able to compute implicit partial derivatives

o
Y Ve con At ad Yoo o c\wuge,

J N
W\A& (’)AQ. Jars w.'\/.b, e ha\"“\'j Ju“\at‘c

Last time, we computed partial derivatives. How might we organize this informa-

tion?
fl(.rl, Ce ,xn)

For any function f : R" — R™ having the form f(xy,...,2,) = ,
fm(xla s axn)

we have ___ "'  inputs, "~ output, and _ """ partial derivatives, which

we can use to form the total derivative.

"
At endh poi nt 2= (ag,a0 6RY

\{'This is a _ lLatun map from R” — R™, denoted Df, and we can represent it
—
with an \M“%‘“‘Y , with one column per input and one row per output.

—

It has the formula D f;; (2\: 3 (f‘ (\{,,,,./Y,Jj \)
dYs ~

1
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Example 59. Find the total derivatives of each function:

a) f(z) = 22+ 1 D= [ ) x|

b)r(t) = (cos(t),sin(t), t) DRz - &l 2,)

los(®

\

c) f(z,y) = vdr —y DEG = E;%{-_—j - ] \x2-

2.3, -
= 2 *
Z\J?Fy
[ — |
77 2%,

Iy 3
A) fz,y,2) = 2zyz — 2%y VEMY D= X'sz Nao-7 ny—Qzﬂ

£ < 242 |

Fye ez w2

Fz - Z.Xj - 22-)' i | 1

— . rz \ —'\ & bcuN of /5 Z
o) f(s,t) = (2 + 1,25 —t,st)  Wd (5,02 5 " .

Ys-:zs X = ! 2 —‘l é)er‘w-rey

Vo= 2 Y=

] v s & Je & =
2. -t 2= 5 N

What does it mean? In differential calculus, you learned that one in-
terpretation of the derivative is as a slope. Another interpretation is that the

derivative measures how a function transforms a neighborhood around a given point.

Check it out for yourself. (credit to samuel.gagnon.nepton, who was inspired by

3BluelBrown.)


https://www.geogebra.org/m/rftwacsy
https://www.youtube.com/watch?v=CfW845LNObM
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In particular, the (total) derivative of any function f : R" — R™, evaluated at

a=(ay,...,a,), is the linear function that best approximates f(x) — f(a) at a.

This leads to the familiar linear approximation formula for functions of one variable:

f(@) = f(a) + f(a)(z — a).

—WI\QW*(’. Duv weas ’(’)‘owk SM e Vav. u\(/ (w»s“sp U(&

\pﬁ\/\ \-on\\ &emm‘\(m H?\au],\j wa\t vay, ()Q/\,

Definition 60. The linearization or linear approximation of a differentiable

function f : R” — R™ at the point a = (a4, ..., a,) is y waviy vechr bl ’\‘Pl“(“Hih
/-\/'_\_/
o= Fz) & DA (%-2
W Y, _,a\
n
k’ Ny -0¢
o

Example 61. Find the linearization of the function f(z,y) = /5x — y at the point

(1,1). Use it to approximate f(1.1,1.1). L0 1N=2.04%
DFWX\\MW.M\\:V\ weed £01,0) & 041,10 ¢
Lan= J5 = ﬂcwv,[zm zm’

DAY = it(
% -\
Ll = A0S Dﬁ(\.ni ‘W} -

vake J‘C‘(L\U"?!(/# é
wyt y

WAG\W\MA\@ PO 170 Ckw,m
A Ladiy = 2.\.5(”')——(\\\ D 4 j(\__(‘]ﬁz\

Question: What do you notice about the equation of the linearization?

j—\-s(jw’h ;5 0Vl“M‘ Tv\ PW’”‘V\'W‘{ ~(¥“‘> +u"‘9f“‘7 ~\-o 25‘Q\Ll‘ﬂ a* (&119/{-(“‘17)).
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We say f : R" — R is differentiable at a if its linearization is a good approximation
of f near a. -G(y..,\ €Y - Df/allo) [sz

b @) = Lyl

—0.
(@y)—~(ad) [[(x,y) — (a,b)]

In particular, if f is a function f(x,y) of two variables, it is differentiable at (a, b)

if #has a unique tangent plane at 4Z£&¥

e Tm\?\/\ [a‘\y,‘H«\‘o)
1 =
Example 62. Determine if f(z,y) = ry =0 is differentiable at (0,0).
0 x2y#0
= /1\.} v Lo PN RVRVSPNILY au) 0 eloewhoe

 £=0 =D gyl W hn= (0 0)
£2 0

CAUG\DW\) ’ Pﬂ\ («f}l\q\ &(l‘\da\ﬁ\rﬁ lun C\g;r\\ lem Po;m‘}
willot \oemy Atleediatle,
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The Chain Rule

Recall the Chain Rule from single variable calculus:

%(JA&&M = %[glﬂ] ’ %lx)

Similarly, the Chain Rule for functions of multiple variables says that if f : RP —

R™ and g : R" — R? are both differentiable functions then
(mye D) (e )
—

D(f(g(x))) = Df(g(x))Dg(x).
ry

+ 1{ )
DPERES Rl i b
)
2
Lo j 5*’4 )
, ol : L, 1,
Example 63. Suppose we are walking on our hill with height h(x,y) = 4— 281

.
along the curve r(t) = (t+ 1,2 —t?) in the plane. How fast is our height changing at

time t = 1 if the positions are measured in meters and time is measured in minutes?

Dhide Dh(zle) - R ) W=k (R W el gl)
5o (.ow'u\-e P W(ﬂz DG {lﬂ DR () D)\ C\f«‘h: {_ \2‘& -%,_/]

\
= |- B _’X D"’ (Jal ! = <% D
{: 2X w‘I}‘ \,% Loy r E:)&l T ) I

(\g.}):czcb

= (- -1 [_121

~ <\ +1=D


https://tinyurl.com/math2551-hill-chain-rule-ex
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Example 64. Suppose that W (s, t) = F(u(s,t),v(s,t)), where F,u,v are differen-

tiable functions and we know the following information. I\
u(1,0) = \

Dw (wl“fi
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@ Application to Implicit Differentiation: If F'(x,y,2) = c is used to implicitly

define z as a function of x and y, then the chain rule says:

’.B_% - — E.. z E—: - \:9—.
R 7
0z 0z 5 o 9
Example 65. Compute 9 and EW for the sphere x* 4+ y* + 2 = 4.
£ Y

Gy, 2) = 24 42"

5o Fo=2% | Fj=27/ F =22

s 2&.&‘@ g 2. 2%y
ox 2z by— ZZ- Z
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Daily Announcements & Reminders:

v Hw Ny dee J“"“‘s“j
e @ui;}“l N QLur)ia\LOMWoW T £ h4 @EE': PO I @

Lot v kD2

B | g stk by Thomy

» bb W o g ?m‘olem b B —— >

Goals for Today: Sections 14.4-14.6

e Learn to compute the rate of change of a multivariable function in any direction

e Investigate the connection between the gradient vector and level

curves/surfaces
e Discuss tangent planes to surfaces, how to find them, and when they exist

Example 66. Recall that if z = f(x,y), then f, represents the rate of change of z
in the a-direction and f, represents the rate of change of z in the y-direction. What

about other directions?
fA

SN
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1 1
Let’s go back to our hill example again, h(z,y) = 4 — Zazz — ZyQ. How could we
figure out the rate of change of our height from the point (2,1) if we move in the
direction (—1,1)7? Wiz D=y D) 20 = ( -\, '—E,_
) A

° 0 ND““M&\\\ e A‘NCL‘M WA})/']“O )e‘]' 9(0%()*16 B ASUHY ¢

| 4:%” > V)
v 4 (C B= M. = T3, T;>

OO S M\ -
:—/—V‘DX ’D (owshudt WK ?/W\CMJr X(’h e ld:
- I Vi _g((_l‘041«a’) £(2 3 ﬁ( ,A | v l\\ U
fa\-e o{:c ande | W= 0 W - l/\m — L)
TA&’\ ryte &“ \Aa b’" s"Cl\’L\’t (’) 0‘6} - lﬁ‘ \)“
N \\\\\ i Fhe (vllj or Z. y) Av. Gown () ) 'S Z\Y {\,,Mle

. \ \
Definition 67. The b\NC)(‘OMw\ 3{":"“}"’6 of f:R" — R at the point p

in the direction of a unit vector u is

I W3

Duf(P) = \99

if this limit exists.

E.g. for our hill example above we have:

D<‘%—L,*\@3\\O = 7‘5_ 2

Note that D;f = Lf Dif = £ Dif = 4,


https://tinyurl.com/math2551-hill-dir-deriv-ex
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Definition 68. If f : R” — R, then the 4"" Neab of f at p € R" is the
vector function vk (or qul ) defined by

s\ Ohiy,
~ AL, £ul) o RGP Hxﬂ

T = 'Z“‘t ?/'“P
~ Df (?3 A
~1z2y
Note: If f : R” — R is differentiable at a point p, then f has a directional derivative

at p in the direction of any unit vector u and
_ MR = R

Example 69. Find the gradient vector and the directional derivative of each func-

tion at the given point p in the direction of the given vector u

_ D= AT
) £, y>=1n<x2+y2>,p=<—1,1>,u=<%,7§> T s

Vs
2
_1
- 2 - =\ = [ A
)wav‘»ww (2, 59=4AD 7 L J
4 V\Sl‘ 2\ -~
Ay Cwedewib, 0= I8

Jechye

- vr N &
) DeFlf) = [11 -u; ’rg \r{

b)g(z,y,2) = 22 + 4zy* + 2%, p = (1,2,1), u the unit vector in the direction of

1
<
PV

i+2j—k
D V= <2>c 45, gx;, 237
D) Codude @7 Nyl 212 L 24 16 p000), 20= 4 15D

7 e Az ]
% \Av»{\‘\!er'/- W= \ml - <l|1‘-0

‘ > < (sr2-z) = bl
) Ds 9 02D = (08062 e\ 20 = G <
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1 1
Example 70. If h(z,y) =4— ZxQ — ZyQ, the contour map is given below. Find and

draw Vh on the diagram at the points (2,0), (0,4), and (—v/2, —v/2). At the point
1

(2,0), compute Dyh for the vectors u; =i,us = j,usz = <\/L§’ ).

