MATH 2551-K FINAL EXAM
PART 1
VERSION A
SPRING 2024
COVERS SECTIONS 12.1-12.6, 13.1-13.4, 14.1-14.2

EXAM KEY

Honor code statement: [ will abide strictly by the Georgia Tech honor code at all times. I
will not use a calculator. I will not reference any website, application, or other CAS-enabled
service. I will not consult with my notes or anyone during this exam. I will not provide aid to
anyone else during this exam.

( ) T attest to my integrity and will not discuss this exam with anyone until Friday
May 3.

Read all instructions carefully before beginning.

e Print your name and GT ID neatly above.

e You may use any portion of our 2 hours and 50 minute final exam time to work on this
portion of the exam.

e When you complete this portion of the exam, you may turn it in and work on another
portion of the exam.

e You may not use aids of any kind.
e Please show your work.

e Good luck! Write yourself a message of encouragement on the front page!

Question | Points
1 2
2 2
3 8
4 9
5 10
6 9
Total: 40
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For problems 1-2 choose whether each statement is true or false. If the statement is always
true, pick true. If the statement is ever false, pick false. Be sure to neatly fill in the bubble
corresponding to your answer choice.

1. (2 points) The limit ( l)m% : f(x,y) = L if the limit along every line through the origin
z,y)—(0,0
is L.

O TRUE v FALSE

2. (2 points) For any vectors in R*, u- (v+w)=u-v+u-w.

/ TRUE O FALSE

3. (8 points) Match each function or quadric surface to its graph and contour plot.

Function Graph Contour Plot
s=ery (B (&)
S=VERS W (@
s=dey D) Q)
st _®) (B
(A) (B) (€) (D)
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4. The sphere 22 + 3% + 22 = 6 meets the paraboloid z = 22 + 3% in a circle.

(a) (5 points) Give a parameterization of this circle.

Solution: Since x? + y* = z, we have z + 22 = 6 along the intersection of these
surfaces. So 22 +2 —6 = (2 +3)(2 — 2) = 0. Since z = 2% + y*> > 0, the only
solution is z = 2. Hence the intersection is the circle #? 4+ y?> = 2 in the plane
z = 2, which can be parameterized as

r(t) = (v2cos(t), v2sin(t), 2), 0<t<2m.

(b) (4 points) Find the arc length of the portion of this circle that lies between (1,1, 2)

and (—1,1,2).

Solution: First, we find the parameter values ¢y and t; at which the parameteriza-
tion passes through these points. At (1,1,2) we have v/2cos(ty) = 1 = v/2sin(t),
so tg = m/4. At (—1,1,2) we have —v/2cos(t;) = 1 = /2sin(t,), so t;, = 37 /4.

Now we compute

3 /4
L:/ v (1)] dt
w/4

_ /3”/4 (—v/2sin(t), V2 cos(t), 0)| dt

/4

3 /4
:/ V2 dt
w/4

™2
2
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5. In this problem you will work with the planes 2z — y 4+ 52z = 2 and —z + 3y + z = 4.

(a) (6 points) Find the line of intersection of these planes.

Solution: The line of intersection lies in both planes, so its direction vector is
orthogonal to both planes’ normal vectors. We have n; = (2,—1,5) and ny =
(—1,3,1), so a direction vector for the plane is

i j k
v=nyxny=|2 -1 5/=(-1-15—(2+45),6—1)=(—16,—7,5).
-1 3 1

Any point on the line of intersection also lies on both planes; we will have one free
variable, so choosing the point with z = 0 means 2z —y = 2 and —x + 3y = 4.
Solving this system gives x = 2,y = 2, so we use P = (2,2,0) as our point.

Hence an equation of the line of intersection is r(t) = (2 — 16¢,2 — 7t,5t), t € R.

(b) (4 points) Find a plane orthogonal to both planes that passes through the origin.

Solution: A plane orthogonal to both planes has normal vector orthogonal to
both planes’ normal vectors. So we take n = (—16,—7,5). If the plane passes
through the origin then we must have d = 0 in the standard plane equation and

so we get
—16z — Ty + 5z = 0.
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6. Consider the curve parameterized by r(t) = (e' + e~ 2t) for t € R.
(a) (5 points) Compute the unit tangent vector T'(¢). Fully simplify your answer.