0 A\\ ‘DQ:AA‘ ']‘o wad s (eu]‘a" (\\‘%MY\ p“\ Mm Lm)

o NN wlded Yo R faw ke
| ’ A)“ '%, Q"(ﬂb _& ‘\a \lfv{\ SCI‘ Cow;‘al‘m:g?

3 ﬂ‘((ﬂ YO‘\/&\ W Ohecton of gftq‘—;ﬁ W Ve
ok L

o |l Vf-(\o’m 'S Ha&oﬂ‘ er-EoL Cl'\«uqe o 1[

Yo Dﬁi(‘é\: VHAR S

C =\ v\t(fvn-\?/o?\\ (9/’-@) $=0

Sond

® "V‘H’\S ?oxl}%\\/\ »l\r‘cc\'\‘am v‘[’
(?Vfa\-:s,%- decrtuse O ausy J’\Mw’e) of €

L Mo e s -NOHPN,

Note that the gradient vector is Ormoqavm\ to level curves. o 'L(‘W)

Similarly, for f(z,y, z), Vf(a,b,c) is of))uo\‘.ma\ 4 \&u\ s\m(r«z(;
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Tangent planes to level surfaces

Suppose S is a surface with equation F(z,y, 2z) = k= How can we find an equation

of the tangent plane of S at P(xg, Yo, 20)7 +
\C'\ﬁm’(v\.

To cqn\‘r\«c" r‘“"‘b.‘
ol(ué ?A;A\" 9104“ V"‘""‘]‘ ¥

o h{f& MM) VF' " vxdw\ 0}

22+ 92 +2=10,P = (—1,3,0)

V) wHy T Al beims My surface
P T O

)f‘lr\{“r 2-10=0
(o (‘Ke‘/lz’\ = 712 *VL"‘ 2 -0

)_> \o}‘( Qo\ (:“3 6)

) Fhl o UEs L1y, O
/ﬂ\?‘ ﬂ {~ 27 D)

"l\ bive Q\w'e e@ma\l\w\‘, AN +(ly-1) +(z-0) =0


https://tinyurl.com/math2551-tangent-plane-1
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Example 71. Find the equation of the tangent plane at the point (—2,1,—1) to
the surtace given by
z=4—2"—y :'@(m@
DT Dmlrfo F=e:
z Edy -4=0
2) ?0‘\“", 2 I-’\)

N Vawnnl + QU= L 2%, ), >
iFQF(QI\I—D:<~qI llD

o Flyyps 27 "”’j -

@) Nnes =4t L y=0 + 124120
>z ~\ (\‘\)L\;’fﬂ dq~5
J
(1)) A\gx(/m r\:ﬂk—h\)

Special case: if we have z = f(x,y) and a point (a, b, f(a,b)), the equation of the

tangent plane is

2= gfa b6, (o) G-o) ¥ §Ghly-Y)

This should look familiar: it’s X{\"t \“"W.\%&‘mv\



https://tinyurl.com/math2551-tangent-plane-2
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Daily Announcements & Reminders:

’ anwl 5”","5 art ouw )

o 25 peatile 565 7oy )
J( V(‘(,vh"} b feon uuln'l 4 am 003 -9;«45'0:?9}, thew
o & solubivn Yot Wi wissed ia gour sslnivon

mt,:av\ ‘q 93/ '75“‘ 90 }o/mmf (b0 9" s ;::"::;E.=::;E:;:;--:. .l.i

- Reja

—_ TaL( More p()uuw'}'“ac d€ O‘P" \\(e lnoun //Mﬂu" L“L/ pLLl.S § Al
v s Wi wriap poll [,J g__/j B s : 0+ B W
’ Mcs«%l\ho«l& onNn é& ‘E\( QA*A )'"“oﬂ]

Goals for Today: Section 14.7

Define local & global extreme values for functions of two variables

Learn how to find local extreme values for functions of two variables

Learn how to classify critical points for functions of two variables

Learn how to find global extreme values on a closed & bounded domain

Gl = Ay le), £ 07
Last time: If f(x,y) is a function of two variables, we said V f(a,b) points in the

direction of greatest change of f.

1 1
Back to the hill h(z,y) = 4— Z:UQ — Zyzl What should we expect to get if we compute

Vh(0,0)?7 Why? What does the tangent plane to z = h(z,y) at (0,0,4) look like?

e UhE Lo o3> s VD=0,
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Definition 63. Let f(x,y) be defined on a region containing the point (a,b). We

say
. \o ch WV{MMW\ . >
o flab)isa value of f if f(a,b) = f(x,y) for all
domain points (z,y) in a disk centered at (a,b)
x <
e f(a,b)isa bl M mun value of f if f(a,b) = f(x,y) for all

domain points (z,y) in a disk centered at (a, b) l
IDcnl W‘f)yc

¥ bah ~ M \¥7

1( Cr.yl ¥ 1 (
E_,)k oy Pk 4(()(»1 12 1C/al4;)
'Dblm.l'\ J/’? ,H“V\ loo(c;
X\, sm\.t
CK‘L, q) g't’( u["‘)
wia émx

In R?, another interesting thing can happen. Let’s look at |z = 2° — y* (a hyperbolic
paraboloid!) near (0,0). (g o~ Pt

This is called a_22ddle_goint

Notice that in all of these examples, we have a horizontal tangent plane at the point

D-F (ullﬂ‘—’ Lo 0] @ D—f/a‘b) Jot)w}‘r oSt

in question, i.e.

é?‘) 0 \ ’lp
U4 lay) = 40,07 [a] v St L B
J Vet \J;‘TY’«
/\\\d[u\ wa DEAEL) DnE [0.)
G oa N
P Wue D DVE
Definition 64. If f(z,y) is a function of two variables, a point (a, b) in the domain of
f with Df(a,b) = [o 0] @Nhere Df(a,b) £als Yo exsh

is called a ¢t {’0“*}‘3 of f.



https://tinyurl.com/math2551-saddle-point-ex
Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann




Day 11 Optimization: Local & Global Page 57

Example 65. Find the critical points of the function f(z,y) = 2° + 3° — 3zy.
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To classify critical points, we turn to the second derivative test and the Hessian

matrix. The Hessian matrix of f(z,y) at (a,b) is

&wm@-wkwj

Hf(a:0) =1 ¢ 6,0 Coylos)
D¢ ()

Theorem 66 (2nd Derivative Test). Suppose (a,b) is a critical point of f(x,y) and

f has continuous second partial derivatives. Then we have:

\)

Ifdet(H f(a,b)) >0 and f..(a,b) >0, f(a,b) is a local minimum

A
If det(H f(a,b)) >0 and f,.(a,b) <0, f(a,b) is a local mazimum

If det(H f(a,b)) <0, f has a saddle point at (a,b) XS an c;'jeuva(ve o A
wl eiyn vedor % 43

N

If det(H f(a,b)) = 0, the test is inconclusive.

More generally, if f : R”™ — R has a critical point at p then

Y o If all eigenvalues of H f(p) are positive, f is concave up in every direction from
n=2 p and so has a local minimum at p.
K> . . . . N
C‘;\,,\«\‘ o If all eigenvalues of H f(p) are negative, f is concave down in every direction
Yo dex (\-\l-(:u\mofmm p and so has a local maximum at p. \rL\l

e If some eigenvalues of H f(p) are positive and some are negative, f'is concave
up in some directions from p and concave down in others, so has neither a
local minimum or maximum at p. (<6 ddle po:ml")

o If all eigenvalues of H f(p) are positive or zero, f may have either a local
minimum or neither at p.

o If all eigenvalues of H f(p) are negative or zero, f may have either a local
maximum or neither at p.
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Example 67. Classify the critical points of f(x,y) = 2° + 3° — 3zy from Example
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https://tinyurl.com/math2551-critpt-ex-2
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Two Local Maxima, No Local Minimum: The function g(x,y) = —(x* —1)* —
(z*y — x — 1)* + 2 has two critical points, at (—1,0) and (1,2). Both are local

maxima, and the function never has a local minimum!

A global maximum of f(z,y) is like a local maximum, except we must have f(a,b) >
f(z,y) for all (z,y) in the domain of f. A global minimum is defined similarly.

Theorem 68. On a closed & bounded domain, any continuous function f(x,y)

attains a global minimum € mazimum. Ey-\-vgme Value Theowt im

- ) 4 L Aud“
Closed: The set tortuin all o \")“"‘J“"j (’bm-‘.s' é— b?" 7
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https://tinyurl.com/math2551-2max-only-ex
https://tinyurl.com/math2551-2max-only-ex
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Strategy for finding global min/max of f(x,y) on a closed & bounded

domain R

1. Find all critical points of f inside R.
2. Find all critical points of f on the boundary of R
3. Evaluate f at each critical point as well as at any endpoints on the boundary.