Solution: We have

(b) (2 points) Sketch the principal unit normal vector to the solid curve drawn below at
the marked point. The drawn arrow is the tangent vector at that point.

(c¢) (2 points) The dashed circle drawn in the graph above has radius 2 and exactly
matches the curve at the marked point. What can you conclude about the curva-
ture of the curve at the marked point?

Solution: The curvature of a circle of radius 2 is 1/2, so since the curve and the
circle match at the marked point, the curvature of the curve at the point must also
be 1/2.
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FORMULA SHEET

e Dot product: (uy,us, us) - (v1, V9, V3) = u1v] + UsVe + U3V3

e Dot product: u-v = |ul|v]|cos(d)

i j k
e Cross product: (uj,us,ug) X (v1,v9,v3) = |u1 Uy U3
V1 Uy Vs
e Cross product magnitude: |u x v| = |u||v||sin(0)]
b
e Arc length: L :/ |v'(¢)] dt
t
e Arc length function: s(t) :/ |t'(T)| dT
to
d
e Unit tangent: T = v._a
lv| ds
Crurvat dT 1 |dT lv x a
e Curvature: k= |—| = — |—| = ———
ds |v| | dt v |3
1dT  dT/dt

e Principal unit normal: N = ——

kds  |dT/dt|
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MATH 2551-K FINAL EXAM
PART 2
VERSION A
SPRING 2024
COVERS SECTIONS 14.3-14.8, 15.1-15.4

EXAM KEY

Honor code statement: I will abide strictly by the Georgia Tech honor code at all times. I
will not use a calculator. I will not reference any website, application, or other CAS-enabled
service. I will not consult with my notes or anyone during this exam. I will not provide aid to
anyone else during this exam.

( ) I attest to my integrity and will not discuss this exam with anyone until Friday
May 3.

Read all instructions carefully before beginning.

e Print your name and GT ID neatly above.

e You may use any portion of our 2 hours and 50 minute final exam time to work on this
portion of the exam.

e When you complete this portion of the exam, you may turn it in and work on another
portion of the exam.

e You may not use aids of any kind.
e Please show your work.

e Good luck! Write yourself a message of encouragement on the front page!

Question | Points
1 2
2 2
3 6
4 10
5 10
6 10
Total: 40
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For problems 1-2 choose whether each statement is true or false. If the statement is always
true, pick true. If the statement is ever false, pick false. Be sure to neatly fill in the bubble
corresponding to your answer choice.

1. (2 points) The total derivative of a function f : R® — R? at the point (a,b,c,d,e) is a
2 X 5 matrix.

v TRUE O FALSE

2. (2 points) There exists a function f(z,y) with continuous partial derivatives of all orders
where fi(z,y) = 2zy = fy(2,y).

O TRUE v FALSE

3. (6 points) Based on the contour plot below for a function f, identify and classify all critical
points of the function.

Solution: We have critical points at the centers of the concentric curves around
(1,0),(=1,—1), and (—1,1). These are a local max, a local min, and a local min,
respectively, based on the values of the contours.

There are also saddle points at all of the places where contour lines cross:
(—1,0),(1,—1), and (1,1).
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4. Let f(z,y,2) = yz + x%e* V.
(a) (5 points) Find an equation of the tangent plane to the level surface f = 6 at the
2
point P = (—, 1, 2).
e

NG
Solution: The equation of a tangent plane to a level surface of a function of three
variables at a point P = (zg, Yo, 20) is Vf(P) - (v — xo,y — Yo, 2 — 20) = 0.
Vf=(2re* Y z— 2% Y y+a?e” V), so Vf(P) = (4y/e, —2,5).

Thus an equation of the tangent plane is

4\/5(95—%)—2(3;—1)—1—5(2—2):0

or

(4v/e)x — 2y + 52 = 16

(b) (3 points) Find the linearization L(z,y,z) of f at P.

Solution: The linearization L(x,y,z) at P is L(x,y,z) = f(P) + Vf(P) - (x —
Zo,Y — Yo, 2 — 20). f(P) =6 and we computed the rest of this in part (a).

So the linearization is
2

72 =2y = 1)+ -2),

L(z,y,2) = 6+ 4y/e(z —

2
(c) (2 points) Use the linearization you found to approximate the value of f(T, 1.1,2.1).
e

Solution:

2 2
f(%, 1.1,2.1)) ~ L(%, 1.1,2.1)) = 6 + 4/e(0) — 2(.1) + 5(.1) = 6.3
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5. (10 points) Find the extreme values of the function f(z,y) = 2?+ (y —1)? on or inside the
triangle with vertices (0,0), (2,0), and (0, 2).

Solution: First we find the local extreme values inside the triangle. Df(z,y) =
[2m 2(y — 1)} = [0 0}. So there is a critical point at (0,1), which is inside the
triangle.

Now we find critical points on each boundary segment.

On x = 0: We have f(0,y) = (y — 1), so f'(y) = 2(y — 1) = 0 gives a critical point at
(0,1) again.

On y = 0: We have f(z,0) = 22 + 1, so f/'(x) = 2z = 0 gives a critical point at (0,0).

Ony =2 —x: Wehave f(z,2—z) = 2*+(1—2)?, s0 f'(z) =22—-2(1—2) =42—2=0
yields a critical point at (1/2,3/2).

Finally, we include the endpoints (2,0) and (0,2) that have not already come up and
test points.

(z,y) (0,1) (0,0) (1/2,3/2) (2,0) (0,2)
f(z,y) 0 1 1/2 5 1

Thus the maximum value of f on this region is 5 achieved at (2,0) and the minimum
value is 0 achieved at (0,1).
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6. (10 points) Consider the integral

// —dydx
fy +1

Sketch the region of integration and then find the value of this integral.

Solution: We have \/r <y < 2,0 <z < 4, sketched below.

—2 —

0 2 4

To compute the integral, we will change the order of integration.

4 2 2 2
1 v 1
= dx d
/0 Ey Tl /0/0 Y+ 1 Y
2 2
B 0o ¥2+1
1
=-Inly’ + 1[5

3
1
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FORMULA SHEET

e Total Derivative: For f(zy,...,z,) =

(filxy, ..oy @n), ooy fnl(@1, ooy )

(nder (ks -+ U
e Linearization: Near a, L(x) = f(a) + Df(a)(x — a)
e Chain Rule: If h = g(f(x)) then Dh(x) = Dg(f(x))D f(x)

0 —F, 0 —F,
e Implicit Differentiation: 8_; = and 8—; = Fzy‘

e Directional Derivative: If u is a unit vector, D, f(P) = Df(P)u= Vf(P)-u
e The tangent line to a level curve of f(z,y) at (a,b) is 0 =V f(a,b) - (xr —a,y — b)

e The tangent plane to a level surface of f(x,y, z) at (a,b,c) is

0=Vf(a,b,c) (x—a,y—bz—c).

e Hessian Matrix: For f(x,y), Hf(x,y) = Bm: ;yx:|
xy  Jyy

e Second Derivative Test: If (a,b) is a critical point of f(z,y) then
1. If det(H f(a,b)) > 0 and f,.(a,b) < 0 then f has a local maximum at (a, b)
2. If det(H f(a,b)) > 0 and f,.(a,b) > 0 then f has a local minimum at (a, b)
3. If det(H f(a,b)) < 0 then f has a saddle point at (a,b)

4. If det(H f(a,b)) = 0 the test is inconclusive

e Area/volume: area(R) = [[,dA, volume(D) = [[[, dV

e Trig identities: sin®(z) = (1 — cos(2z)), cos?(z) = (1 + cos(2z))

_ e Sz, y)dA

o Average value: fug = 'R
area o

e Polar coordinates: x = rcos(f), y=rsin(f), dA=rdrdf
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MATH 2551-K FINAL EXAM
PART 3
VERSION A
SPRING 2024
COVERS SECTIONS 15.5-15.8, 16.1-16.8

EXAM KEY

Honor code statement: [ will abide strictly by the Georgia Tech honor code at all times. I
will not use a calculator. I will not reference any website, application, or other CAS-enabled
service. I will not consult with my notes or anyone during this exam. I will not provide aid to
anyone else during this exam.