4. The smallest value found is the global minimum; the largest value found is the

global maximum.

Example 69. Find the global minimum and maximum of f(z,y) = 42* — 4xy + 2y
on the closed region R bounded by y = 22 and y = 4.

ﬁj(ur‘L L\@& Nuend ”j
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Daily Announcements & Reminders:
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Goals for Today: Sections 14.7, 14.8

e Find global extreme values of continuous functions of two variables on closed

& bounded domains

e Apply the method of Lagrange multipliers to find extreme values of functions

of two or more variables subject to one or more constraints
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Strategy for finding global min/max of f(x,y) on a closed & bounded

domain R 0 A‘V\M\Oj\*? of (;z‘b-ew Va\vaT\'lcde,
1. Find all critical points of f inside R.

2. Find all critical points of f on the boundary of R
3. Evaluate f at each critical point as well as at any endpoints on the boundary.

4. The smallest value found is the global minimum; the largest value found is the

global maximum.

Example 70. Find the global minimum and maximum of f(z,y) = 42* — 4xy + 2y

—
on the closed region R bounded by y = 22 and y = 4.
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Constrained Optimization

Goal: Maximize or minimize f(z,y) or f(x,y, z) subject to a constraint, g(z,y) = c.
or

9lvyB = ¢

Example 71. A new hiking trail has been constructed on the hill with height

1 1

h(z,y)=4— ZxQ — ZyQ, above the points y = —0.52% + 3 in the zy-plane. What is

the highest point on the hill on this path?

T)(A“Q] \ Vs

‘ A {wml g
O Objective function: )\(qu\ 4- Z”( 2 -YZ (Hrlc Ha g\t avc‘nt«m 2 j>
O walian g
7
@ Constraint equation: o L Ut) W 64\0:)%«\ Yo 823 une
b2 =3
FANEA

B) God: Find (o) whoe m\:>ﬂj A 3&(‘{7—.3
</”‘Z¥;’lz77: >\<»4( S

\
: 1 x= (\x20=0
_%‘5(: )‘Y (b - %H.@_ %x%ZY—U 50 X 2

Yoo dF )= lz
\ - ——
—i\’ >( @ u%\-'\.x“o@ ’)iy:> ,iq:’—i\.@
=3 ® L0
Y ZX B oy )
i AR A
(0 ) ‘
® EV.,\““\QJ ( \):l (?\H9 \’3\3 ;“D
(\(.L.“ 3 éo e wmax l’\eiﬁ\d‘ ( ] + iyq":}
(‘9'1') A o \\I\l mehof, — x= =4
(L) | W ¥=32
20 WM VL s
o \G= 3y y¥ 3x=
/l\ 0 Ve Savt a ")\ML\W\U(S . So\ve,
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https://tinyurl.com/2551-lagrange
Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann




Day 12 Optimization: Global & Constrained, Lagrange Multipliers Page 65

Method of Lagrange Multipliers: To find the maximum and minimum values
attained by a function f(z,y, z) subject to a constraint g(z,y, z) = ¢, find all points
where Vf(z,y,2) = A\Vg(z,y, z) and g(x,y, 2) = ¢ and compute the value of f at

these points.

If we have more than one constraint g(x, y, z) = ¢1, h(x,y, z) = ¢2, then find all points

where Vf(lll', Y, Z) - AVg(a:, Y, Z) + ,MVh(QE, Y, Z) and g(l', Y, Z) = (1, h(ZL', Y, Z) = C2.
\'7—(1 W S‘mv\ (,ﬂ‘j ,V\«)
Example 72. Find the points on the surface 2> = xy + 4 that are closest to the
.

.. ~
origin. / waro

(D ()\0))((;“‘,@, ‘C“A%L\:.M 5

2
whie % &7 =0\

Y4 z"—xy ,) i
Ac)ruu[\y wie {f=0=

BonT 3 2
———

XZ \17__‘_ &7-

@ Lonshad L‘*“f) APY 22, Xy 4 =0
N
9%y, )
7)) VL Xy =2 22,,14,20 :XLﬁl <, 12D
Qz < ZZ-—Y«’-‘(‘.:O

Aj\‘j{\#h\. '!;o ba{v(’_ atosu; oF*'{r (_{u;s.
-~

Shoeting vl B Lle it widws fowatunrialdss 2-22=0 => 2(-N=0

2‘\( = Ay @ écz_ of A=)
29 -3v @ i 20 o )
22= Wz ® 2= )y ® ?lmj @m\o@- = ”;}(7 50 /Z\j». _2[\ 9
rua=0 B ) ® o e
7 to ® .
—YTE bo k)(q-\"\:’()
L-—A—- 0 ‘j-;o or A=2 of Y= -2
V9 P\va bkt _ysp Xy=0 ;3»\:0
e X=~Y o X=
U Sohwd Yo I Z,S,\e \y
X e LT
«\f‘\“\fo \"7—%‘-\’:0
(OIOI‘L) ‘f 2 \j:il N ?D{s"\,\e.
\ _;/’)- \M
S5 e C\w;\' ﬂ""‘\" X?:;o

ovig ae (0 D)
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Daily Announcements & Reminders:

e Hw 113 Loue due ‘Eou.‘j\r[:

D warwu 4\ C& 3% 03" ....:_::
" r | /\—d> @ :'= := 2,000

Goals for Today: Sections 15.1, 15.2

e Introduce double and iterated integrals for functions of two variables on rect-

angles
e Use Fubini’s Theorem to change the order of integration of a iterated integral
e Be able to set up & evaluate a double integral over a general region

e Change the order of integration for general regions

Recall: Riemann sum and the definite integral from single-variable calculus.

y=H) k=1

» ' n
Avea = S Uddy = I € £ O

[’\-)bo k-; ]
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Double Integrals

Volumes and Double integrals Let R be the closed rectangle defined below:

R=1a,b] x [c,d] = {(x,y) ER*la <2 < b,c<y<d}

Lo
X \o\mh 9 19"“"“,5

Let f(x,y) be a function defined on R such that f(z,y) > 0. Let S be the solid
that lies above R and under the graph f.

9
kw Lo y
a T Avea s AAK _
@bm - (\{\‘) \/\() |
L — | Heh)
{ 1

\wse area OAC

Question: How can we estimate the volume of 57 AN — A\(MO%(

" .
Uowr (8> 5 £6yd OA

=y )
\V\t\\lz\k\ Q’C‘ »O)L Wt O'G Lﬂ-&t GC \)\)‘
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Question: How can we compute a double integral?
Answer: \]:\rew&eb \)/Ut%lJV’}\g

Suppose that f is a function of two variables that is integrable on the rectangle

R = a,b] x [c,d].
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What about fdf(x y)dy? = (us —vfc)\‘bvu‘ aeA Abb\f& at 86&6[1

L’\/\! &t\ -G“g (vmjc‘ X

e ——

d 4 L
Let A(z) = [ f(z,y)dy. Then, - Sj M‘D&j > S( ( So\ «L[Y‘\ﬂ'l)é &j 7

This is called an tsﬂﬂm\fb (\A" T/”q

Hyvy1= 6«7/ e ok ) Yy 2= 64y

Example 74. Evaluate/ / 6> y dy dzx. A wc}uwj\é C l}xfg ‘L]

g o
=40 \ Y

o Slz(g\f-\b - 3¥L"l\&>‘ ‘-
R CPTINE VR N RS 1 SR
| \ =
N——

i1 e,
: Xy )
RR 15 )< Wee ) T4 i er was Nl
Theorem 75 (Fubini’s Theorem). If f is continuous on the rectangle R = [a, b] x

[c,d], then

G by b = e £ by

More generally, this is true if we assume that f is bounded on R, f 1s discontinuous

only on a finite number of smooth curves, and the iterated integrals exist.
\
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Example 76. Compute // ze dA, where R is the rectangle [—1, 1] x [0, 4].
R

/ '\I:S\ch by b, & WD

-

[ A
/ 1 = 3: S,\ * Jy
- \ ? — So‘-’\( e'/ L’ >)7I
= Sd O 9)! ~ D

Question: What if the region R we wish to integrate over is not a rectangle?

Answer: Repeat same procedure - it will work if the boundary of R is smooth and
f is continuous.

\)(,r)f\\mny S:“’bp\t *0;\%0%‘\‘«,“] Slm’;\o
,\__,_/—J _ .

| ‘7 9,(~) %—&/f—r-\
- T (/ \\r lnfy)
B sl T 7T j =) \(7\‘\{‘0\\ \\
Y 74
T A e
‘A?,(‘D
y 4 & _ . L) Ay ﬁjo
- 30\ S‘Lm R 33 . g SL S"\\Lw)
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Example 77. Compute the volume of the solid whose base is the triangle with
vertices (0,0), (0,1), (1,0) in the zy-plane and whose top is z =2 — z — y.

Vertically simple: \]j SS Q,- %y §/Z\

:S ql;xﬂ&j&

x=o 17 -t
'“1 )

— Xl (2\07

(2%)(1~x)~ %,U‘\/)L &)(

- 29( \'—~\sz' »}4

Horizontally simple:
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Daily Announcements & Reminders:

Goals for Today:
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Sections 15.2, 15.3

e Be able to set up & evaluate a double integral over a general region

e Change the order of integration for general regions

e Compute areas of general regions in the plane

e Compute the average value of a function of two variables
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Example 78. Write the two iterated integrals for [[,1 dA for the region R which

is bounded by y = v/z,y =0, and z = 9. Vot gcu'tkw. Y= %
*
Hing: Sketch +he req n a R=x
W F = 1 dxd
S U\\"D ,.Vq 1 d.‘j So St)a. Y
>33 U*'wuva%b
a P \-o.,\. $‘4\Oold k
x= % ‘O ()3
m&\
no¥ \"“\’;‘L o & tntegrakion-
o ¥we W

Example 79. Set up an iterated integral to evaluate the double integral

[[z62%y dA, where R is the region bounded by z = 0,2 =1,y = 2, and y = x.

N r#
b L,
e 5=: _i Sx 6Xy duolx
|y
S S 6’y dedy
X >y o

Cur up thee tomglicated +5 S @)\3 dxo(j

Tebton into %(MP(QX‘

re,%,\ohc;.
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Example 80. Sketch the region of integration for the integral

1 4
/ f(x,y) dy dx.
0 4x

Then write an equivalent iterated integral in the order dz dy.

S Qe y M
[ o=t S S ij\dxdj
o O

D X

tov) (Lo

%: ‘U‘
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Area & Average Value

Two other applications of double integrals are computing the area of a region in the

plane and finding the average value of a function over some domain.

Area: If R is a region bounded by smooth curves, then

Area(R) = SP§ 1 oA

|-vev:. - . I.\TS
N
— L lemgia ) = g 1 ox
a b
Example 81. Find the area of the region R bounded by y = /z,y =0, and x = 9.
Yo
> Area(PY= 55 1 oA
! X Ix R~ 3 9
) a =39 1a3o\x=33 1 dxdy
k=4 ) -
1§
Average Value: The average value of f(z,y) on a region R contained in R? is
?;: C &\\D‘S ‘F(,Q.\ds ’-(_
b
\ 3 QL\H‘S\ dy d‘b favg = M_SMA
— -O:/-/k/
T 5 tead
Reeall:  [Fvar: -COQ on Coaiid. ’Fo.»%: T (0dx

(
A;:QT?\\ S‘i Q Nd A
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Example 82. Find the average temperature on the region R in the previous example

if the temperature at each point is given by T'(x,y) = 4xy>.

L
Tavy, = preatrd | Sé Top df

i
= |
—
"
=
£
)

\ I

ol

(e |
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Daily Announcements & Reminders:

o MW 152 £ 153 Aue 4—,0,..‘3\1{1

e Cvom Y on T ORL (uw\m‘al Lpm Crom | fo ‘]».Qaﬂ iy o3 3y @

VE Bedend T, 70 o S i e

?I'O Vf.&) dfb”* SV‘hﬁ %\J‘”\ ' :i.i:i:il‘i.;i:i:::- :-.: ':- :_:EEF
S 20% w22 5 RO 25 L
L2 70 stk =) 0 ey e e

Do ey o 7 i

Goals for Today: Sections 15.4, 15.5

e Introduce the polar coordinate system

e Convert double integrals to iterated polar integrals

e Compute iterated polar integrals

e Define triple integrals and compute basic triple integrals

Mort w/\**l‘j ov \r-(v-\\\(ﬂi\? 5“'”'\“\‘-,-)

SN = TV
A: S.-l g-r& \ )jg}
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Polar Coordinates:

Y Cartesian coordinates: Give the distances in
=" ;'t) N >
\ and ) directions from _©&®D
Polar coordinates: (v f’)
v B P=(
b e r = distance from _ OtV to '~ %Y
Uw =
& a e O = angle between the ray 8% and the
+ xl positive _X=#%>

We can use trigonometry to go back and forth.

C‘fl‘9> —) (Y‘\f\ ()= B

ﬁ

Polar to Cartesian:

x = rcos(f) y = rsin(f)

Cartesian to Polar: (.Y o) D Moy Yos«,{\:l(, Ud" )

r? = 2% 4 tan(0) = Y
x

Ta Yvolv\iws'. r20, 0 ¢ 8 L2 \
‘O‘f diny other el
\.pw,[\‘l/l )7&

‘64(1' -'ﬂé‘aﬁ'n

)
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Example 83. a)Find a set of polar coordinates for the point (x,y) = (1, 1).
7 - \
fentee g Ll

\ o
r= 2 5= Ty (40):(61(2)

|
b)Graph the set of points (z,y) that satisfy the equation » = 2 and the set of points
that satisf}}\the equation ¢ = 7/4 in the zy-plane. Y A

=/ L{
4 _ o
=72 ™0
2X %20
\ “ pox
c) Write the function f(x,y) = /2% 4+ y? in polar coordinates.
= Ulrwsb\™d [y e\
- (s =V
= Nez ¥
d) [Poll] Write a Cartesian equation describing the points that satisfy r = 2sin(f).
—_——————

17:% \1’\1-{"*(2‘



https://edstem.org/us/courses/62339/discussion/?category=Polls
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15.4: Double Integrals in Polar Coordinates

Goal: Given aregion R in the zy-plane described in polar coordinates and a function
f(r,0) on R, compute [, f(r,0) dA.

Example 84. Compute the area of the disk of radius 5 centered at (0,0).

A nr”
/ s /l*'rtm“/ Sg‘z \AA’ A*’Cu: ng
A _ 3’74 Sy I » )8
A7
jZZ =\ 5 4o
L 0
. LS - 0
p =
oL (@ﬁf),ﬂ W (Lol
U < So D) I :&rﬂb
AR
é/ DAF OFET =9 27 &
;7@ ~ v DOOP = gjﬁ 20
Ob = 257V

v de 4O

Remember: In polar coordinates, the area form dA =
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Example 85. Compute [, e~ **¥) dA on the washer-shaped region 1 < 2% +y? <
4.

3y 2 X,LS' \{L:rt
i @_MV)&A

DJ‘“

Lo _
7""&' C( rdrd B .

_”So

19\15“2\/(91/
o (S a0 )9 oS>l
L
N VM - D@ Y=
— (g 72 \_\

_ Sz_cl «éejq-} )Z[\ &9_:

Example 86. Compute the area of the smaller region bounded by the circle 2% +

(y — 1)2 = 1 and the line y = x.

o= Y VA S 5 (=032
2

Lsab

_ g—q[q Szvhe { ilb

2

- g““‘ 280 L
[\
— S’q‘\( (l ’(._)\29% &'9'
bla ! oA UG’\)T‘“\'
D_l:‘f‘ é 25D - L 3
04 ¢ =
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Example 87 (Poll). Write an integral for the volume under z = z on the region

between the cardioid » = 1 + cos(#) and the circle » = 1, where x > 0.

\ Sré\\-w&ﬁ

-~y

Nolume = Sslbﬁc - Smlg‘\ﬂ(tis’&\ v db

R Tl


https://edstem.org/us/courses/62339/discussion/?category=Polls
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Daily Announcements & Reminders:

PHW 154 B tomight

Cuanz on Tassdey 37y 3730
~See Canves annosmcemant for Lol (e i-(e)

* Do wavmig goll o 4 > e

JT T

6 Lq L @gs'a:s_;f

Goals for Today: Sections 15.5, 15.6

e Learn how to write triple integrals as iterated integrals.
e Compute triple iterated integrals
e Change the order of integration in a triple iterated integral.

e Apply our work to find the mass and center of mass of objects in R? and R?
15.5 & 15.6 Triple Integrals & Applications

Idea: Suppose D is a solid region in R3. If f(x,y, 2) is a function on D, e.g. mass
density, electric charge density, temperature, etc., we can approximate the total

value of f on D with a Riemann sum.

> f(@h gk 2) AV,

k=1

by breaking D into small rectangular prisms AVj.
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Taking the limit gives a

“,g.ej.m&
Irple ‘m\w_)vm | / / / ﬂx’fm I

a& vt 3:&1\ QL ‘W\\T\h"‘“\':‘)‘ﬂ

Bl W

Important special case:

[[[1av- e o (D)

Again, we have Fubini’s theorem to evaluate these triple integrals as iterated inte-

grals.

Other important spatial applications:

TABLE 15.1 Mass and first moment formulas

THREE-DIMENSIONAL SOLID

Mass: M= /][3 dVv &(x, v, z) 15 the density at (x, v, ).
I

First moments about the coordinate planes:

M, = /]f x8dV, M_= /f/ yedv, M, = fff z8dv
D 'y D

Center of mass:
M, M, M,
V= 7

M - M’ CT M
TWO-DIMENSIONAL PLATE

Mass: M= f[ﬁ dA & = &lx, v) is the density at (x, v).
E
First moments: M, = /f x 0 dA, M = /] vodA
R R

M‘l' Mr

=

Center of mass: =
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1 2—x 2—xz—y
Example 88. 1. Mechanics: Compute / / / dz dy dz.
0 Jo 0

\ - Z‘Y“jp 9 | 2-y
- So S0 z D } r = So So Q—\uT !97 D)c
2~ %
~ \/ N
- % b“‘\j‘z"} lo AX ( o
2 [ _AF =1
_ }‘ Q"ﬂz~ ll_(l’ﬂ »y: 50 ‘2[2 %) ‘QX 2 6\@ :A ,0
0 = (Ve (?)
2. Interpretation: What shape is this the volume of? ~ %
6
\Hlbvw O‘G" F>D N
Az~
Ve &%) *<} gt Zz>2
by & Lo b
D& £\ > 2-y-2

BHE

b

LA ‘?/
z b fix-%

\(—\ngz
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We will think about converting triple integrals to iterated integrals in terms of the

5\'\%‘90"‘/ of D on one of the coordinate planes.