( ) I attest to my integrity and will not discuss this exam with anyone until Friday
May 3.

Read all instructions carefully before beginning.

e Print your name and GT ID neatly above.

e You may use any portion of our 2 hours and 50 minute final exam time to work on this
portion of the exam.

e When you complete this portion of the exam, you may turn it in and work on another
portion of the exam.

e You may not use aids of any kind.
e Please show your work.

e Good luck! Write yourself a message of encouragement on the front page!

Question | Points
1 2
2 2
3 3
4 3
5 8
6 10
7 12
Total: 40
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For problems 1-2 choose whether each statement is true or false. If the statement is always
true, pick true. If the statement is ever false, pick false. Be sure to neatly fill in the bubble
corresponding to your answer choice.

1. (2 points) The Jacobian determinant for a change of variables is always constant.

O TRUE v/ FALSE

2. (2 points) Every non-constant vector field has either nonzero curl or nonzero divergence.

O TRUE v/ FALSE

3. (3 points) Let F(x,y,z) = (3x,—3y,z) and S be the surface which is the part of the
cylinder 22 + y? = 4 between z = —2 and z = 4, oriented away from the z-axis. F is not
the curl of a vector field G since it has positive divergence.

Which of the theorems or methods below would be appropriate to use to compute the flux
of F across S?7 Choose all that apply (there may be only one).

v/ Direct calculation

(O Fundamental Theorem of Line Integrals
(O Green’s Theorem

(O Stokes’ Theorem

(O Divergence Theorem

4. (3 points) Let F(z,y) = (32,22 — 3y) and C be a simple closed curve surrounding the
origin with positive orientation.

Which of the theorems or methods below would be appropriate to use to compute the
circulation of F around C? Choose all that apply (there may be only one).

v/ Direct calculation

(O Fundamental Theorem of Line Integrals
v/ Green’s Theorem

(O Stokes’ Theorem

(O Divergence Theorem
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5. Let F(z,y) = (ye™ — 32,2+ xe™).In this problem you will work with this vector field and
the curve C' given by r(t) = (sin(t) cos(t),sin(t) + t cos(t)), 0 < t < 7/2.

(a) (5 points) Show that F is conservative using the curl test. Then find a potential
function f for F.

Solution: We have

0 0
F = — (2 Ty _ TY 2
V x (0,0, 83:( + ze™) ay(ye 3z7))
=(0,0,(0 + €™ + zye™) — (" + yxe™ — 0))

so F' is conservative.

To find a potential function for f, we take the antiderivatives of each component
with respect to the corresponding variable and compare terms.

fl@,y) = /ye’ﬂy —32% drv =™ — 2” + g(y)

flz,y) = /2+336” dy =2y +e" + h(x)

From this we see that g(y) = 2y, h(z) = —23, and so a potential function for F is

flz,y) =€e" — 2+ 2y.

(b) (3 points) Compute the work done by F along the curve C. Fully simplify your answer.

Solution: The endpoints of this curve are r(0) = (0,0) and r(r/2) = (0,1). Then
by the Fundamental Theorem of Line Integrals,

work done = / F-Tds
c

:f<071>_f(070)
=" -0+2)— ("= 0+0)
=2




MATH 2551-K Final Exam, Part 3 Version A - Page 4 of 9 April 25, 2024

6. Consider the region D in R? given by /22 + 32 < z < /4 — 22 — 2 and suppose a solid
occupying this region has mass density d(z,y, z) = 2% + y* + 2%

(a) (5 points) Write an integral in cylindrical coordinates for the mass of the solid. Do
not evaluate your integral.

Solution: The cone z = r intersects the upper hemisphere z = /4 — r?2 when
r? =4 — 12 ie. r = /2. The density is 6 = r? 4 22. Therefore we have

2 V2 VA4—r2
mass = / / / (r* + 2*)r dz dr df.
0 0 r

(b) (5 points) Write an integral in spherical coordinates for the mass of the solid. Do not
evaluate your integral.