Case 1: z-simple) region. If R is the shadow of D on the zy-plane and D is bounded

above and below by the surfaces z = h(z,y) and z = g(x,y), then
174 no ¢

///Df(x’y’z) dv://R (/g::)y)f(x,y,z) cfg) dy dx
. q .

ov
o) "3 be 9}
E W E

OU—\-c)v boun ) 9\wl&
J \H’. LO\A%u.A\—?'M\\}

Case 2: y-simple) region. If R is the shadow of D on the xz-plane and D is bounded
right and left by the surfaces y = h(zx, z) and y = g(z, 2), then

[ = [ ([ ey ) o

%\:/32

5(‘#,3\)

D

Wiz

¥ Y

Case 3: z-simple) region. If R is the shadow of D on the yz-plane and D is bounded
front and back by the surfaces x = h(y, z) and = = g(y, z), then

///Df(:c,y,z) v = //R (/g;(:) f(x,y,2) dx) dfwdy

07 \2
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~10, 410,220
Example 89. Write an integral for the mass of the solid D in the first octant with

2y < 2 <3 —2%— y2 with density 6(x,y,2) = :c2y + 0.1 by treating the solid as a
Y
'/

z-simple and b) x-simple. Is the solid also y-simple?

£) ottt sy (00 ¢ W

)
Qe shadon = mD Syro-l BV
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https://tinyurl.com/math2551-3int-order-ex
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Example [89] (cont.)
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Rules for Triple Integrals for the Sketching Impaired (credit to Wm.
Douglas Withers)

C
Ve Rule 1

: Choose a variable appearing exactly twice for the next integral.

Rule 2: After setting up an integral, cross out any constraints involving
the variable just used.

Rule 3: Create a new constraint by setting the lower limit of the preceding
integral less than the upper limit.

A

\'ﬁ - (XL&Q/

\/"” Rule 4: A square variable counts twice.

Rule 5: The region of integration of the next step must lie within the
domain of any function used in previous limits.

Rule 6: If you do not know which is the upper limit and which is the lower,
take a guess - but be prepared to backtrack.
)

%\5 Ny : . :
F( Rule 7: When forced to use a variable appearing more than twice, choose
the most restrictive pair of constraints.

Rule 8: When unable to determine the most restrictive pair of constraints,
set up the integral using each possible most restrictive pair and
add the results.

Example 90. Set up an integral for the volume of the region D defined by

TEYSE PRl 20
QU\\‘O \ X QY c{avﬁ 'Gfs'}‘ } C“OOM(‘Q 2 %‘t. 3- ‘-[
() ¢yl

-/_—./—*—’

A2 S xE g~ '7' RN "
QA\L L (oo ¥ ‘H«z)e co«jmhk}

Rans y20 kil fuz?%a §—y
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Daily Announcements & Reminders:
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Goals for Today:
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Section 15.7

e Be able to convert between Cartesian, cylindrical, and spherical coordinate

systems in R3

e Compute triple integrals expressed in cylindrical coordinates

e Compute triple integrals expressed in spherical coordinates

Cylindrical Coordinate System

2
(r,0,z) @
z
Y
0 T
]
x
Cylindrical to Cartesian:
r=rcos(f), y=rsin(d), z==z
Cartesian to Cylindrical:
rP =2 +y* tan(f) ==, 2=z

T
_—

e

For uniqueness:

. rzo ) D ah i/\l‘CM\U‘G sl 3¢ 22‘1
€9. Co 1) o1 GTl,T‘j

=

Example 92. a)Find cylindrical coordi-
nates for the point with Cartesian coor-

dinates (—1, \/_ 3)

(r 0.2) = cz,ﬁ;‘, 3)
B P
curs O B ubz =09

— 1¢1=¢ &=2nl3
b)Find Cartesian coordinates for the
point with cylindrical
(2,5m/4,1).

s ] £

coordinates

(\(“-{‘ ’ZJ = ( }_(DS
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Example 93. In xyz-space sketch the cylindrical box

1<r<2, 71/6<0<m/3, 0<z<2}.

r=-1\ - [71;4914 e{m»:w 7
9: ‘((/6 ! \;evh‘w\ y-lu ne
2c ) '\'\O\f;%on)x\ yll/‘ff

) D’\'\\tv 3)\9& VL?:MI
() ‘Fam\b\of& [ (Ones, s,\ws ok

{
o~ <o p7 1%

Triple Integrals in Cylindrical Coordinates

We have dV = YA%&"‘&Q

Example 94. Set up a iterated integral in cylindrical coordinates for the volume of
the region D lying below z = x + 2, above the xy-plane, and between the cylinders
2>+ 9> =1 and 2% +y? = 4.

D: D 4%z2¢extl

AE % \J= LAY

2o W)
&

SN Y

\) l 0

lé\(t‘\{lf."( 50 £2 S rusbi)
LE ¢t e 1¢4vE2

ga,( L\A\/‘\Uj "‘OX‘

(,)\Auv 0»“\‘(6"
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Example 95 (Poll). Suppose the density of the cone defined by r = 1 — z with
z > 0is given by §(r, 0, z) = z. Set up an iterated integral in cylindrical coordinates

that gives the mass of the cone. e SSQ (R N/

D

o (0 e g b

A% = Sb 0 0

- Sh S\ Sl-%z»r -z &b

0 v 79
l v
N ;Bb

00§ 2 di de
Y

Spherical Coordinate System ‘ )
NIV (6 of & . a‘k‘}t AO\W\ \C()W\ pes- Z—’apl
e g*}\-\‘mm Y

Ny
( & Q’ 'B} ;:\lav [ (7“..’““.,.J

2 For uniqueness:
3 ?‘7/0) @ i [:o(f\j/@ \WEO(?mJ

gl

Example 96. a)Find spherical coordi-
Y nates for the point with Cartesian co-
ordinates (—2,2,v/8).

x qy &
£ =) Lt (0 Yo =

S i ian: -
pherical to Cartesian Voo B2 %:7 4 b= S0y
v = psin(ie) cos(0) b e N TE oy
y = psin(p) sin(0) RN
2= peos(p) b)Find Cartesian coordinates for the

Cartesian to Spherical: point  with  spherical coordinates

, (2,7/2,7/3).
02 = P 2 e e %
tan(f) = 2 = 2 qa (11 i%@;\l \

a:. \ ‘
Va2 +y? Y= 2 om (7uz) 5"1[“1';): ¥z

t =
an() z L= (Ql) = ©


https://edstem.org/us/courses/62339/discussion/?category=Polls
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Example 97. In xyz-space sketch the spherical box
B={(p,0,0)|1<p<2, 0<p<7/4, 7/6 <0 <7/3}.

@ g(,hm§ /(UWS [ ‘)LU‘M,; '\'\rwwfh 2 axs

ove 900& \

Triple Integrals in Spherical Coordinates

NN Qwe

2
We have dV = @\ s € 9? 919 Ay 3«\1 - Q S ¢

Example 98. Write an iterated integral for the volume of the “ice cream cone” D

bounded above by the sphere 224+y%+2% = 1 and below by the cone z = v/31/x2 + 2.

D"\\Nv \oxm(95 "
S, haAz T Due %=535x24%1
e X 5 ‘
¢\ o5 ¢ ~33 /g/sm ¢
{
(:\\ ’\'um = -\)13
S/ - wit
’l - _/'7\?"\9{7' ’;4“!\« ?
Jz, 2
7 Tdb

\’:' Sb So &\D(‘sb\‘e &(964@6’


https://tinyurl.com/math2551-spherical-box
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Example 99 (Poll). Write an iterated integral for the volume of the region that
lies inside the sphere 22 + 9% + 22 = 2 and outside the cylinder 2% + 3? = 1.
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3. Find Jacobian: T(ﬂ\h“ 1 J
D% (3= [‘o } o L] = 1 (el t= 1oz 2

2

4. Convert and use theorem:

(T ey,

)
0 ¢iz j

)S ‘((T(q‘ﬂ) Uf\‘(ﬂ&yﬂ) &A

y

X

b
S” AR ELY S WO
O o

2

0 ()
=50 b =2
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Example 102. a) [Poll] Find the Jacobian of the transformation

x—u+(1/2) y=u.

:.’r:{mj\ﬂ 5 :F__E 1 > c\*DT\ \\

b) [Poll] Which transformation(s) seem suitable for the integral

(y+4)/ )
/ / 32 — y) o=y dz dy?

u=z0v=y & 0y V(onrfwg
i) u= /2% +y% v = arctan(y/x) & pduv, ao¥ by ho)
i) = 22—y, v = ¢

Godd Vu=y,v=22—1y

Emw (Ve ok o)

Viu=2r—y,v=1y

vi)u = e W* gy =43

R Lk 70 Mg T / sl s Qv (o

)
Z
(

L|~o]=)

Theorem 103 (Derivative of Inverse Coordinate Transformation). If T'(u,v) is a

one-to-one differentiable transformation that maps a region G in the uv-plane to a

region R in the xy-plane and T (ug,vo) = (x0, yo), then we have

1
| et DT (o, 00Dl = 13D T (g, 30))]



https://edstem.org/us/courses/62339/discussion/?category=Polls
https://edstem.org/us/courses/62339/discussion/?category=Polls
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Example 104. Let’s evaluate / / M
R

3 where R is the region in the xy-plane
x

bounded by y = x,y = 3x,y = 1 —x, and y = 2 — x. Consider the coordinate

transformation u = = + y,v = y/x. 'y
=z - M(""ﬂ _ * ]
= - b
] (‘(.‘1‘\ {\’(X«ﬂ \.”

1. Find the rectangle GG in the uv plane that is mapped to R
Yy=x —> yly= | ——-Z) ‘\I’-':\ P
Qi—"?x - \/l\.’a’b Vlg

- r
y=l=y -5 X Yy = I =2 u=l
Z7~ NN S T M uway -2 D)
Y X 1 z
by
3 p
F A
4 (b
4
)
§ 2 W

2. Evaluate f(T(u,v))|det(DT(u,v))| in terms of v and v without directly

solving for T using the theorem above

\ \
Ve g | et (0T (4] = |3V (xer)) . = ﬁ; ,'\]
P

X+

\ l x>
— - - F S

- R A S xyy T Xt
] v+ x”\ —;;Z v

_ _ ALy
30 C(l(u(‘vw] \)e’\'[m‘[upﬂ\ - \i%ﬂjc@ - 32( =V
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3. Use the Substitution Theorem to compute the integral.

(e d b= ([ 4rla,o) et (o) A
? G

A_g’:S(’ v Judy
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Daily Announcements & Reminders:

s LW 5.8 due go.,\cﬁwy .

1
Ry

o Reiew grudid G2 R
e 4 .Pan 0 o ks S]MU\(& VC‘(f‘(M\? O~ . ;::-3'. O 1 .“- K3
) TR RN PTG Qe o LR o

wer @ ioe Credid, Sedes®s i o T D1 g0 o0 17000

m Bl ) (@i

1] [} (TR IN]
L4 " AREs & &F &8 -
L] L L i T Tl

& IDD. Q\JQJ'W‘\AT Fb“
Goals for Today: Section 16.1, 16.2

e Define a line integral for a scalar function f(x,y) or f(x,y, 2)

e Compute line integrals using parameterizations

Unit 4: Vector Calculus

OH, YEAH. IT’S ALL COMING TOGETHER

Goals:

DY

e Extend ) IZD integrals to objects living in higher-

dimensional space

\
e Extend the I:\Mh ameral Thoram °£/ (u\“" N in new ways

We will use tools from everything we have covered so far to do this: parameteriza-

tions, derivatives and gradients, and multiple integrals.
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Example 105. Suppose we build a wall whose base is the straight line from (0, 0)
to (1,1) in the xy-plane and whose height at each point is given by h(z,y) = 2z + 1>

meters. What is the area of this wall? .
y> 10
Ak L
/'\7/‘:0»7 S L(Q&}(
[ o [ N
7 2
( \)7 /f\;/(d\ x i \/\[\<\L1V\o\) m‘{
v s,
m lm"“‘b i = 2 hleat) SO0
2
/ . - g Gu il
A bscsﬁoq \\ ?mmMLCV;’I,o C - TU(\: <\;D {’*(0\6)
Lyt
LN D) G psap L
S PN A 2 i
WS s (| (2ot ) [T K =) fa ;

Definition 106. The line integral of a scalar function f(x,y) over a curve C in

R? is
/f(x,y) ds = \Lw L‘Z /F(x“\( ) W
L= N2 el i > S i) 1wl AL
> = o —

. LLe
“’W ‘mm%\'wt‘%tﬁ C U“l‘" wtl L

whee, ¥
What things can we compute with this?
glhs — ave -c\r-\'\l'\f[" C
c
N o) el .
o If f =0 is a density function 5 59 ~ Waoy oF 0'77“\~ V\\‘M C o )M‘kf %

o If f is a height: sc(: Do = aven b He wrbie alre £ it bk £

o If f=1:


https://tinyurl.com/2551-wall-line-int
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Strategy for computing line integrals:

1. Parameterize the curve C with some r(¢) for a <t <b

2. Compute ds = ||r(t)]| dt

3. Substitute: [ f(x,y,2) ds = f flx@@)||r' (@) dt

4. Integrate

Example 107. [Poll] Compute [,2x 4 y* ds along the curve C' given by r(t) =
10¢i + 10tj for 0 <t < &

) Fomrdiing € Glanta Ha,
'2:) )S-’ \\ﬁ‘(ﬂ“:’t iﬂ(h; C_(Olllj]

_ Jorrer M

- \0\3—;— A)'\:
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https://edstem.org/us/courses/62339/discussion/?category=Polls
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Example 108. Compute | o 2% + y? ds along the curve C pictured below.

D \dew}evfzé C

y
1 gt 2,344
2 S Q-}t“\} ’D‘S — SC 2\(‘}‘{ )g + S(L YTy U5
< \
s C\ DL 40 bkl
] Cl' v (D=
#(“’\\3 <\{u>
= RO
C ’ ¢, - Clb)= <olD{;+C1,® beke|
1 L ] ~

7, (A= (o0
7) wFnl=
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Example 109 (Poll). Let C' be a curve parameterized by r(¢) from a < ¢t < b.

Select all of the true statements below.
[iwby = ey

a)r(t +4) for a <t < b is also a parameterization
of C' with the same orientation

Tolse

b)r(2t) for a/2 <t < b/2 is also a parameteriza-
tion of C with the same orientation

e,

l 7
c)r(—t) for a <t < b is also a parameterization of

C with the opposite orientation

A goay o
Fm\% ; 7

|

d)r(—t) for —b < t < —a is also a parameteriza-
tion of C' with the opposite orientation

/“\\[‘A e

e)r(b—t) for 0 <t < b—ais also a parameteriza-
tion of C with the opposite orientation

Trng,

T’o(—oa 'JO

v (=)
3

e zdbv o o

1) Liwes(liae ) el

Z\ CL‘\r()(b /Q “‘(f S

)
Wy d
SRR

3

Y ()= Lo costl), b s (£
(tw dé}cgﬁ
B equads y=f) «=Ely)


https://edstem.org/us/courses/62339/discussion/?category=Polls
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Example 110. Find a parameterization of the curve C' that consists of the portion
of the curve y = 2741 from (1, 2) to (0, 1) and use it to write the integral [, 2*+y* ds

as an integral with respect to your parameter.
_ 2 ¢ L <l
M O e hos
. Waouy At

5SS WL
=t

TOF T L )an ) = g, CATHD S0

N ethl = Jeor F o
2§ s = § E—Jc\"% (Jﬁﬂlgm i
C —
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Daily Announcements & Reminders:

o hw (6 Aue Govul\akb

+ Buiz € i shadis barwrow, 1O, T 2 V) OEASA10
' D, N P.,Ll o G S I o T AR S
° Go ke e 5:5
Goals for Today: Section 16.2

e Define and explore vector fields
e Define tangential and normal line integrals for vector fields
e Apply vector line integrals to problems involving work, flow, and flux

e Compute vector line integrals using parameterizations

Vector Fields:

Definition 111. A vector field is a function F : R® — R"™ which associates a vector
22112
/L

F G = <Pl Qb i
ﬁ(Y.\{‘ 2= VY (MZ), Qleyd , Rby2)d

to every point in its domain.

Examples:

* Velouchy L) ot —(:lowiuj Huid Graphically:  For each point
\ ) P (a,b,c) in the domain of F, draw
o Foru Lull (9"“"&1/ el the vector F(a, b, c) with its base
t (a,b,c).
o Slﬁ'lﬂ ‘(\l\h ‘tbf N an a (a" 7C)
o Gl oy ST L€ = Ch 1{1 ) Tools: CalcPlot3d
=T Field Play
— %
[ ] \C\l\ﬂlv\:“ vcé\n;v‘, k o~ tune E‘}_r s <0, "D

NovM«.\ \H.L\WS b« Sav‘“;\cc

YT e



https://c3d.libretexts.org/CalcPlot3D/index.html
https://anvaka.github.io/fieldplay/?cx=0.001200000000000312&cy=0&w=8.542200000000001&h=8.542200000000001&dt=0.01&fo=0.998&dp=0.009&cm=1
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Idea: In many physical processes, we care about the total sum of the strength of
that part of a field that lies either in the direction of a curve or perpendicular to

that curve.

1. The wovle &on(, by a field F on an object moving along a curve

C'is given by wh‘)\)“m_ S E o\m'g ¢« ¥z
2T & 2 v ¢
wole dower, (BT ds < [TRGr). T2 ® yeairae
T c s e

= ()t db

Example 112. Work Done by a Field. Suppose we have a force field F(z,y) =
(x,y) N. Find the work done by F on a moving object from (0,1) to (1,0) in a

—

straight line, where x, y are measured in meters.
D /\)umm\w(z,b Ct Rlps (1,-Db F oD 0LEg)
) Fid fwys gl LD

'7—5\ Sm\x Sh\‘/\\'f y

\ *‘
worle Jare = 52 :%d L6100 20,0 A
¢ [‘vxoko\ve_oloy’
>S‘ N T
- Jo
= 49 - b

- J(u,\‘:: 0

UNTAY mo‘w\\'% or 0
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92 A The £low along a curve C' of a velocity field F for a fluid
in motion is given by \S -‘3;% by = S =.)7 = S A Q&y e
c - c [
: l & o Va0 :
When C is _t19% , this is called _€l¥lu YT Iw . C 1is called
Fnplt if it does not intersect itself.
d{))t & i M ((0)(&

Example 113. Flow of a Velocity Field. Find the circulation of the velocity

field F(z,y) = (—y, z) cm/s around the unit circle, parameterized counterclockwise.