Solution: In spherical coordinates, the hemisphere is the part of p = 2 with
0 < ¢ < 7/2 and the region above the cone z > y/x2 + y? is the region with
¢ < m/4. The density is § = p?. Therefore we have

2r  pw/4 2
mass = / / / p*sin(y) dp dy db.
o Jo 0
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7. In this problem, you will use Stokes’ Theorem to evaluate / F - dr, where
c

F = —yzi+ (450 4+ 1)j + ayk

and C is the circle of radius 2 in the plane y = 2 centered at (0,2,0), oriented clockwise
around the y-axis (moving from the i direction towards the k direction).

(a) (2 points) Sketch C' in R?, including an orientation.

| '

3

Solution:

(b) (2 points) Which surface pictured below can be used to apply Stokes’ Theorem here?
Be careful with orientations.

O Syiy=3-2"-2%y>2 O Sz a2+ (y—2>2+22 =4

cy = 2,22 2 < . .
V Sty =22t 427 < oriented towards the y-axis y < 2,

oriented in the —j direction - )
oriented towards the y-axis

(¢) (2 points) Compute V x F.

Solution: ) ) )
1 J J
0 0 0
% —g & = <$,—2y,2>.
—yz 4y 41 ay

VxF=
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7. continued.

(d) (6 points) Apply Stokes” Theorem to find the circulation using the surface you chose
in (b).

Solution: Note that the unit normal to this surface is —j at all points and y = 2
at all points on the surface.

/CF.T://S(VXF)-ndJ
_ //S@ —2y,2) - (0,~1,0) do
://Sdeo
://S4da

=4 - Area(S)
= (4)m(2)*
= 16m.
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FORMULA SHEET
o Trig identities: sin®(z) = 5(1 — cos(2z)), cos?(z) = £(1 + cos(2z))

x,y,2)dV
[ ] VOlume(D) - fffD dv, fa’ug ff{ﬁlume Of D ) MaSS: M = fffD 6 dv

e Cylindrical coordinates: x = rcos(#), y=rsin(f), z=2z2,dV =r dz dr df

e Spherical coordinates: x = psin(¢) cos(6), y = psin(¢) sin(f), z = pcos(¢),
dV = p?*sin(¢) dp d¢ db

e First moments (3D solid): M,. = [[[, 6 dV, M,. = [[[,y6 dV, M, = [[[, 26 dV

e Center of mass (3D solid): (7,9, 2) = <AXZZ, Mz %)

e Substitution for double integrals: If R is the image of G under a coordinate transfor-
mation T(u,v) = (x(u,v),y(u,v)) then

//fxy dq:dy—//f (u,v))|det DT (u,v)| du dv.

e Scalar line integral: [, f(z,y,2) ds = f; f(r()|r'()|dt
e Tangential vector line integral: [, F-T ds= [, F-dr= f; F(r(t))-r'(t) dt
e Normal vector line integral: [ F(z,y) -n ds = [, P dy — Q dz = f:F(r(t))

{y'(t), —2'(t)) dt.
e Fundamental Theorem of Line Integrals: [,V f-dr = f(B)— f(A) if C is a path from

Ato B
o Curl (Mixed Partials) Test: F =V fifcul F=0< P, = R,, Q. = Ry, and Q, = P,.
. :(%,%,%) divF=V.F curl F =V x F

e Green’s Theorem: If C'is a simple closed curve with positive orientation and R is the
simply-connected region it encloses, then

/CF-Tds://R(VxF)-de /CF-nds:/R(V-F)dA

o Surface Area=[[ 1 do
o Scalar surface integral: [[¢ f(z,y,2) do = [[, f( ]ru X rv\dA
e Flux surface integral: ffSF ‘ndo = ffSF do = ffR u,v)) - (ry X 1,) dA

e Stokes’ Theorem: If S is a piecewise smooth oriented Surface bounded by a piecewise
smooth curve C' and F is a vector field whose components have continuous partial
derivatives on an open region containing S, then

/F-Tds:/ (V x F)-n do.
C S

e Divergence Theorem: If S is a piecewise smooth closed oriented surface enclosing a
volume D and F is a vector field whose components have continuous partial derivatives

on D, then
//F-nda:///V-FdV.
s D
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