D Yammdiize (; R= Lo, sinled 0% 5y

2) Bl €10 0z {alb s lo)

ﬂ S\A\:s\;}w\%‘,
ﬁ(\?(kﬂ: i’-sla({;\/ (0

> an N
e A R A N DRI A DL
0

. 3;"‘ 579 ¥ S0 Ik
= lﬁ C\Ml/s

Cilfcu\u\’\\o'l = S
¢

&c \)\)\'\W\’ 1y Tl'\?. C&o:.\(.ﬂ\?"f/

('Xr& \)‘\V*\‘BJ\ Q‘L .ﬁ ﬂ&/oL\'\»

\g_|,\,;L L\\"f-‘ ’(’,.

0, 7 (I*Zfl p
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Example 114. [Poll] What is the circulation of F(z,y) = (x,y) around the unit
circle, parameterized counterclockwise?

- 2= LoD a0kl
Nt D~ (© , '

s
= N\ T BF = Losin, @l
A A\
S Q 9 7D 3} U rehduhba = SOTE ay X
b v = 7 st M9 ostath calDE
\ 0
v,V \ - ("

PAY

Strategy for computing tangential component line integrals
e.g. work, flow, circulation integrals

1. Find a parameterization r(¢), a <t < b for the curve C.
2. Compute r/(t).
3. Substitute: [(F-Tds= [ F-dr= fabF(r(t)) Y(t) dt

4. Integrate


https://edstem.org/us/courses/62339/discussion/?category=Polls
Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann




Day 20 Vector Fields & Vector Line Integrals Page 112

Idea: k \M)L across a plane curve of a 2D-vector field measures the flow of

the field across that curve (instead of along it).

>0

We compute this with the integral ! v v oV

/CF . 2 ds. AN %A
\-uv\:\' V\o""‘“-\ /\\m _D
¢

The sign of the flux integral tells us whether the net flow of the field across the curve

p—

is in the direction of __ ™ or in the opposite direction.
We can choose n to be either of / Asunl
/ / /-4 X8 \ SFands
- £ QH),—-X(PD °r e < a 2
—~ o _ ~ (T4 @
| #real We(n) = SD*‘ 94, *f(«
\

Example 115. Flux of a Velocity Field. Compute the flux of the velocity field

2 2
v = (3+2y —y*/3,0) cm/s across the quarter of the ellipse % + §—6 = 1 in the first

quadrant.

N f-v\ !U\M'Q.
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Strategy for computing normal component line integrals
e.g. flux integrals

1. Find a parameterization r(t), a <t < b for the curve C.

2. Compute 2/(t) and ¥'(¢) and determine which normal to work with.

3. Substitute: [ F-n ds = :l:f; P(r(t))y'(t) — Q(r(t))a'(t) dt (sign based on

choice of normal)

4. Integrate
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Daily Announcements & Reminders:

v Pw b7 due Joovﬂ‘g“t ot s
’ E\(am 3 ‘]/Zéj mm.em\yy\ '\'\/w(— @. e @

Vawel B bedle  wE
s wot an eywsc& =';§E
o olsewe i
o Do Worig prouem w 2 ) @
Goals for Today: | Section 16.3

e Define conservative vector fields and recognize examples from physics
e Learn how to check if a field is conservative
e Compute potential functions

e Apply the Fundamental Theorem of Line Integrals to compute line integrals

of conservative vector fields

Strategy for computing normal component line integrals # B)_”Y -
e.g. flux integrals >/

1. Find a parameterization r(t), a <t < b for the curve C.

2. Compute 2/(t) and '(¢) and determine which normal to work with.

3. Substitute: [, F-nds==+ fabF(r(t)) {y/(t), —a'(t)) dt (sign based on choice

of normal) ﬁ\

’
4. Integrate C
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Example 115. Flux of a Velocity Field. Compute the flux of the velocity field

2 2
v = (3+2y —y*/3,0) cm/s across the quarter of the ellipse % + ?y>_6 = 1 in the first

quadrant, oriented away from the origin.

V /?) \A.bll.:;=0“\'\‘(4l .
) LJ—/; S B?ammg\w;ae C: Fid= < %CO‘;UG)] &M(QB
] DL 4 ST
_——
> 2) Ot noweeal f/u-’]’— (-3 salh), 6 o (0D
D) \v\\ :‘4 lj/ '/)L/ >
_> )( - {&705 (.[-]/ 3 S:A(J(D
9 &iﬂd‘l\w\'{‘.

= \ “ (L
Loy = Sou<‘5,\— Lan(D) - Rl (D, 00 (bwr (1), 3ol DaL

= (Mg (D) £ Tl §) -2 s Bl K
° ou= sm(l—)

= 30

v

Path—lndepebdence and Conservative Vector Fields

Definition 116. A vector field F is path independent on an open region D if
5,, ﬁ% »-S \Y \)'\QSG.VQ

for all paths C' in the region that have the same
endpoints. 55 (f‘)T k= S T‘;,ﬁ 35 = gcs'ﬁ..ftos =..,,
( G

QZ \”\O\u 30 ~’(}~o \{,H e ﬁ' S p't\]'\ ‘:M‘)lvcwpm%?

° %'\m.v\q' u;rc‘)v\x\ /«&LCQ}VOG‘LA\\(, /5{1/{/\9 Lu(ﬂ (‘: {(.!4‘
oe. puth. wd
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When F is path independent, we can use the simplest path from point A to point

B to compute a line integral, and will often denote the line integral with points as

(37131) (C,d)
/ F-T ds or / F - dr.
(0,1,2) (a,b)

Example 117. If C' is any closed path and F is path independent on a region

/CF-dr: O

Sim‘c\'(()ﬂ]'l": ¢c

bounds, e.g.

containing C', then

— PO =9,

Question: Given F, how do we tell if it is path independent on a particular region?

For example, is F(z,y) = (z,y) a path independent vector field on its domain?
S (1‘\4.303?)—30 Dom“\' ](M\MJ 76“’.

L .Au.]‘ \t/&(/

Example 118 (Poll). Last time, we saw that if C'is the unit circle about the origin,

oriented counterclockwise, then [,,(—y,z) - dr = 2. From this, we can conclude:
Ba oy B ok iadyned A4
\0( ¢ C % a g\osfl (Cewne. bk,
§ 770 = 220,



https://edstem.org/us/courses/62339/discussion/?category=Polls
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A different idea: Suppose F is a gradient vector field, i.e. F = Vf for some
function of multiple variables f. f is called a ?é\‘“‘*( ul

for F. In
this case we also say that F is conservative.
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Theorem 119 (Fundamental Theorem of Line Integrals). If C' is a smooth curve

from the point A to the point B in the domain of a function f with continuous
gradient on C, then
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It follows that every conservative field is path independent.

In fact, by carefully constructing a potential function, we can show the converse is
also true: vty \Pa\s\ﬁ \NL”[LLJIM‘ F u lows,
: Y 3 _
L\(\("(w A D
8

(1= Sy T

This leads to a better way to test for path-independence and a way to apply the
FToLl.

Curl Test for Conservative Fields: Let F = Pi+Qj+ Rk be a vector field defined
on a simply-connected region. If curl F = (R, — Q., P, — R,, Q, — P,) = (0,0,0),

then F is conservative.
= <P Q 87
o If Fis a 2-d vector field, curl F = Z@(D ) Qx~pﬂ "}C.O{ 0,

i . =7
e This is also called the mixed-partials test, because X 7
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Example 121. Evaluate f0(10x4 — 2xy3) dx — 32%*y* dy where C is the part of the
curve x° — 5z%y* — 72? = 0 from (3, —2) to (3,2).
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Daily Announcements & Reminders:
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Goals for Today: Section 16.4

e Define the divergence and curl of a vector field
e Interpret divergence and curl geometrically

e Apply Green’s Theorem to compute line integrals over the boundary of a

simply-connected region
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Useful notation:

So if f(x,y, z) is a function of three variables, V f = <%(f), g(f), 2(f)>

If F(z,y,2) = P(z,y,2)i+ Q(z,y,2)j + R(z,y, 2)k is a vector field:
>
° &uwymce O‘L =
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How do we measure the change of a vector field?

1. Curl (in R?)
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Example 122. Let F(z,y) = (x,y). Based on the visualization of this vector field
below, what can we say about the sign (+,-,0) of the divergence and scalar curl of

this vector field? Verify by computing the divergence and scalar curl.
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Example 123 (Poll). Let F(z,y) = (—y,z). Based on the visualization of this
vector field below, what can we say about the sign (+,-,0) of the divergence and

scalar curl of this vector field? Verify by computing the divergence and scalar curl.
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https://edstem.org/us/courses/62339/discussion/?category=Polls
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Question: How is this useful?

cabes & dage of vedwr Ldd

gion to the behavior of the vector field on the boundary of the region.

Answer: We can relate inside a re-

Theorem 124 (Green’s Theorem). Suppose C' is a piecewise smooth, simple, closed
curve enclosing on its left a region R in the plane with outward oriented unit normal

n. If F = (P,Q) has continuous partial derivatives around R, then

I ﬂm L
a) Circulation form:
c R

b) Fluz form:

R - oo iR /)
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Example 125. Evaluate the line integral fCF - T ds for the vector field F =
(—y?, zy) where C is the boundary of the square bounded by z = 0,z = 1,y = 0,

and y = 1 oriented counterclockwise.
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Example 126. Compute the flux out of the region R which is the portion of the

Py I

annulus between the circles of radius 1 and 3 in the first eetant for the vector field
F = (327, 39°).
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Example 127. Let R be the region bounded by the curve r(t)

= (sin(2t), sin(t)) for

0 <t < 7. Find the area of R, using Green’s Theorem applied to the vector field

A
<4>
\
N

a planimeter.
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Note: This is the idea behind the operation of the measuring instrument known as


https://en.wikipedia.org/wiki/Planimeter
Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann



Hunter Lehmann




Day 23 Surfaces & Surface Integrals Page 126

Daily Announcements & Reminders:

o H\U \é’u( ALXQ- %ov\‘l?\/\b

o C}{’Q(a L\ouvs PN ')ro»ay Mmé\ O"Z
T (?\\3 a{jjw Close

N
= o W e \MW o b [8) iy v
Goals for Today: Sections 16.5/16.6

o Describe surfaces in R? with a parameterization
e Define and compute surface integrals

e Use surface integrals to compute meaningful quantities: surface areas, masses,

flux, etc. 2. r NE
|1 TN ‘
= A
> )
Diff t to think about d f : \
ifferent ways to think about curves and surfaces ¥ / 99
Curves Surfaces
Explicit: y = f(z) z = f(z,y)
A
9= 0Ty 2 = 4= -3y
Implicit: F(x,y) =0 F(x,y,2) =0
z) 7_ 11 2
X J“i - =Y

Parametric Form: r(t) = (x(t),y(t))

v (s 6) = Cxbadl, ylogl, 20,80)
Rl L2 Losllr]‘2>\ﬂt(’|>

5 Rheye?
AR R 2056)
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Example 128. Give parameteric representations for the surfaces below.

Gou\f 7 (5.£) (I mz) \/(A'\ 300‘40{.‘(% [ S v S(;mlo\g

a)r =y’ +32° — 2 | g
2 R (5= Z s«\\z{: 1,8,€) sk &I
> Az
rL (5[€ - <'kl¥ 2* —L/ _{7/é>
—F ( 5 Jc]: < SL—’L S tos(4) \S‘Zs-sih[ﬂ> 520
% | / / - 0<6f-2ﬂ

A

b) The portion of the surface x = y? + £z% — 2 which lies behind the yz-plane.
° yz-plal

¥ (501= éstl'%ez'l/ S &) SR Lo D S L
2 T,
2,602 457, sienll 25 sl ;
v} és,‘S;_ DQJCEZI\ ﬁbs

C)x2+y2+Z2:9 /Y\I\{J\(:'A )FLFUI\ZM.\ (O:.)v&s: QZ’;Q =) (73
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5L € &
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What can we do with this?

If our parameterization is smooth (r,, r, not parallel in the domain), then:

v\ocmw\ VCc‘\‘W“LO Xf\e &Ac/’é‘((_g

eI, Xr,Is

‘)a\m“{uoc{ww
e A rectangle of size Au x Av in the uv-domain is mapped to a reetangle of size

N 7 \"’3
. f »
D “ ‘\U\L Vn Do by on the surface in R3. N 0
/ N )(u‘bu —f‘va

Fu Dy,
\oo|l2,70) A ’

b 0 ; 3

- r qu) /\
O [ N

AU
e Thus, Area(S) = Sg by — SS Hf";\/\fal} &)—

>
S vt {4\-{7.4,1,\

&(L,\AL :«){Y"“)

Example 129 (Poll). Find the area of the portion of the cylinder 2% + y* = 25
between z =0 and z = 1. \O’El

O \

In : viu = D’—
ﬂ(o\n'm\'e: SA' = Sb %D gh ’) ] h


https://edstem.org/us/courses/62339/discussion/?category=Polls
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Example 130. Suppose the density of a thin plate S in the shape of the portion of
the plane x + y + z = 1 in the first octant is d(x,y, z) = 6xy. Find the mass of the

plate. \‘j’ -
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Daily Announcements & Reminders:
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Goals for Today: Section 16.6/16.7

e Compute flux surface integrals
e Interpret the physical significance of flux surface integrals

e Introduce and apply Stokes’ Theorem for surface integrals

Goal: If F is a vector field in R?, find the total flux of F through a surface S.

Note: If the flux is positive, that means the net movement of the field through S' is
in the direction of e nomel vechow F &

If r(u,v) is a smooth parameterization of S with domain R, we have

u-m"‘ P\(WW'U év[ G\'ﬂ\/‘ ] I/\d%‘ M“’M;+M'1€/

flux of F through S = // ) do = // (ry X 1) dA.
S(
no

7
Ta ¥y
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Example 131. Find the flux of F = (x,y,2) through the upper hemisphere of

2?4+ y? + 2% = 4, oriented away from the origin.
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Example 132 (Poll). Suppose S is a smooth surface in R? and F is a vector field
in R3. True or False: If ffS F-n do > 0, then the angle between F and n is acute

at all points on S. ) .
K P

" YOowt, hW\"W)r(/v\\ ' ){\<\ )

R —— ﬂf(&(& % >

. 1
2 D A

@i

Example 133 (Poll). Based on the plot of the vector field F and the surface S

below, oriented in the positive y-direction, is the flux integral [ ¢ F -1 do positive,
——

negative, or zero?

2 3
A Wl s P 20

Recall: If F = Pi+ Qj + Rk is a vector field, we defined its:

1. divergence: V-F =P, + @, + R,

2. curl: VxF = :<Ry_Qz;Pz_Rxan_Py>

DY o=

i

9 9
or Oy
P Q
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POR: R
Example 134 (Poll). Supposd F + Pi + Qj + Rk is a vector field in R? with

continuous partial derivatives. Compute the divergence of the curl of F, i.e. V -

(V xF).

@): \7 . (.Q X %\ s Ve 4\1.1’ &2«, Vy ’QYJ &x’\?q)

:5=@
= P\/,X“’an L b" Q“j + g}:”{)ﬂ

=
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Theorem 135 (Stokes” Theorem). Let S be arsmooth oriented surface and C' be

its compatibly oriented boundary. Let F be a vector field with continuous partial

//S(VXF)-ndJ:/CF-TdS.

S
——
@ \\L(v\% 0‘[' G ok ® y - ‘\dfm\m\fda vé r—;f "‘V"““& *"‘4-’

C
‘\\'\M)u?\\ S \?O\Jw\of//lj S S(|

derivatives. Then

e If S is a region R in the zy-plane, then we get:
N )
1, @) R b = 5 F X (oen's Thin,
c
(&

¥ @o\iv)

e An oriented surface is one where e V‘U"""M' we (his ae sl 0"‘“” oS

° Mé\ﬂ:WS A-":P (\5 now "Ovt‘ei,\)z\lylc

Em'er :‘:j\\&vb ‘%\r”"\ e S and C are oriented compatibly if: \ \'\ J . A\ !
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Daily Announcements & Reminders:

) pt\)\) L. 6 )ug, lt)m\i‘x‘%, Uw/‘}, lb’?/ Re wew Sebs JM [\Msjy
- Ot\o‘;\qr X '\-]w,w{'\‘u, th Tuey Dee 3

® ["\(U-M % Own T/ (XX (ahva) Qv c}cl'ml_s

v -S5O " edove
) \‘i\?\(k\ GY[AW\ on /\'AOM)h’ \2—16‘} ¢ -0 f R W f('l

all

-3 "-W'\')’ (omsf«)u&\‘af)\b w\i‘)lnw)

— al OP\IMM\/ rcp\u{e (om>9m.):,j M{M!m ot L'?;ffh
'DO WC\;}WMVO Y?D“
Goals for Today: Section 16.7/16.8

e Apply Stokes’ Theorem to flux integral problems.
e Use Stokes’ Theorem to simplify flux integrals

o Introduce and apply the Divergence Theorem to flux integral problems
| S
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Theorem 136 (Stokes” Theorem). Let S be a smooth oriented surface and C' be

its compatibly oriented boundary. Let F be a vector field with continuous partial
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derivatives. Then
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Example 137 (DD). Let F = (—y, 2+ (2 — 1)a®*@ 22 +4%). Find [[(VxF)-ndo
over the surface S which is the part of the sphere 22 + 3> + 22 = 2 above z = 1,

oriented away from the origin.

L 2
) /jR 'XZ‘H{&’\'% =1 J 221 D‘A:\)V\l\ V&VU%LV{% S/ (owr"‘l" \72\?/

F\/\ _(] /79 '~ ,
\[\1\»‘17——,\\'76 '%3 2 =\ (ow‘[w\-( ‘rs N ) s"‘"&“”u‘f/
/\ Op\ta./\ L KXS‘L- Mo\&cs‘ Mot

3}(\‘)&\2— I de = ;T’E
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Dume iz T (o8 3l 10 bl S
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oriented boundary C"7

- ﬁ 39&\ (ox )7 b = é?ﬁ%&g - 3}2 (0xD)7 o~

Example 138. Suppose curl F = (3’ sin(zzpl —zexﬂ>. Compute the

net flux of the curl of F over the surface pictufed below, which is oriented outward

Question: What can we say if two different surfaces S; and S5 have the same

and whose boundary curve is a unit circle centered on the y-axis in the plane y = 1.
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Theorem 139 (Divergence Theorem). Let S be a closed surface oriented outward,

D be the volume inside S, and F be a vector field with continuous partial derivatives.

Then

//F°nd0:// V-F dV.
A S D

L
T\C iy V\(,\' X"Mx o'L g o‘x\‘o’@ g“ = \kSU‘\M .,’Q lo(u\ HUY OL‘l’
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S NSt BE (LoSED
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&
-z
Example 140. Let F = (y!'24es0W2) ¢ 22" % —z) and S be the surface consisting

of the portion of cylinder of radius 1 centered on the z-axis between z = 0 and z = 3,

together with top and bottom disks, oriented outward. Find the flux of F through

Sg Fo s = S\\%j 50‘ \’Sé ‘éﬁ = Xr\sg_ﬁ'v’u%
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